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Research  Summary 


1.  Introduction 


This  final  report  summarizes  the  research  activities  performed  at  both  Lockheed  and 
at  the  University  of  Colorado  on  the  development  of  advanced  finite  element  modeling 
techniques  for  structural  mechanics  under  ONR  Contract  N00014-86-C-0082.  The  ob¬ 
jectives  of  this  research  were  two-fold.  The  first  was  the  development  of  a-priori  and 
a-posttriori  error  estimation  techniques  based  upon  symbolic  Fourier  analysis  techniques. 

The  second  objective  was  to  improve  the  accuracy  of  current  finite  elements  being  used  in 
the  analysis  of  shell  and  solid  structures.  Significant  progress  was  made  in  both  research 
areas.  A  brief  summary  is  provided  below  with  accompanying  details  in  the  appendices.  / * , 

J  /h 

2.  Symbolic  Fourier  Error  Estimation  Techniques 

In  this  task,  an  alternative  to  the  more  traditional  “normed-space”  approaches  to 
finite  element  solution  error  estimation  was  pursued.  The  underlying  basis  of  this  ap¬ 
proach  is  the  limit  differential  equilibrium  equations  governing  intrinsic  element  behavior 
which  are  symbolically  derived  from  a  representative  element  patch.  In  their  own  right, 
these  limit  differential  equilibrium  equations  are  used  to  explicitly  identify  intrinsic  ele¬ 
ment  pathologies,  such  as  locking  and  spurious  mechanisms,  without  the  need  to  resort 
to  numerical  experimentation.  Depending  upon  the  application,  both  a-priori  and  a- 
posteriori  local  error  estimates  can  be  directly  derived  from  these  equations  based  upon 
a  knowledge  of  the  spectral  content  of  the  loading  and  the  solution. 

As  a  demonstration  of  the  ability  of  this  symbolic  technique  to  capture  complex 
finite  element  behavior,  the  case  of  the  axisymmetric  buckling  of  a  cylindrical  shell  dis¬ 
cretized  with  4-node  Ul  Mindlin  plate  elements,  as  is  shown  in  Fig.  1,  was  chosen. 

The  symbolically-derived  buckling  load  predictions,  along  with  finite  element  results, 
are  shown  in  Fig.  2.  The  continuous  curves  represent  the  symbolic  results,  while  the 
symbols  are  used  to  represent  actual  finite  element  calculations.  From  a  strictly  fi¬ 
nite  element  analysis  standpoint,  this  plot  graphically  demonstrates  the  mode-switching 
phenomena  typically  encountered  when  modeling  thin  shell  structures.  These  results 
also  clearly  show  that  the  symbolically-derived  predictions  precisely  capture  this  com¬ 
plex  mode  switching  behavior.  It  is  also  significant  to  note  that  this  present  analysis 
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Critical  buckling  stress  vs.  nej,  for  the  axisymmetric  buckling  of  the  cylindrical 
shell  shown  in  Fig.  1  for  m  =  9,  11  and  13  axial  half-waves. 


embodies  not  only  the  physical  modeling  errors  associated  with  the  different  field  ap¬ 
proximations,  but  also  the  geometric  errors  engendered  by  a  faceted  shell  approximation 
to  the  cylindrical  shell. 

This  research  effort  culminated  in  a  Stanford  Ph.  D.  dissertation  entitled  Symbolic 
Analysis  of  the  Finite  Element  Method  in  Structural  Mechanics  which  appears  as  Ap¬ 
pendix  A  in  this  report. 

3.  Assumed  Natural  Strain  (ANS)  Shell  Elements 

The  theoretical  formulation  and  implementation  aspects  of  the  ANS  (Assumed  Nat¬ 
ural  Strain)  family  of  shell  elements  were  reexamined  in  light  of  our  extensive  numerical 
experience  with  them  over  the  past  several  years.  A  greatly  simplified  and  more  rig¬ 
orously  derived  formulation  resulted  from  this  effort.  This  resulted  in  a  more  natural 
element  implementation  and  ultimately,  a  more  robust  one.  Preliminary  numerical  eval¬ 
uation  has  show  significant  improvement  in  the  performance  of  the  4-node  4- ANS  shell 
element.  In  Fig.  3,  results  for  the  pinched  hemisphere  problem  are  shown  where  pre¬ 
vious  results  for  the  4-ANS  and  9-ANS  are  directly  compared  with  those  of  the  new 
reformulated  elements,  4-rANS  and  9-rANS.  The  improved  performance  of  the  4-rANS 
is  remarkable.  This  element  maintains  its  accuracy  for  mesh  distortions  and  performs 
well  without  the  need  of  employing  reduced  spatial  integration.  Overall,  the  9-rANS 
appears  to  perform  at  the  same  level  as  its  predecessor.  It  is  anticipated  that  when 
their  implementation  is  complete,  the  ANS  family  of  elements  will  pass  the  patch  test  - 
a  capability  which  has  thus  far  eluded  them  in  spite  of  their  excellent  performance  on 
many  problems.  The  details  of  the  new  ANS  formulation  and  element  implementation 
are  found  in  Appendix  B,  The  ANS  Shell  Elements:  Formulation ,  and  in  Appendix  C, 
The  ANS  Shell  Elements:  Element  Construction. 

4.  Parameterized  Variational  Principles  for  Finite  Element  Applications 

The  third  task  of  this  research  effort  has  been  to  develop  a  parameterized  variational 
basis  for  comparing  different  finite  element  formulations.  An  important  result  of  this 
study  is  the  establishment  of  the  interrelationships  between  the  different  variational  prin¬ 
ciples  which  result  in  hybrid,  mixed  and  free  finite  element  formulations.  This  approach 
has  permitted  a  reinterpretation  of  the  classical  Hu-Washizu  Variational  Principal  and 
Fraeijs  de  Veubeke’s  Limitation  Principle  in  light  of  parameterized  variational  principles. 
With  the  anticipation  that  future  finite  element  development  will  require  a  simultane- 
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Fig.  3  -  Pinched  Hemisphere  Element  Convergence  Study:  Normalized  Center  Displace¬ 
ment  vs.  Grid  Density. 

ous  approximation  of  the  different  field  variables,  the  unifying  approach  to  variational 
principles  proposed  here  may  prove  beneficial  to  the  finite  element  developer.  The  com¬ 
plete  work  entitled  Parametrized  Multifield  Variational  Principles  in  Elasticity:  I.  Mixed 
Functionals,  II.  Hybrid  Functionals  and  the  Free  Formulation  appears  in  Appendix  D. 
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Abstract 


A  symbolic  analysis  technique  is  presented  for  determining  the  intrinsic  be¬ 
havior  of  a  wide  range  of  different  finite  element  formulations.  This  element- 
independent  generality  stems  from  the  fact  that  the  analysis  conceptually  starts 
with  the  discrete  finite  element  equations  for  an  element  patch,  cast  in  symbolic 
form  employing  computer  algebra.  From  them,  the  discrete  formulation  is  re¬ 
cast  directly  back  to  the  limit  differential  equilibrium  equations  (or  strong  form) 
governing  element  behavior,  employing  both  Taylor  series  and  discrete  Fourier 
techniques.  Comparing  these  equilibrium  equations  with  the  governing  contin¬ 
uum  equations  establishes  how  well  the  discrete  model  represents  the  physical 
one,  without  recourse  to  numerical  experimentation.  The  theoretical  details  of 
the  underlying  element  formulation  are,  in  essence,  immaterial  to  the  symbolic 
analysis  since  all  discretization  information  is  uniquely  embodied  in  the  discrete 
equations  themselves.  The  use  of  nonconforming  elements,  special  interpolation 
rules,  reduced  spatial  integration  rules  or  other  numerical  techniques  therefore 
pose  no  obstacle  to  this  method.  As  a  result,  this  local  symbolic  analysis  tech¬ 
nique  provides  a  unified  approach  to  element  evaluation  presently  lacking  in  the 
more  mathematically  precise  functional  analysis  approach  to  element  evaluation. 

The  emphasis  in  this  work  is  on  “structural”  finite  elements  -  bars,  beams, 
plates  and  shells  -  whose  use  pose  a  myriad  of  challenges  arising  from  working  with 
degenerate  problem  domains  and  approximate  physical  geometry.  Wave  propaga¬ 
tion,  static  loading  and  bifurcation  buckling  problems  will  be  addressed  for  these 
different  classes  of  elements.  In  particular,  the  causes  of  transverse  shear  element 
locking  and  spurious  element  mechanisms  are  investigated  in  addition  to  several 
proposed  cures,  such  as  reduced  spatial  integration  and  hourglass  control  tech¬ 
niques.  For  the  case  of  curved  structures,  the  faceted  element  approximation  is 
analyzed.  Local  error  estimates  -  ultimately  needed  for  adaptive  mesh  refine¬ 
ment  techniques  -  are  determined  using  both  Taylor  series  and  discrete  Fourier 
techniques.  The  accuracy  of  the  discrete  Fourier  error  predictions  is  numerically 
verified  employing  test  cases  with  regular  domains  and  periodic  boundary  condi¬ 
tions  for  which  the  error  prediction  is  shown  to  be  essentially  exact. 
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§1.1  Background 

As  with  any  approximate  analysis  technique,  the  question  remaining  after 
completing  a  finite  element  structural  analysis  is  “How  close  is  the  finite  element 
solution  to  the  correct  physical  one?”  More  likely  than  not,  confidence  in  the  accu¬ 
racy  of  the  finite  element  solution  is  not  based  upon  a  fundamental  understanding 
of  the  intrinsic  behavior  of  the  finite  elements  themselves,  but  rather  upon  the 
correctness  of  previous  finite  element  solutions  to  problems  where  the  continuum 
solution  had  been  known.  This  solution  confidence  issue  becomes  especially  severe 
when  dealing  with  thin  plate  and  shell  structures  whose  myriad  pathologies  have 
always  plagued  the  finite  element  developer  and  user  alike. 

In  1965,  Irons  introduced  the  idea  of  inferring  intrinsic  finite  element  behavior 
from  the  solution  through  the  introduction  of  his  patch  test  [l].  For  the  practicing 
engineer,  the  most  natural  extension  of  this  idea  is  embodied  in  the  sets  of  different 
structural  test  problems  that  have  been  proposed  over  the  years  (see  e.g.  MacNeal 
and  Harder  [2]  and  Mair  [3])  as  a  phenomenological  way  of  verifying  element 
accuracy  and  convergence.  This  also  facilitated  a  way  of  directly  comparing  one 


element  formulation  with  another.  These  different  test  problems  are  chosen  so  as 
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to  exercise  both  constant  strain  and  higher-order  element  deformation  patterns  in 
an  analogous  manner  to  that  described  by  Taylor  et  ai.  [4].  With  this  approach, 
two  lingering  difficulties  remain.  The  first  concerns  defining  the  numerical  test 
cases  which  are  comprehensive  enough  to  constitute  a  “complete”  element  patch 
test.1  The  second  entails  how  a  finite  element  developer  employs  the  results  of 
these  tests  to  explicitly  pinpoint  potential  problem  areas  in  the  underlying  element 
formulation. 

In  the  past,  am  alternative  to  this  “solution-based”  approach,  favored  by  the 
engineer,  has  been  the  functional  analysis-based  approach  employed  by  the  applied 
mathematician.  Excellent  descriptions  of  research  in  this  area  may  be  found  in 
the  work  of  Strang  and  Fix  [6],  Ciarlet  [7]  and  Oden  and  Reddy  [8],  just  to  name  a 
few.  As  has  traditionally  been  the  case,  however,  progress  in  this  area  lags  behind 
the  problem-driven  development  of  new  element  formulations  for  a  number  of  rea¬ 
sons.  Each  new  twist  in  formulation  or  numerical  trick  may  result  in  mathematical 
complications  requiring  new  proofs  of  convergence  with  accompanying  error  esti¬ 
mates.  For  this  reason,  the  contribution  in  many  cases  is  one  of  establishing  the 
mathematical  foundation  of  an  existing  method.  As  was  pointed  out  recently  by 
Bernadou  [9],  there  are  discretization  techniques,  like  the  faceted  plate  discretiza¬ 
tion  of  a  shell,  which  has  been  used  successfully  for  more  than  twenty  years,  for 
which  strict  proofs  cannot  as  yet  be  completed.  From  an  engineering  perspective, 
one  underlying  difficulty  with  this  approach  is  in  relating  the  fidelity  in  which  an 
element  formulation  represents  physical  behavior  in  a  point-wise  manner  to  the 
results  of  a  global  convergence  proof. 

Alternatively,  this  task  of  element  evaluation  may  be  addressed  by  building 
upon  a  technique  that  has  been  used  for  evaluating  finite  difference  algorithms 
for  initial-value  problems  employing  either  Taylor  series  or  discrete  Fourier  anal- 

1  Unfortunately,  “completeness”  in  the  above  sense  may  not  provide  the  necessary 
and  sufficient  conditions  for  element  convergence  as  has  been  discussed  by  Stummel 
[5]  and  recently  refuted  by  Taylor  et  ai.  [4]. 


ysis  (see  e.g.,  (lOj).  This  approach  deals  directly  with  the  discrete  finite  element 
equations  themselves  instead  of  the  solutions  to  them,  as  is  the  case  with  the 
different  patch  tests,  or  with  the  weak  form  from  which  they  were  derived,  as  is 
the  case  with  the  functional  analysis-based  approach.  In  a  computational  fluid 
dynamics  context,  the  Taylor  series  analysis  technique  has  been  used  by  Hirt  [ll] 
and  Warming  and  Hyett  [12]  to  determine  both  the  consistency  and  stability  of 
initial  value  finite  difference  problems.  Their  primary  interest  was  in  characteriz¬ 
ing  the  behavior  of  the  discrete  equations.  This  goal  was  accomplished  by  working 
with  what  Warming  and  Hyett  referred  to  as  the  “modified  equations”.  These 
equations  were  comprised  of  the  zeroth-order  and  leading  truncation  error  terms 
recovered  from  the  difference  equations  using  Taylor  series  expansions.  From  these 
modified  equations,  they  were  able  to  address  the  question  of  stability  in  linear 
problems  and  show  the  equivalence  between  their  results  and  discrete  Fourier 
(i.e.,  von  Neumann)  techniques.  Going  one  step  further,  Hirt  demonstrated  for 
a  two-dimensional  flow  problem,  the  general  applicability  of  this  technique  even 
to  nonlinear  PDE’s  with  variable  coefficients.  This  approach  was  a  fundamental 
departure  from  the  restrictive  local  truncation  error  concept  of  consistency. 

In  [13],  by  formally  viewing  the  finite  element  equations  as  difference  equa¬ 
tions,  Walz,  Fulton  and  Cyrus  were  able  to  apply  traditional  Taylor  series-based 
finite  difference  techniques  to  evaluate  the  element  discretization.  A  similar  ap¬ 
proach  in  the  Fourier  domain  was  investigated  by  Strang  and  Fix  [14].  These 
pioneering  investigations  in  the  field  of  element  evaluation  were  essentially  limited 
to  assessing  the  consistency  of  the  resulting  limit  differential  equilibrium  equation? 
which  represent  element  behavior  in  a  local  manner. 

In  this  approach  to  element  evaluation,  one  works  directly  with  the  finite 
element  difference  equations  which  uniquely  embody  each  step  of  the  element 
formulation  process.  As  a  result,  this  technique  shares  the  element-independent 
generality  of  the  patch  test  as  an  element  evaluation  technique.  Essentially  all  of 
the  mathematical  complications  inherent  in  the  functional  analysis  approach  to  el- 
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ement  evaluation  are  thereby  avoided.  These  complications  result  from  variational  j 

j 

crimes  [6|  resulting  from  employing  nonconforming  elements,  reduced  spatial  in-  l 

tegration,  special  interpolation  rules  and  other  numerical  schemes  (a.k.a.  tricks).  ! 

! 

Recognizing  the  power  of  this  element  evaluation  technique,  Park  and  Flaggs  ex-  J 

plored  the  use  of  both  Taylor  series  and  discrete  Fourier  analysis  techniques  to  i 

evaluate  the  performance  of  different  finite  element  discretizations  [15,16,17,18].  1 

! 
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§1.2  Objective 

The  objective  of  this  dissertation  is  twofold.  The  first  is  to  formalize  the 
element-independent  symbolic  analysis  procedures  needed  to  evaluate  general 
multi-degree-of-freedom  finite  element  discretizations.  The  second  is  to  apply 
these  symbolic  element  evaluation  techniques  to  explicitly  determine  the  nature 
of  several  outstanding  problems  in  the  application  of  the  finite  element  method  to 
structural  analysis  problems. 

§1.3  Approach 

In  order  to  achieve  these  objectives,  computer  algebra  software  [19,20]  is  ex¬ 
tensively  employed  to  recover  symbolically  the  limit  differential  equilibrium  equa¬ 
tions.  Starting  from  the  finite  element  equations,  cast  in  symbolic  form,  limit 
differential  equations  governing  element  behavior  are  obtained  both  in  the  physi¬ 
cal  and  frequency  domain.  With  them,  a  direct  comparison  with  the  strong  form 
of  the  governing  continuum  equations  is  possible  from  which  it  is  shown  that  one  is 
able  to  1)  explicity  identify  element  deficiencies,  2)  infer  expected  element  behav¬ 
ior  and  lastly,  3)  compute  component-wise  error  estimates.  With  this  information, 
both  the  question  of  consistency  and  stability  is  easily  verified  for  the  case  of  a 
regular  element  mesh.  With  this  information,  the  convergence  of  a  particular  finite 
element  discretization  can  be  determined  without  recourse  to  extensive  numeri¬ 
cal  experimentation.  By  working  with  the  matrix  operator  form  of  the  discrete 
equations,  this  approach  is  also  immediately  applicable  to  bifurcation  buckling 
problems.  An  additional  benefit  is  the  added  insight  into  the  expected  behavior  of 
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Symbolic  Analysis  Procedures 

-  Discrete  Strong  Form  _ _ 
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Fig.  1.1  Symbolic  Analysis  of  Finite  Element  Discretization  of  BVP 
a  discrete  method  gained  through  working  directly  with  the  discrete  counterpart 
to  the  continuum  equilibrium  equations.  In  essence,  as  a  result  of  its  generality, 
an  element  evaluation  technique  is  being  proposed  which  could  be  employed  as  a 
tool  during  the  actual  element  formulation  process  in  much  the  same  manner  as 
the  patch  test  is  presently  used. 

This  symbolic  approach  to  assessing  the  intrinsic  behavior  of  a  particular  finite 
element  discretization  is  graphically  portrayed  in  Fig.  1.1.  The  symbolic  analysis 
procedures  developed  here  close  the  loop ^  in  order  to  determine  how  faithfully 
the  discrete  equations  represent  the  strong  (or  differential)  form  of  the  governing 
continuum  equilibrium  equations.  In  essence,  this  results  in  what  Wilkinson  [21] 
refers  to  as  a  backward  error  analysis.  Representative  element  patches  for  the  dif¬ 
ferent  discrete  model  geometries  investigated  in  this  study  are  shown  in  Fig.  1.2. 
The  emphasis  is  in  the  use  of  the  different  symbolic  analysis  techniques  employed 

In  actuality,  each  step  shown  in  Fig.  1.1  is  performed  symbolically  so  that  at  the 
conceptual  starting  point  of  the  symbolic  analysis,  one  will  have  the  exact  discrete 
finite  element  equations  with  which  to  work  from. 
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Fig.  1.2  Representative  Element  Patches 


here  to  determine  the  effect  of  such  aspects  of  element  formulation  as  interpo¬ 
lation  order,  spatial  integration  rules  and  model  geometry.  In  this  respect,  the 
interpretation  of  the  symbolic  analysis  results  differ  radically  from  those  of  the 
underlying  traditional  finite  difference  techniques.  Primary  interest  is  directed 
at  identifying  intrinsic  element  behavior  engendered  by  the  finite  element  formula¬ 
tion  and  secondarily  at  the  formal  order-of-accuracy  of  the  finite  element  difference 
equations.  Using  these  techniques,  it  is  possible  to  explicitly  identify  a  one-to-one 
correspondence  between  element  problems  and  deficiencies  in  the  limit  differential 
equilibrium  equations.  In  particular,  existing  problems  with  present  structural 
finite  elements  which  are  easily  identified  using  these  symbolic  techniques  are: 


•  Accuracy 

•  Locking 

•  Spurious  mechanisms,  i.e.,  stability 

•  Geometrical  modeling  errors 

•  Consistency  with  respect  to  particular  continuum  equations 
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This  last  point  comes  into  play  when  dealing  with  finite  element  discretizations 
of  thin  shell  structures. 

§1.4  Overview 

The  remainder  of  this  introduction  focuses  upon  the  technical  highlights  of 
each  chapter  -  and  of  the  contributions  made  therein. 

The  goal  of  Chapter  2  is  two-fold.  The  first  is  to  establish  the  mathematical 
basis  for  working  with  linear  matrix  differential  operators  in  terms  of  fundamental 
matrix /vector  operations  suitable  for  computer  algebra  manipulation.  Donnell’s 
decoupled  eighth-order  cylindrical  shell  equilibrium  equation  is  derived  as  a  sim¬ 
ple  way  of  demonstrating  the  symbolic  procedures  to  be  employed  using  computer 
algebra  software.  This  is  a  precursor  to  the  primary  goal  of  this  chapter,  which  is 
the  introduction  of  computer-aided  Taylor  series-based  element  evaluation  tech¬ 
niques.  The  linear  isoparametric  Timoshenko  beam  element,  with  its  transverse 
shear  element  locking  pathology,  served  ass  the  example  problem.  Both  linear 
static  and  bifurcation  buckling  problems  are  examined.  For  the  linear  static  case, 
the  governing  limit  differential  equilibrium  equations  derived  from  both  exact  and 
reduced  spatial  integration  are  presented.  The  decoupling  of  the  w  and  9  limit 
differential  equilibrium  equations  is  found  to  be  the  key  step  in  explicitly  identi¬ 
fying  the  parasitic  differential  operators  responsible  for  transverse  shear  locking 
in  the  exactly  integrated  element.  For  the  reduced  integrated  element,  this  sym¬ 
bolic  element  analysis  showed  that  a  locking-free  discretization  results.  Relative 
error  estimates  are  then  derived  using  the  modified  limit  differential  equilibrium 
equation,  comprising  the  continuum  and  leading  truncation  terms,  employing  a 
Fourier  series  expansion  of  the  distributed  loading  and  lateral  displacement.  As 
a  preliminary  step,  an  error  analysis  is  first  performed  for  the  one-dimensional 
bar  element.  This  is  to  validate  the  element  evaluation  procedure  for  a  discrete 
problem  in  which  the  solution  is  known  to  be  nodally  exact.  Lastly,  relative  error 
estimates  are  derived  for  the  bifurcation  buckling  of  the  linear  Timoshenko  beam 
element. 


A  fundamental  limitation  of  the  Taylor  series  technique  was,  however,  found 
to  be  its  inability  to  identify  spurious  element  mechanisms.  In  Chapter  3,  a  discrete 
Fourier  analysis  technique  is  introduced  to  complement  the  Taylor  series  approach 
introduced  in  Chapter  2.  Although  now  working  in  the  frequency  rather  than  the 
physical  (or  spatial)  domain,  the  advantage  of  the  discrete  Fourier  technique  is  in 
its  complete  representation  of  the  discrete  solution  and  in  the  resulting  compact 
symbolic  expressions.  The  complete  representation  of  the  discrete  solution  in  the 
frequency  domain  permits  this  element  evaluation  technique  to  be  used  to  identify 
spurious  element  mechanisms  as  well  as  to  verify  element  consistency.  Together, 
these  two  conditions  constitute  both  the  necessary  and  sufficient  conditions  for 
convergence  of  a  discrete  method.  The  example  problem  used  to  demonstrate  the 
ability  of  this  discrete  Fourier  technique  to  detect  spurious  element  mechanisms 
is  that  of  a  linear  mixed  bar  element.  The  cause  of  the  spurious  mechanism 4s 
pinpointed  in  a  component-wise  manner  so  that  for  this  one-dimensional  example, 
a  remedy  could  be  immediately  identified.  The  linear  Timoshenko  beam,  investi¬ 
gated  in  Chapter  2,  is  considered  next.  The  same  parasitic  operator  is  identified 
in  the  frequency  domain  for  the  exactly  integrated  beam  element.  Inverse  Fourier 
transformation  is  shown  to  yield  the  identical  limit  differential  equilibrium  equa¬ 
tion  in  the  physical  domain  as  was  derived  earlier  using  the  Taylor  series  technique. 
Error  estimates  for  both  static  loading  and  bifurcation  buckling  are  determined 
and  compared  to  those  obtained  in  Chapter  2  from  the  modified  equilibrium  equa¬ 
tions.  For  the  static  solution,  error  estimates  based  upon  the  modified  equilibrium 
equations  proved  to  be  reasonably  close  to  the  discrete  Fourier  predictions  for  the 
lower  wavenumbers.  For  the  case  of  bifurcation  buckling,  however,  the  Taylor 
series  results  were  seen  to  slowly  diverge  from  the  discrete  Fourier  predictions, 
which  exactly  agree  with  finite  element  results.  Lastly,  the  nonconforming  ele¬ 
ment  Stummel  used  to  illustrate  potential  shortcomings  in  Irons’  patch  test  was 
shown  not  to  be  a  convergent  approximation  since  it  satisfied  neither  consistency 
nor  stability  requirements. 


In  Chapter  4,  both  the  Taylor  series  and  discrete  Fourier  techniques  are 
used  in  a  complementary  manner  to  analyze  different  formulations  of  the  bilin¬ 
ear  Reissner-Mindlin  plate  element.  Due  to  the  ease  of  working  with  the  physical 
variables,  the  Taylor  series  technique  is  employed  for  those  problems  where  the 
question  of  element  consistency  is  the  sole  concern.  The  effect  of  different  element 
integration  rules  -  exact,  selectively  reduced  (Si),  uniformly  reduced  (Ul)  and 
directional  transverse  shear  -  along  with  two  alternative  transverse  shear  interpo¬ 
lation  techniques,  are  the  first  problems  considered  here.  As  with  the  case  of  the 
Timoshenko  beam,  the  presence  or  absence  of  transverse  shear  element  locking  is 
explicitly  identified  using  this  symbolic  element  evaluation  technique.  Next,  the 
way  in  which  different  spurious  mode  (or  hourglass)  control  techniques  manifest 
their  effect  on  the  governing  limit  differential  equilibrium  equations  is  investigated 
for  the  Si  and  Ul  elements.  For  both  elements,  it  is  observed  that  these  hourglass 
control  techniques  reintroduce  element  locking,  albeit  in  a  potentially  different 
bending  deformation  mode,  for  any  nonzero  u/-hourglass  control  parameter.  The 
results  from  these  symbolic  analyses  are  then  verified  numerically. 

In  the  second  half  of  Chapter  4,  the  discrete  Fourier  analysis  technique  is  em¬ 
ployed  in  a  component-wise  manner  to  construct  the  transformed  limit  differential 
equilibrium  equations  of  the  bilinear  Reissner-Mindlin  plate,  as  would  be  the  case 
if  element  synthesis  were  the  true  objective.  These  results  are  then  used  to  verify 
the  existence  of  spurious  mechanisms  in  the  SI  and  Ul  elements,  and  of  transverse 
shear  locking  for  the  exactly  integrated  element.  Error  estimates  are  derived  for 
both  the  case  of  static  loading  and  uniaxial  bifurcation  buckling.  Comparison  with 
numerical  results  for  the  predicted  error  in  buckling  load  again  demonstrates  the 
accuracy  of  the  present  symbolic  element  evaluation  technique. 

Lastly,  in  Chapter  5,  the  symbolic  analysis  techniques  developed  thus  far  were 
employed  to  analyze  the  faceted  finite  element  approximation  of  a  circular  arch 
with  straight  Hermitian  (C1)  and  Timoshenko  (C°)  beams,  and  of  the  cylindri¬ 
cal  shell  with  flat  bilinear  Reissner-Mindlin  plates.  Working  now  strictly  in  the 


Fourier  domain  to  take  advantage  of  the  compact  symbolic  notation,  the  straight 
Hermitian  beam  discretization  of  a  circular  arch  is  found  to  be  consistent  with 
Sanders’  cylindrical  shell  theory  specialized  to  the  arch.  For  elements  with  a  fi¬ 
nite  length,  however,  the  geometrical  modeling  error  resulting  from  the  polygonal 
arch  discretization  is  responsible  for  nonvanishing  errors  in  displacement  for  the 
limiting  case  where  the  wave  number  goes  to  zero.  In  spite  of  the  fact  that  this 
discretization  is  asymptotically  consistent  for  a  circular  arch,  the  long  wavelength 
solution  components  converge  to  the  faceted  arch  model.  For  the  linear  Timo¬ 
shenko  beam  discretization  of  the  arch,  the  limit  differential  equilibrium  equations 
were  found  not  to  be  consistent  with  either  Naghdi-Cooper  or  Mirsky-Herrman 
C°  shell  theory  although  in  the  thin-shell  limit,  they  were  shown  to  be  consistent 
with  Sanders’  theory. 

The  faceted  Reissner-Mindlin  plate  discretization  of  a  cylindrical  shell  was 
next  analyzed  and  compared  to  Naghdi-Cooper’s  C°  shell  theory.  As  was  the  case 
in  the  arch  problem,  the  limit  differential  equilibrium  equations  were  not  found 
to  be  strictly  consistent  with  the  reference  theory.  Omitted  terms  were,  however, 
of  the  order  h?  /  R 2  which  for  thin  shells  [h/R  >  100)  would  result  in  a  very 
small  contribution  to  affected  terms.  By  analogy  with  Koiter’s  work  [22]  on  first 
approximation  shell  theory,  expressions  which  differ  only  by  such  terms  may  in  fact 
be  equivalent  with  respect  to  the  underlying  C°  assumptions.  The  axisymmetric 
buckling  of  cylindrical  shells  was  used  to  verify  the  accuracy  of  the  discrete  Fourier 
material  and  buckling  operators.  The  predicted  bifurcation  buckling  loads  derived 
from  the  symbolic  analysis  were  found  to  be  virtually  identical  with  the  finite 
element  results.  As  a  result,  mode  switching,  which  is  often  observed  in  the 
finite  element  modeling  of  shell  buckling  problems,  was  accurately  modeled  by 
the  symbolic  element  analysis,  even  for  extremely  coarse  finite  element  meshes. 
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Chapter  2 

Development  of  Symbolic  Analysis  Techniques: 

Taylor  Series  Approach 


In  this  chapter,  the  basic  symbolic  analysis  techniques  used  to  perform  a 
computer-aided  symbolic  evaluation  of  a  finite  element  discretization  are  intro¬ 
duced.  These  techniques  are  comprised  of  two  essential  parts.  The  first  encom¬ 
passes  the  fundamental  operational  procedures  used  to  manipulate  symbolically 
matrix  differential  operators.  The  second  part  entails  defining  the  functional  re¬ 
lationship  between  adjacent  nodal  degrees-of-freedom  (d-o-f)  needed  to  recover 
the  limit  differential  equilibrium  equations  governing  element  behavior  from  the 
discrete  equations.  Two  different  methods  are  used  in  this  regard;  Taylor  series 
expansions  of  the  nodal  d-o-f  in  this  chapter  and  a  discrete  Fourier  method  in 
Chapter  3. 

The  present  Taylor  series  analysis  of  boundary  value  problems  addresses  the 
question  of  finite  element  consistency.  The  emphasis  and  interpretation  of  the  re¬ 
sults  from  the  symbolic  analysis  are  directed  toward  identifying  intrinsic  element 
behavior  from  the  limit  differential  equilibrium  equations  obtained  from  the  dis¬ 
crete  finite  element  equations.  Of  only  secondary  interest  is  the  order-of-accuracy 
of  a  finite  element  discretization  as  would  be  the  case  in  a  formal  local  truncation 
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error  analysis  of  a  set  of  finite  difference  equations. 

A  new  aspect  of  the  present  analysis  is  the  need  to  symbolically  manipulate  the 
differential  equations  representing  the  coupled  discrete  finite  element  equations. 
With  the  possibility  that  the  finite  element  d-o-f  represent  both  physical  and  purely 
computational  d-o-f  depending  upon  the  particular  discretization,  elimination  of 
the  computational  d-o-f  in  a  consistent  manner  is  a  prerequisite  to  recovering  the 
governing  limit  differential  equilibrium  equations.  In  addition,  as  was  found  to 
be  the  case  in  element  locking  problems,  decoupled  limit  differential  equilibrium 
equations  appear  to  represent  the  canonical  form  in  which  to  identify  the  parasitic 
differential  operators  responsible  for  element  locking. 

The  appearance  of  parasitic  differential  operators  in  the  truncation  error 
terms  of  the  decoupled  limit  differential  equilibrium  equations  is  shown  to  be 
responsible  for  transverse  shear  element  locking.  These  terms  are  found  to  play 
the  dominant  role  in  the  limit  differential  equilibrium  equations  of  a  given  finite 
element  formulation  thereby  totally  masking  the  contribution  of  the  continuum  op¬ 
erators.  This  ability  to  explicitly  identify  parasitic  differential  operators  enables 
one  to  determine  the  "operational  consistency”  of  a  finite  element  discretization. 

As  a  result  of  the  generality  of  these  symbolic  analysis  techniques,  the  sym¬ 
bolic  analysis  procedures  developed  for  the  linear  static  problem  are  immediately 
applicable  to  bifurcation  buckling  by  the  inclusion  of  the  geometric  stiffness  in 
the  symbolic  analysis.  Lastly,  a  priori  error  estimates  for  both  linear  static  and 
bifurcation  buckling  problems  are  determined  based  upon  the  so-called  modified 
equilibrium  equations,  which  retain  only  leading  truncation  error  terms,  for  a 
particular  element  discretization. 

§2.1  Operational  Procedures  with  Matrix  Differential  Operators 

As  was  alluded  to  in  Chapter  1,  one  of  the  key  aspects  of  the  present  work  will 
be  the  symbolic  manipulation  of  linear  matrix  differential  operators.  This  is  nec¬ 
essary  in  order  to  both  obtain  decoupled  differential  expressions  and  to  eliminate 


purely  computational  degrees-of-freedom  during  recovery  of  the  limit  differential 
equilibrium  equations  derived  from  the  discrete  finite  element  equations. 


In  this  section,  the  basic  operational  procedures  used  in  working  with  matrix 
differential  operators  are  described  in  terms  of  basic  matrix/vector  operations.  An 
illustrative  example  of  their  application  is  to  the  derivation  of  Donnell’s  decoupled 
cylindrical  shell  equations  which  are  succintly  derived  employing  these  procedures 
implemented  using  the  computer  algebra  program  SMP  [20]. 

§2.1.1  Linear  Matrix  Differential  Operators 

In  this  investigation,  attention  will  be  focused  on  systems  of  linear  partial 
differential  operators  with  constant  coefficients.  Within  this  basic  framework,  the 
essential  underlying  theorem  for  dealing  with  linear  differential  matrix  operators, 
as  stated  by  Courant  and  Hilbert  [23],  is 

from  any  system  of  linear  differential  equations  in  m  unknowns  with  con¬ 
stant  coefficients,  a  single  linear  differential  equation  with  constant  coef¬ 
ficients  can  be  obtained  for  any  of  the  unknown  functions. 

Hence,  for  example,  if  u\,  uj, . . . ,  um  are  the  unknown  functions  of  the  independent 
variables  x\,X2,  •  •  •  ,xn  and  if  L^j  are  polynomials  in  the  differential  operators, 
viz., 
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with  constant  coefficients  a,y,  then  the  coupled  system  of  m  independent  equations 
in  m  unknown  functions  may  be  written  in  terms  of  the  matrix  operator  notation 
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where  /,•  =  /t(xi,x Formal  algebraic  elimination  of  Eq.  (2.2)  using 


Cramer’s  rule  yields  decoupled  differential  equations  for  each  ut-  given  by 


|I|.ut.  =  |G«-|  (2.3) 

where  )••  |  is  used  to  denote  the  determinant  of  a  matrix  and  Gt-  is  simply  £  with 
the  column  replaced  by  /.  The  order  of  the  system  is  equal  to  the  order  of 
the  characteristic  linear  operator  \L\.  |Gt-j  is  likewise  a  linear  differential  operator 
in  functions  fx,  each  of  whose  individual  operators  is  the  minor  determinant  of 
£  corresponding  to  The  determinant  operations  indicated  by  Eq.  (2.3)  make 
use  of  the  fact  that  the  individual  operators  in  L  are  commutative  resulting  from 
their  linearity,  i.e.,  LiL^it  =  L^Li u.  Also,  since  the  symbolic  calculation  of  |Gt-| 
is  usually  not  performed  with  respect  to  the  column,  it  will  be  necessary  to 
always  interpret  the  product  of  an  operator,  £,  and  /  in  the  subsequent  computer 
algebra  runstreams  a a  Lf,  i.e.,  /£  =>  Lf. 

One  further  aspect  of  Eq.  (2.3)  which  deserves  comment  is  the  case  where 
common  differential  operators  appear  in  both  \L\  and  \GX\.  An  example  of  this 
would  be 

Z/3L1U  =  L$Lif  =>  £3  (£ju  —  £2/)  =  0  (2-4) 

uh 

where  £t  are  linear  operators  and  represents  the  homogeneous  solution.  If  the 
eigenvalues  associated  with  £3  are  non-zero,  then  £3  can  be  eliminated  resulting 
in  £iu  =  £3/;  otherwise,  L\u  =  £2/  +  From  a  computer  algebra  standpoint, 
care  must  be  used  in  solving  Eq.  (2.2)  if  a  direct  elimination  technique  is  used 
rather  than  Cramer’s  rule  since  £3  would  in  all  likelihood  be  lost  in  the  solution 
process. 


§2.1.2  Symbolic  Derivation  of  Donnell’s  Cylindrical  Shell  Equation 
Before  proceeding  to  the  discrete  problems  which  follow,  an  illustrative  exam¬ 
ple  of  some  aspects  of  the  symbolic  procedures  to  be  used  will  first  be  described 
here.  The  example  problem  will  be  the  symbolic  derivation  of  Donnell’s  decou- 


pled  eighth-order  transverse  equilibrium  equation  for  the  cylindrical  shell.  From 
this  simple  example,  two  important  observations  will  emerge.  The  first  is  the 
straightforward  way  in  which  coupled  systems  of  linear  differential  equations  can 
be  symbolically  manipulated  as  a  consequence  of  Eq.  (2.3).  The  second  is  merely 
one  of  recognizing  the  ease  in  which  symbolic  algebra  software  -  SMP  in  this  case 
-  can  be  employed  to  perform  complex  (and  tedious)  symbolic  operations. 

Donnell’s  “shallow”  cylindrical  shell  equilibrium  equations  written  in  shell 
coordinates  in  terms  of  the  displacement  triad  (u,  v,w)  are  [24] 

d2u  l  —  i/  d2u  _  l  +  i/  d2ti  v  dw  n 

n  Q  +  n  A  *i"  a  A  A  t  n  A 


1  9w  _ 
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h2  4  l  ,w  dv  du 

3  ^'°  +  I{Ti  +  T,+,'lZ)  =  p 

where  u  is  the  Poisson’s  ratio,  R  is  the  cylinder  radius,  h  is  the  cylindrical  shell’s 

-2  ~2  , 

thickness,  and  V4  =  +  with  x  being  the  axial  and  s  the  circumferential 

coordinates.  Rewriting  Eq.  (2.5)  in  matrix  differential  operator  form  results  in 
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where  the  linear  matrix  differential  operator  L  is  given  by 
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By 'making  use  of  Eq.  (2.3),  Donnell’s  decoupled  w  equilibrium  equation  is 
given  in  operator  form  by 


|i|.»  =  |C3|  = 
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or  alternatively,  by 


h2  a  1  —  I/2  3^U) 

_v  m  +  -p-i-3. 


a3p3  a3Px 

dsdx2  dxds2 


(2.10) 


as  will  now  be  shown  results  &om  Eq.  (2.9)  using  the  computer  algebra  program 
SMP  to  perform  the  indicated  determinant  operations. 

The  sample  SMP  runstream,  whose  objective  is  the  explicit  symbolic  solution 
of  Eq.  (2.9),  is  shown  in  the  following  program  listing.  The  differential  symbol 


notation 


d  A  d  A 

Tx*ix-,  gj-d.; 


dx2  da2 


=  V*  =>  del2 


(2.11) 


is  used  to  simplify  operator  notation  and  help  reduce  the  intermediate  problem 
swell  typical  of  symbolic  computations.  I[«]  : :  is  used  by  SMP  to  represent  an 
input  statement  while  0  C*1 :  represents  the  corresponding  output,  if  any.  Many  of 
the  input  statements  which  either  do  not  require  that  they  be  echoed  as  output  or 
represent  intermediate  calculations  which  in  the  present  context  are  of  no  interest 
are  ended  with  a  indicating  that  no  output  is  desired. 
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SMP  1.5. 


•I[l] 


•I  [2] 


#I[3] 


•I  [4] 


•ICS] 


•I  [«] 


•I  [7] 


#0[7] 


«[«]:: 


/*  Donnell's  cylindrical  shall  aquations 


uaqn  :  dx"2  u  +  (l-nu)/2  ds“2  u  +  (i+nu)/2  dx  da  t  *  nu/r  dx  w; 


vaqn  :  (l-nu)/2  dx“2  t  +  da“2  ▼  +  (l*nu)/2  dx  ds  u  ♦  ds  v/r; 


waqn  :  h“2/12  del2“2  vr  ♦  (vr/r  ♦  ds  ▼  ♦  nu  dx  u)/r; 


/*  Fora  diflarantial  oparator  matrix 


aqn  :  {uaqn.vaqn.naqn} ; 


<u.r.w>; 


coalaatrix  :  Ar[  <3,3>,  Coal  [  d[|2]  ,  Ex[  aqn[$l]]]  ]; 


Praat [coalaatrix] 


2  2 
-  da  nu  ds  2 

- —  +■  —  dx 

2  2 


ds  dx  da  dx  nu 


dx  nu 


- - - 


da  dx  da  dx  nu 


-----  ♦  - - -- 


2  : 
dx  nu  2  dx 
-------  +  <ja  *  — 

2  2 


dx  nu 


2  2 
dsl2  h 


/*  Dataraina  characteristic  oparator 


#I[8]::  Ex[  2/(l-nu)  Dat [coalaatrix]  ]; 


lha  :  Cb[  Col[  Ex[  Fac[  S[  %,  h  ->  0  ]]]]  .  dx‘4  ]  ♦  \ 
Ex[  h“2  S[  ExC  Fact  Coal[  h*2,  %  ]]] .  \ 
dx“4  ->  da!2“2  -  da *4  -  2  dx*2  da“2  ]]; 


/*  Fora  diflarantial  loading  matrix 


coalaatrix [1 ,3] :-px;  coalaatrix [2,3] : -ps ;  coalaatrix [3, 3] .p; 


/*  Dataraina  loading  oparator 


•I [11] : :  Ex [  2/(l-nu)  Dat [coalaatrix]  ]; 
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#I[12] 


#I[13]  : 


#0 [13] : 


rha  :  Cb[  S[  p  Ex[  Fac[  Co»f[  p.  %  ]]].  \ 

dx*4  ->  d«12"2  -  da '4  -  2  dx*2  da‘2  ] ,  1/r  ]  +  \ 
Fact  S[  X.  p  ->  0  ]] ; 

/*  Donnall'a  transverse  equilibrium  equation  */ 
lha  v  *  rha 


4  2  4  2 

dx  (1  -  nu  )  dal2  h 

w  ( . ♦ . ) 

2  12 


3  2  2  3  2 

(da  pa  ♦  2da  dx  pa  -  da  dx  px  *  dx  nu  px  ♦  da  dx  nu  pa) 


♦  dal2  p 


SMP  statements  I[l]-I[3]  are  seen  to  correspond  to  the  left-hand  portion 
of  Eq.  (2.5)  from  which  I[4]-I[6]  form  the  continuum  operator  L  subsequently- 
printed  in  matrix  format  by  I  [7].  This  result  should  be  compared  to  Eq.  (2.7). 
With  L  now  in  hand,  the  characteristic  linear  operator,  \L\ ,  needed  in  Eq.  (2.9), 
is  symbolically  calculated  by  I  [8]  and  then  simplified  in  I  [9] .  One  step  of  this 
simplification  process  is  the  symbolic  substitution  of  (V2)2  for  (^+^)3which- 
as  shown  in  I  [9] ,  is  actually  accomplished  by  the  purely  syntactic  substitution 
of  dx*4  by  d«12‘2  —  2dx'2dy*2  —  ds‘4 .  Next,  C3  is  formed  by  I [10]  followed 
by  I  [11]  which  symbolically  calculates  |(?3|.  I  [12]  simplifies  that  result  in  a 
similar  maimer  to  that  already  described  for  )£|.  Donnell’s  decoupled  eighth-order 
transverse  equilibrium  equation  is  then  constructed  and  displayed  by  I  [13]. 

It  should  also  be  pointed  out  that  completely  decoupled  equilibrium  equations 
for  both  u  and  v  could  have  also  been  obtained  using  this  technique.  In  the  form 
originally  presented  by  Donnell,  the  equilibrium  equations  for  either  u  or  v  can  be 
viewed  simply  as  partial  operator  factorizations  of  Eq.  (2.6).  If,  for  example,  one 
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considers  Donnell’s  equilibrium  equation  for  t>, 


V4t/  =  - 


1  d3w  d2P3 

+  -TTT  + 


2  d2P a  l  +  ud2Px 


2  +  i /  d^w 

R  dx^ds  R  ds^  ds^  1  —  u  dx ^  1  —  u  dxds  ’ 


(2.12) 


this  result  could  be  easily  obtained  from  Eq.  (2.6)  after  performing  the  first  step 
of  a  symbolic  Gaussian  elimination,  viz , 


'  Luti 

Luv 

Lutu 

f“] 

-Pz 

0 

LuuLivv  —  LvuLti  v 

LuuLvM)  —  LvuLtkW 

< 

,L< 

—  IrUuPt  +  LvuPz 

.  0 

Itiulwti  —  L\jtiLuv 

LuuLww  —  LwuLuw  - 

[J 

LuuP  +  LvjuPx  t 

(2.13) 

on  the  way  to  obtaining  the  completely  decoupled  w  equation.  Here,  Eq.  (2.12) 
would  correspond  to  the  second  row  of  Eq.  (2.13).  With  the  next  step  of  the 
elimination  resulting  in  Eq.  (2.10),  L  is  now  effectively  triangularized.  In  this  form, 
a  very  simple  second-order  expression  for  u  is  seen  to  result  in  lieu  of  Donnell’s 
V4u  expression. 


§2.2  Taylor  Series  Technique  -  The  Timoshenko  Beam 

With  the  basic  symbolic  techniques  used  to  decouple  linear  matrix  differen¬ 
tial  operators  now  in  hand,  the  next  step  entails  recovering  the  limit  differential 
equilibrium  equations  corresponding  to  the  discrete  finite  element  equations  at  an 
interior  node.  These  discrete  finite  element  equations  result  from  the  assembly  of 
an  element  patch  as  was  portrayed  in  Fig.  1.1  for  several  different  element  geome¬ 
tries.  Once  an  element  patch  has  been  assembled,  the  finite  element  origin  of  the 
discrete  equations  becomes  immaterial  and  techniques  used  to  examine  finite  dif¬ 
ference  equations  may  be  used.  The  approach  presented  here  of  employing  Taylor 
series  expansions  of  the  dependent  variables  is  an  extension  of  the  work  of  Hirt  (11  j 
and  Warming  and  Hyett  [12].  The  key  departure  from  the  local  truncation  error 
procedure  is  that  the  continuum  solution  is  never  formally  substituted  into  the 
discrete  equations  in  order  to  determine  the  “local  truncation  error.”  Instead,  one 
works  with  the  solution  of  the  limit  differential  equilibrium  equations  correspond- 
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ing  to  the  discrete  equations.  As  a  result,  primary  interest  can  now  be  directed 
toward  identifying  intrinsic  element  behavior  such  as  spurious  mechanisms  and  ele¬ 
ment  locking  which  may  be  engendered  by  a  particular  finite  element  formulation. 
The  formal  order-of-accuracy  of  the  discrete  finite  element  equations  is  no  longer 
the  principal  reason  for  performing  this  type  of  analysis.  In  fact,  since  certain 
element  pathologies  are  shown  to  elevate  the  role  of  truncation  error  terms  to  that 
of  playing  the  dominant  role  in  the  limit  differential  (or  modified)  equilibrium 
equations,  asserting  consistency  based  solely  on  local  truncation  error  information 
may  actually  prove  misleading.  The  limit  differential  equilibrium  equations  in  this 
case  provide  the  information  needed  to  assess  what  one  might  call  “operational” 
consistency. 

The  operational  procedure  for  decoupling  a  set  of  coupled  differential  equilib¬ 
rium  equations  in  terms  of  a  single  dependent  nodal  variable,  w,  will  be  used  here 
to  first  derive  the  decoupled  continuum  equilibrium  equation  of  the  Timoshenko 
beam  for  the  linear  dynamic,  static  and  bifurcation  buckling  problems.  The  limit 
differential  equations  corresponding  to  the  discrete  finite  element  equations  for 
the  linear  Timoshenko  beam  are  then  derived  and  compared  to  the  continuum 
equilibrium  equation  for  the  cases  of  both  exact  and  uniformly  reduced  spatial 
integration.  For  the  present  case,  the  resulting  limit  differential  equilibrium  equa¬ 
tions  expressed  in  a  decoupled  form  are  shown  to  result  in  a  canonical  represen¬ 
tation  from  which  one  can  explicitly  identify  the  parasitic  differential  operator 
responsible  for  transverse  shear  element  locking. 

§2.2.1  Continuum  Timoshenko  Beam 

The  governing  linearized  equations  of  motion  for  the  shear-deformable  Tim¬ 
oshenko  beam  theory  including  the  effects  of  both  an  inplane  pre-stress  and  a 
lateral  loading  are  derived  from  Hamilton’s  Principle, 
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where  the  Lagrangian  C  =  T  —  IT  is  composed  of  T,  the  kinetic  energy  and 
IT,  the  total  potential  energy  which  in  turn  is  the  sum  of  the  strain  energy,  U , 
and  the  potential  energy  of  the  applied  loads,  V.  The  Euler-Lagrange  equations 
resulting  from  Eq.  (2.14)  yield  the  strong  form  of  the  equations  of  motion  which 
are  of  immediate  interest  here  (while  application  of  the  Ritz  procedure  yields  the 
corresponding  discrete  equations). 

The  assumed  displacement  field  for  Timoshenko  beam  theory  is 


t i(x,z,t)  =  —z6(x,t) 
w(x,z,t)  =  w(x,t) 


(2.15) 


where  u  and  w  are  the  inplane  and  transverse  displacements  with  B  representing 
the  counter-clockwise  rotation  of  the  beam  normal.  Using  Eq.  (2.15),  the  kinetic 
energy  is  given  by 


r=?/0  ’Wfr)J+''(fr),]'<*  <2-16> 


where  A,  I  and  p  axe  the  cross-sectional  area,  moment  of  inertia  and  density, 
respectively.  The  strain  energy,  U  =  Um  +  is  partitioned  into  its  sepaxate 
material  and  stress-dependent  contributions, 

Um=U!l-l[Etl  +  a^dzdZ=l2  fjEI€)2  +  GA^-,^dz 


u°  =  /o  L^hizix  =  \fo[a,(Ji)2  +  aA(a^ * 

(2.17) 

where  E  and  G  are  the  extensional  and  shear  modulus  and  a  is  an  initial  axial 
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stress  with  the  nonlinear  part  of  the  total  Lagrangian  strain,  ex ,  given  by1 
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Lastly,  the  potential  energy  of  the  applied  lateral  load,  q ,  is  simply 


V  = 


(2.19) 


Distributed  moments  are  neglected  here  in  keeping  with  the  classical  derivation  of 
these  equations. 

The  Euler-Lagrange  equations  corresponding  to  the  present  functional  form 
of  £,  =  C{x,t,  w, 8,  wf ,6’, w, 6)  aie 
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(2.20) 


where  ut-  =  (m, S').  With  C  determined,  Eq.  (2.20)  is  used  to  derive  the  governing 
linearized  equations  of  motion  for  the  Timoshenko  beam  written  in  the  matrix 
differential  operator  form 


Xu  —  (Xjh  +  L<j)  v  =  f 


(2.21) 
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If  the  beam  equivalent  of  von  Karman’s  nonlinear  plate  theory  [25]  is  desired, 
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would  instead  be  used  in  which  case,  the  or  so-called  curvature  term  [26] 

would  be  absent  from  Eq.  (2.17).  The  effect  on  the  buckling  operator  of  including 
this  rm  will  be  seen  in  Eq.  (2.28). 
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where 


and 


The  notation  [•  •  ■]  is  used  to  denote  a  row  vector.  The  three  different  classes 
of  problems  which  can  be  addressed  based  upon  Eq.  (2.21)  are  1)  free/forced 
vibration,  2)  static  beam  bending,  and  3)  bifurcation  buckling. 

The  governing  equations  for  the  first  two  classes  of  problems  emanate  from 
the  material  operator,  £m.  By  employing  Eq.  (2.3),  the  decoupled  Timoshenko 
beam  equation  in  terms  of  to  is  found  from 

(2.24) 

to  be 
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(2.25) 


which  agrees  with  Timoshenko’s  derivation  of  his  C°  beam  theory  [27].  For  the 
static  case  (i.e.,  Off  =  0),  Eq.  (2.25)  becomes 


El 


d*w 
dx* 


=  q- 


EI  d2q 
GA  dx 2 


(2.26) 


which  will  serve  as  the  reference  continuum  equation  used  for  the  identification  of 
“transverse  shear”  element  locking  in  the  next  section. 


For  the  case  of  bifurcation  buckling  where  =  0  and  q  =  0,  the  reference 
continuum  equation  to  be  employed  later  in  §2.2.3  is  found  from 


\Lm  +  La |  •  w  =  )Gi|9=o 


(2.27) 


to  be 
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A^c+EIi^  =  0- 


(2.28) 


Unlike  the  familiar  Euler-Lagrange  beam  equation,  a  quadratic  eigenproblem  re¬ 
sults  by  including  the  curvature  effect  in  conjunction  with  transverse  shear  defor¬ 
mation.  In  practice,  one  finds  that  the  coefficient  of  the  a2  term,  4i  <  1  with 

u  ax* 

the  result  that  Eq.  (2.28)  should  be  considered  to  represent  a  singular  perturba¬ 
tion  problem  -  if  not  formally,  certainly  from  a  numerical  conditioning  standpoint 
when  solving  for  the  flexural  buckling  mode.  - 


§2.2.2  Discrete  Linear  Timoshenko  Beam 

It  has  been  recognized  for  some  time  (see  eg.,  [28,29])  that  C°  elements  such 
as  the  exact  spatially  integrated  linear  Timoshenko  beam  element  exhibit  trans¬ 
verse  shear  locking  when  the  element  is  thin,  ie.,  l/h  >•  1  where  l  and  h  are  the 
element  length  and  thickness,  respectively.  Thus,  the  corresponding  coupled  limit 
differential  equations  should  also  embody  this  locking  phenomenon  in  some  way. 
As  will  be  shown  shortly,  the  decoupled  limit  differential  equation  obtained  by 
the  present  procedure  plays  the  key  role  in  identifying  the  parasitic  differential 
operator  responsible  for  transverse  shear  element  locking. 

The  element  material  stiffness  matrix  for  the  linear  Timoshenko  beam  element 
is  determined  from  the  second  variation  of  the  strain  energy  expression  given  by 
Eq.  (2.17)  in  the  usual  way  (see  e.g.  [30])  resulting  in 

rl 

k  =  kb+k3  =  J^(EIB]Bb  +  GABjB3)dx.  (2.29) 


Here,  Bj  and  Ba  are  the  strain-displacement  matrices  representing  bending  and 


transverse  shear  components  determined  from 
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with  the  element  shape  functions  defined  by  iVt-  =  [  1  —  j,  j  J  and  the  element 
degree-of-freedom  vector  by  d  =  02  JT- 


Evaluation  of  B^Bj  and  BJB4,  making  use  of  Eq.  (2.30),  shows  that  the 
nonzero  terms  in  the  first  integrand  in  Eq.  (2.29)  are  constant  so  that  the  use  of  a 
1-point  Gauss-Legendre  quadrature  rule  would  exactly  integrate  them.  Quadratic 
order  terms  are  however  found  in  the  second  integrand  which  would  require  a  2- 
point  quadrature  rule  for  an  exact  term-by-term  spatial  integration.  The  use  of 
a  1-point  (or  reduced)  quadrature  rule  results  in  the  toss  of  these  quadratic  order 
contributions  to  the  't0\0\n ,  “0102”  and  “0202”  terms  of  k4. 


§2. 2. 2.1  Exact  Spatial  Integration  -  Transverse  Shear  Locking 

For  the  case  of  static  loading  with  no  prestress,  the  finite  element  difference 
equations  at  an  interior  node  “f  for  an  assembled  element  patch  of  exactly  inte¬ 
grated  Timoshenko  beam  elements,  as  portrayed  in  Fig.  2.1,  are 
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Written  in  this  form,  these  equations  are  viewed  simply  as  the  set  of  finite  difference 
equations  used  to  approximate  Eq.  (2.21).  The  fact  that  they  originated  from 
a  finite  element  discretization  rather  than  a  direct  differencing  of  Eq.  (2.21)  is 
immaterial  for  the  analysis  to  follow.  The  nodal  load,  qj,  in  Eq.  (2.31)  can  be 
represented  in  the  functional  form  q{x)l  where  q(x)  is  the  discrete  counterpart  of 
the  distributed  continuum  load,  q(x).  The  present  emphasis  is  to  determine  the 


Fig.  2.1  -  Timoshenko  beam  discretization 


effect  of  the  discretization  on  the  homogeneous  part  of  the  continuum  operator,  so 
for  now,  it  is  convenient  to  assume  that  9(1)  =  q(x).  In  §2.3,  when  the  important 
question  of  discrete  error  estimation  is  introduced,  the  exact  form  of  q(x)  and  its 


role  in  the  error  estimate  will  be  discussed. 


The  first,  and  conceptually  most  important  step  in  determining  the  limit  dif¬ 
ferential  equilibrium  equations  corresponding  to  the  discrete  equations,  Eq.  (2.31), 
is  the  substitution  of 


(u;,tf)  €  5U  =  {u  :  u  G  C°°(x),  u(ij)  =  Uj} 


(2.32) 


for  the  nodal  displacements,  (ujj,  9j).  Next,  Taylor  series  expansions, 


,  ^  ,  ,  ,  ,du(xj)  ,  /2  d2u(xy)  /3  dzu(Xj) 

«(x3±1)  =  .(«,■)  ±t-gj-  +  ±  + 


(2.33) 


are  used  to  relate  the  displacements  at  Xj± j  to  the  interior  node,  Xj,  which  when 
substituted  into  Eq.  (2.31)  results  in  the  following  coupled  limit  differential  equi¬ 
librium  equations, 
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or  in  matrix  operator  form 


I?u  =  f.  (2.35) 

These  equations  are  representative  of  any  interior  nodal  point  in  a  uniform  mesh. 
It  is  immediately  apparent  from  these  equations  that  this  discretization  is  a  consis¬ 
tent  one  since  in  the  limit  as  /  — *■  0,  the  coupled  continuum  equilibrum  equations, 
Eq.  (2.22),  are  recovered,  viz., 


lim  Ld  =  L .  (2.36) 

1-0 


It  is  very  important  to  note  that  these  equations  represent  the  system  for  which  the 
solution  to  the  discrete  model  actually  corresponds,  if  we  ignore  for  the  time  being 
any  discretization  errors  associated  with  q.  As  such,  one  is  able  to  infer  intrinsic 
element  behavior  by  a  direct  term-by-term  comparison  with  the  governing  strong 
form  of  the  problem. 


Following  the  symbolic  procedure  used  for  the  continuum  problem  in  the 
previous  section,  the  decoupled  transverse  equilibrium  equation  is  determined  from 
Eq.  (2.34)  to  be  2 
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(2.37) 


where  only  truncation  terms  of  order  l2  have  been  retained.  An  equation  of  this 
form,  where  only  leading  truncation-order  terms  are  retained,  is  often  referred  to 


as  a  modified  equilibrium  equation  (see  e.g.,  Ref.  [12]). 

Comparing  Eq.  (2.37)  with  its  continuum  counterpart,  Eq.  (2.26),  one  finds 
that  the  dominant  effect  of  the  finite  element  discretization  manifests  itself  as  a 

2  The  MACSYMA  runstream  with  associated  output  from  which  these  results  where 
obtained  may  be  found  in  Appendix  A.l 
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modification  to  the  bending  stiffness  resulting  from  the  appearance  of  a  parasitic 
differential  term  of  the  same  order  as  the  primary  differential  operator,  i.e.,  d*/dx* 
The  modified  bending  stiffness  resulting  from  this  parasitic  differential  operator, 
El,  defined  as 


~  ,  l2  GA  __ 

EI=  1  +  --—  El 
12  El 


(2.38) 


is  the  discrete  counterpart  of  the  continuum  bending  stiffness,  El.  MacNeal  [31] 
and  Prathap  and  Bhashyam  [32]  have  also  identified  this  modified  bending  stiff¬ 
ness  term  working  from  an  energy  standpoint.  Note  that  if  one  had  prematurely 
stopped  with  Eq.  (2.34),  a  modified  bending  stiffness  might  have  mistakenly  been 
assumed  to  be  (1  —  ^^^)EI  by  collecting  the  coefficients  of  from  the  second 
equation. 

In  order  to  assess  the  relative  magnitude  of  El  with  respect  to  El,  the  case 
of  an  isotropic  rectangular  beam  of  unit  width  and  thickness  h  is  considered.  For 
this  simple  case, 


EI=  1  + 


(2.39) 


For  even  a  moderately  thin  beam  with  l/h  =  10  (and  u  =  .3),  one  finds  that 


El  =  39.52?/ 


(2.40) 


with  the  immediate  implication  that  a  finite  element  solution  of  a  “thin”  beam 
problem  using  a  linear  Timoshenko  beam  element  of  this  aspect  ratio  would  result 
in  a  transverse  displacement  w  equal  to  only  about  2.5%  of  the  correct  solution. 
This  problem  is  of  course  the  well  known  transverse  shear  element  locking  phe¬ 
nomenon  exhibited  by  C°  beam  and  plate  finite  elements  which  is  shown  to  be 
linked  directly  to  deficiencies  in  the  limit  differential  equilibrium  equations  ob¬ 
tained  from  the  discrete  finite  element  equations. 

REMARK  2.1 

It  is  important  to  emphasize  here  that  element  locking  has  been  identified  as 
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an  intrinsic  element  property  and  as  such  does  not  require  knowledge  of  bound¬ 
ary  conditions  nor  any  specific  numerical  solution.  This  fundamental  approach 
to  assessing  intrinsic  eiement  behavior  should  be  contracted  with  the  alternative 
technique  of  identifying  element  locking  based  upon  the  art  of  constraint  counting 
(see  e.g.,  [33,34]).  Since  locking  was  viewed  as  the  result  of  how  a  particular  dis¬ 
cretization  represented  the  thin  plate  limit  of  zero  transverse  shear  strain,  the  idea 
of  shear' constraints  was  introduced  to  reflect  the  manner  in  which  this  condition 
was  satisfied  on  the  element  level.  If  this  number  was  larger  than  the  number 
of  free  d-o-f  per  element  in  the  global  model,  then  mesh  locking  was  anticipated. 
Tsach  [34]  states  that  locking  is  not  solely  an  element  property;  it  is  a  character¬ 
istic  of  both  the  element  and  the  boundary  conditions.  Based  upon  the  symbolic 
results  presented  here  (and  in  the  following  chapters),  one  cannot  help  but  con¬ 
clude  that  this  statement  is  misleading  since  the  question  of  element  locking  is 
answered  independently  of  any  imposed  boundary  conditions. 


§2. 2. 2. 2  Reduced  Spatial  Integration  -  Element  Unlocking 

One  numerical  technique  used  to  rectify  the  problem  of  transverse  shear  ele¬ 
ment  locking  is  to  underintegrate  the  transverse  shear  stiffness  (see  e.g.,  [28,29,35]). 
Doing  so  raises  the  question  of  element  consistency  since  employing  reduced  spatial 
integration  violates  the  strict  variational  basis  of  the  discretization.  This  results  in 
what  Strang  and  Fix  [6]  refer  to  as  a  variational  crime,  from  a  Minimum  Potential 
Energy  standpoint.  Malkus  and  Hughes  [36]  have,  however,  shown  the  equivalence 
between  this  technique  and  that  of  mixed  finite  element  methods.  This  permits  one 
to  apply  convergence  proofs  and  error  estimates  to  those  cases  where  equivalence 
can  be  established.  For  the  present  problem  of  interest,  Arnold  [37]  has  shown 
the  equivalence  between  reduced  spatial  integration  and  a  mixed  finite  element 
implementation.  In  this  section,  the  use  of  reduced  spatial  integration  is  shown  to 
result  in  a  discretization  whose  decoupled  limit  differential  equilibrium  equation 
does  not  contain  the  parasitic  differential  term  responsible  for  the  transverse  shear 
element  locking. 

Recovery  of  the  limit  differential  equilibrium  equations  will  again  begin  by 
writing  the  discrete  finite  element  equations  of  the  linear  Timoshenko  beam,  now 
derived  employing  one  point  Gaussian  quadrature  for  the  transverse  shear  stiffness, 
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at  an  interior  node  as 


-GA(  +  C,4(  *  ^  ^ )  =  9j 

(2.41) 
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Comparing  Eq.  (2.41)  with  Eq.  (2.31),  which  was  obtained  using  exact  spatial 
integration,  one  finds  that  they  differ  only  in  the  averaging  of  6  in  the  second  of 
these  equations.  Exact  spatial  integration  resulted  in  a  ^(1-4-1)  nodal  averaging 
scheme  versus  the  ^ (1-2-1)  scheme  seen  here.  By  again  employing  Eq.  (2.33),  the 
limit  differential  equilibrium  equations  corresponding  to  Eq.  (2.41)  are  found  to 
be 
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In  this  form,  the  only  difference  between  the  two  sets  of  coupled  limit  differential 
equilibrium  equations  obtained  from  the  two  different  integration  rules  is  in  the 
truncation  error  terms  associated  with  approximating  5  which  are  seen  to  be 
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(2.43) 


where  the  superscripts  e  and  r  designate  whether  the  exact  or  reduced  spatial  in¬ 
tegration  rule  was  used.  From  the  traditional  formal  order-of-accuracy  viewpoint, 
one  may  prematurely  conclude  at  this  point  that  the  approximation  engendered 
by  the  exact  integration  rule  should  result  in  a  more  accurate  discrete  solution 
which  is  not  the  case  as  will  now  be  shown. 


i 


The  decoupled  limit  differential  equilibrium  equation  obtained  from  Eq.  (2.42) 
is  found  to  be 

d*w  vrPdPw  A2  EI .  d2q  l2  El  d*q 

EI  dx*  +EI6  dx6  ~q  +  ^4  GA  dx2  YlGAdx 4' 

It  is  immediately  apparent  that  the  parasitic  4t^-order  differential  term  responsible 
for  locking  has  been  eliminated  by  the  reduced  integration  of  the  transverse  shear 
stiffness.  Hence,  what  appears  to  be  a  less  accurate  averaging  scheme  for  the  9 
term,  as  shown  in  Eq.  (2.45),  plays  the  key  role  in  eliminating  transverse  shear 
element  locking.  Examination  of  Eq.  (2.42)  shows  that  like  Eq.  (2.34),  a  truncation 
error  term  has  a  differential  operator  of  the  same  order  as  that  of  the  continuum 
operator.  However,  in  this  case,  Eq.  (2.44)  shows  that  now,  this  effect  does  not 
propagate  to  the  decoupled  equation.  Hence,  it  is  the  decoupling  process  which 
manifests  the  true  behavior  of  the  Timoshenko  beam  discretization.  The  results 
from  this  and  the  preceding  sub-section  show  that  this  decoupling  process  results 
in  a  canonical  form  of  the  modified  equilibrium  equations  from  which  intrinsic 
element  behavior  is  determined. 


REMARK  2.2 


MacNeal’s  residual  bending  flexibility  modification  [31]  of  the  material  transverse 
shear  stiffness  is  obtained  from  the  reduced  spatial  integration  analysis  as  a  conse¬ 
quence  of  eliminating  the  second-order  truncation  term  associated  with  d2qjdx2 
in  Eq.  (2-44).  This  is  accomplished  by  matching  the  coefficient  associated  with 
d2q/dx2  with  the  correct  continuum  coefficient.  With  GA  only  explicitly  appear¬ 
ing  here  in  the  continuum  equation,  one  is  free  to  define  a  modified  GA*  which 
satisfies 


ll  _  JlL  -  /2  EI 

4  GA*  ~  6  GA' 


(2.46) 


This  results  in 


GA* 


j_  i2  r1 

GA  +  12  EI 


(2.47) 


which  is  seen  to  be  identical  to  MacNeal’s  *GA*'n.  Replacing  GA  with  GA*  in  the 
discrete  finite  element  equations  results  in  the  following  decoupled  limit  differential 
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equilibrium  equation 
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Substitution  of  the  continuum  solution,  W ,  results  in 


d*W  El  d2q  l 2  £J  d4g 

1  dx*  ~q  GA  dx2  +  12  GA  dx4 


(2.49) 


where  the  twice  differentiated  continuum  equilibrium  equation  has  been  used  to 
simplify  the  results.  As  before,  only  the  leading  truncation  error  terms  sure  re¬ 
tained.  Note  that  the  coefficient  of  the  last  term  in  Eq.  (2.49)  can  be  rewritten 


l2  El  (l  +  i/)  .2.2  (1  +  l/)  2,4 

12GA  ~  72  h  ~  72  °  1 


(2.50) 


where  c  =  h/l  <  1  for  thin  beam  applications.  Hence,  the  resulting  finite  element 
approximation  of  the  Timoshenko  beam  by  the  linear  element  achieves  a  fourth- 
order  interior  accuracy  for  a  uniform  element  mesh  -  the  same  order  of  accuracy 
as  for  the  C1  Hermit  ian  beam. 


REMARK  2.3 


Penalty  function  techniques  have  been  used  as  a  method  for  deriving  “C1”  bending 
elements  employing  C°  displacement  interpolation  fields  (see  e.g.,  [30,38]).  For  the 
case  of  the  Euler-Bernoulli  beam,  the  constrained  variational  expression, 


El  [l,d0,2j  [l,dw  . 2  .  [ 1  J 
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(2.51) 


is  identical  to  that  used  for  the  Timoshenko  beam  except  for  the  interpretation 
of  a.  For  the  shear-flexible  Timoshenko  beam,  the  second  integral  represents  the 
transverse  shear  energy  with  a  =  GA/ 2.  For  the  above  case,  however,  a  is  the 
penalty  parameter  associated  with  enforcing  the  constraint  that  0  =  dw/dx.  For 
the  linear  beam  derived  from  Eq.  (2.51)  employing  reduced  spatial  integration  on 
the  penalty  term,  the  decoupled  transverse  limit  differential  equilibrium  equation 
is  found  to  be 
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In  the  context  of  the  present  penalty  formulation,  the  expected  Euler-Bernoulli 


I 


WtVi 

S’® 

SW!* 


p 


m 


RRRRi 


beam  theory, 


EITx 4  =9  +  0(/2)  (2-53) 

results  in  the  limit  as  the  constraint  that  9  =  dw/dx  is  enforced,  i.e.,  a  — *  oo. 
This  “C1”  beam  element  is  seen,  however,  to  be  only  second-order  accurate  as 
compared  to  the  Hermitian  beam  element  discussed  in  Remark  2.2  which  achieved 
fourth-order  accuracy  by  explicitly  enforcing  C1  displacement  continuity. 


§2. 2. 2.3  Limit  Differential  Equilibrium  Equations  versus 
Local  Truncation  Error 


In  light  of  the  two  examples  presented  thus  far  where  limit  differential  equi¬ 
librium  equations  have  been  employed  to  explicity  identify  element  behavior,  the 
differences  between  the  type  of  information  they  provide  and  that  of  a  local  tradi¬ 
tional  truncation  error  analysis  (see  e.g.,  §1.4  of  [6])  can  now  be  easily  contrasted. 

Returning  to  the  results  from  §2.2.2.1,  the  modified  equilibrium  equation  (i.e., 
limit  differential  equilibrium  equation  with  oniy  leading  truncation-order  terms 
retained)  for  the  exactly  integrated  Timoshenko  beam  element  was  found  in  to  be 
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6  dx®  6  dx*’  GA^dx 2 


+ 


l2  d4q 
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),  (2.54) 


or  in  differential  operator  form, 


(2.55) 


Here,  u>(x),  as  was  defined  by  Eq.  (2.32),  is  the  solution  of  the  modified  equilibrium 
equation.  The  exact  continuum  solution,  W (x),  does  not  satisfy  Eq.  (2.54),  nor 
does  the  discrete  solution,  w,  satisfy  the  continuum  equilibrium  equation, 
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d4W 

dx4 
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=>  I'W  =  r  •  q 


(2.56) 


representing  Timoshenko  beam  theory.  For  this  very  reason,  Eq.  (2.56)  cannot  be 
used  to  further  simplify  the  limit  differential  equilibrium  equation,  Eq.  (2.54). 


In  spite  of  the  fact  that  the  term  “truncation  error”  has  been  applied  to 
characterize  any  term  in  which  the  element  length,  l,  explicitly  appears  in  the 
limit  differential  equilibrium  equations,  they  do  not  represent  the  local  truncation 
error  of  the  discretization  from  a  classical  finite  difference  standpoint.  The  concept 
of  local  truncation  error  does  not  wise  until  one  formally  substitutes  the  exact 
continuum  solution,  W ,  in  place  of  the  discrete  solution,  w,  in  Eq.  (2.54).  The 
differential  terms  remaining  after  the  continuum  equation  and  its  differentiated 
forms  have  been  employed  to  simplify  it  represent  the  local  truncation  error,  r*, 
of  the  discretization.  For  the  present  case,  the  local  truncation  error  for  the 
Timoshenko  beam  discretization  is  found  from  the  error  equation, 
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to  be 
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(2.58) 


Here,  differentiated  forms  of  the  continuum  equilibrium  equation,  Eq.  (2.54) ,  were 
employed  to  simplify  the  results.  Eq.  (2.58)  shows  that  a  uniform  mesh  of  ex¬ 
actly  integrated  Timoshenko  beam  elements  achieves  a  second-order  interior  accu¬ 
racy.  However,  unlike  the  limit  differential  equation  approach  which  automatically 
manifests  element  pathologies  caused  by  parasitic  differential  operators,  the  local 
truncation  error,  per  se,  gives  no  indication  of  potential  element  trouble. 


Consistency  is  represented  in  different,  but  equivalent,  ways  by  these  two 
techniques.  From  a  limit  differential  equilibrium  equation  standpoint, 


ID.w  =  rD-1 


l  ■  w  =  r  ■  q  as  l 


(2.59) 


which  implies  that 
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(2.60) 
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From  the  local  truncation  error  standpoint, 


r*  — ♦  0  as  /  — »  0 


(2.61) 


with  the  proviso  that  the  continuum  equation  was  subtracted  from  the  error  equa¬ 
tion.  If  the  discretization  is  not  consistent  with  the  anticipated  differential  equa¬ 
tion,  the  limit  differential  equilibrium  equation  reduces  to  the  differential  equation 
for  which  it  is  consistent  (as  will  be  seen  to  be  important  in  Chapter  5). 


REMARK  2.4 

These  results  differ  from  the  earlier  work  of  Walz,  Fulton  and  Cyrus  [13]  in  several 
key  respects.  When  faced  with  decoupling  systems  of  coupled  partial  differen¬ 
tial  equations  with  several  dependent  variables,  as  was  the  case  for  the  Hermitian 
beam  discretization,  they  employed  a  term-by-term  elimination  procedure.  This 
entailed  successively  substituting  differentiated  forms  of  the  equations  represent¬ 
ing  the  displacement  variables  to  be  eliminated  to  cancel  specific  coupling  terms 
in  the  retained  equations.  This  should  be  contrasted  with  the  present  operational 
procedure  whereby  the  decoupled  w  limit  differential  equilibrium  equation  is  im¬ 
mediately  obtained  from  |£D|  •  w  —  |Cj|  for  the  Hermitian  beam  problem  where 
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The  second  point  is  more  fundamental  in  that  the  distinction  in  [13]  between 
w  and  W  was  overlooked.  The  w  limit  differential  equilibrium  equation  determined 
from  Eq.  (2.62)  is 


jy,  Tf  ,  l2  d? w  l4  d®u/N  l2  d2q 
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l 4  d4g 
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+  0(lQ), 


(2.63) 


where  it  is  again  stressed  that  w  is  the  solution  to  this  equation,  representing  the 
discrete  problem,  and  not  the  continuum  one. 

The  continuum  equation  was  then  mistakenly  employed  in  [13]  to  simplify 
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Eq.  (2.63)  resulting  in 
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(2.64) 


which  is  not  the  modified  equilibrium  equation  for  this  discretization  nor  does  it 
properly  represent  the  local  truncation  error  which  is  in  reality, 


l  lA  d*W 
T  ~  720  dx8 


(2.65) 


REMARK  2.5 


The  symbolic  decoupling  procedure  used  in  Remark  2.4  has  performed  two  impor¬ 
tant  functions.  The  first  is  the  obvious  one  of  determining  a  decoupled  equilibrium 
equation  in  terms  of  a  single  displacement  variable.  The  second  one,  namely  that 
of  eliminating  a  purely  computational  d-o-f,  leads  us  to  the  next  comment.  Strang 
and  Fix  [6]  made  the  comment  that  we  can  rewrite  our  finite  element  system  as  a 
set  of  difference  equations  having  a  very  special  form:  one  equation  of  the  systemTis 
an  accurate  analogue  of  the  original  differential  equation,  and  the  other  M  —  1  are 
completely  inconsistent3 .  In  the  context  of  the  present  symbolic  analysis,  we  have 
shown  that  there  are  no  inconsistent  equations.  This  is  a  result  of  the  decoupling 
process  which  automatically,  and  in  a  consistent  manner,  accounts  for  the  coupling 
effects  of  equations  corresponding  to  computational  d-o-f  on  the  decoupled  limit 
differential  equilibrium  equation(s)  corresponding  to  physical  d-o-f. 


§2.2.3  Discrete  Approximation  of  the  Buckling  Operator 

From  a  displacement-based  finite  element  standpoint,  derivation  of  the  dis¬ 
crete  counterpart  to  the  continuum  buckling  operator,  L&,  has  traditionally  come 
about  in  two  different  ways  depending  upon  the  spectrum  of  problems  to  be  ad¬ 
dressed  by  the  finite  element  developer,  i.e.,  linear  +  bifurcation  buckling  or  intrin¬ 
sically  nonlinear.  In  the  first  case,  derivation  of  the  so-called  geometric  stiffness 
matrix,  k<r,  has  either  been  based  upon  a  simple  extension  of  linear  theory  whereby 
nonlinear  strain-displacement  terms  are  selectively  introduced  into  the  strain  en¬ 
ergy,  U,  (or  V  when  the  inextensional  membrane  hypothesis  is  employed)  as  was 
done  in  Eq.  (2.17)  and  then  appropriately  discretized  (see  e.g.,  [39,40,41]).  In  the 
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second  case,  an  incrementally  nonlinear  formulation  is  employed  from  the  outset 
where  naturally  evolves  as  one  component  of  the  tangent  stiffness  matrix  (see 
e.g.,  [30,42,43]). 

From  a  computational  standpoint,  once  the  global  material  and  geometric 
stiffness  matrices  have  been  assembled,  the  structural  bifurcation  buckling  load  is 
determined  by  solving  the  eigenproblem 

(K  4-  AK<r)d  =  0  (2.66) 

where  A  is  the  load  multiplier  or  eigenvalue  at  which  point  an  adjacent  equilibrium 
state  is  possible,  represented  by  the  eigenvector  d.  For  the  present  symbolic  analy¬ 
sis  where  one  is  interested  in  recovering  the  linearized  limit  differential  equilibrium 
equations  governing  the  discrete  bifurcation  problem,  the  alternative  matrix  equa¬ 
tion 

(K  +  K<r)d  =  0  (2.67) 

is  instead  employed  which  leads  directly  to  the  limit  differential  equilibrium  equa¬ 
tions 

( Lm  +  l<r)v  =  0  (2.68) 


In  this  section,  k<r-  for  the  Timoshenko  beam  is  determined  by  the  direct 
discretization  of  the  a  terms  in  U  (see  Eq.  (2.17)).  In  a  thickness-preintegrated 
form,  the  resulting  k<7  is  given  by 


where  the  shape  functions  and  nodal  d-o-f  ordering  are  the  same  as  previously 


defined  in  §2.2.2.  For  the  present  case  of  a  linear  element,  there  is  no  freedom  with 


regard  to  spatial  integration  order  since  the  individual  components  of  the  integrand 
are  constant  so  that  a  1-point  quadrature  rule  exactly  integrates  Eq.  (69).  The 
resulting  k<r  obtained  employing  this  rule  is 


r  A 


L  0 


0  -A  0  ' 
7  0-7 

0  A  0 
-7  0  I  . 


(2.71) 


After  the  assembly  of  at  the  j^1  node,  the  now  homogeneous  difference 
equations  for  the  reduced- integrated  Timoshenko  beam  are*, 
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Employing  the  present  symbolic  element  evaluation  procedure,  the  discrete  coun¬ 
terpart  of  the  reference  continuum  buckling  equation,  Eq.  (2.28),  is  found  to  be 
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(2.73) 

which  is  the  modified  equilibrium  equation  governing  the  bifurcation  buckling  of 
the  reduced- integrated  linear  Timoshenko  beam  element.  In  the  next  section,  a 
priori  error  estimates  for  the  bifurcation  buckling  load  will  be  determined  based 
upon  this  modified  equilibrium  equation. 
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The  exactly  integrated  Timoshenko  beam  will  not  be  considered  due  to  the  locking 
problem. 


§2.3  Error  Estimates  Based  Upon  Modified  Equilibrium  Equations 

In  the  usual  finite  difference  context,  local  truncation  error  results  give  no 
real  information  regarding  the  magnitude  of  the  error  resulting  from  the  discrete 
approximation,  but  rather  only  some  indication  of  how  quickly  the  discrete  so¬ 
lution  approaches  the  exact  one  as  the  mesh  is  refined.  This  does  not  have  to 
be  the  case,  as  was  shown  by  Walz,  Fulton  and  Cyrus  [13j  in  their  work  on  de¬ 
termining  the  accuracy  and  consistency  of  different  finite  element  discretizations. 
They  obtained  a  priori  error  estimates  in  the  interior  problem  domain  of  a  given 
discretization  by  seeking  harmonic  solutions  of  the  so-called  modified  differen¬ 
tial  equilibrium  equations  comprised  of  the  continuum  operator  (or  zeroth-order) 
and  leading  truncation  order  terms.  A  fundamental  error  was,  however,  made  hy 
overlooking  the  effect  that  the  discretization  had  on  the  loading  operator  which 
resulted  in  physically  incorrect  error  predictions.  In  the  present  analysis,  the  dis¬ 
crete  counterparts  of  both  the  homogeneous  operator  and  the  loading  operator  are 
consistenly  treated.  As  will  be  shown,  this  consistent  treatment  results  in  a  more 
realistic  error  estimate. 

In  this  section,  error  estimates  will  be  determined  for  the  different  discrete 
models  considered  thus  far  based  upon  the  theoretical  results  obtained  in  the 
previous  sections  for  both  linear  and  bifurcation  buckling  problems.  The  present 
error  estimates  are  based  upon  the  particular  solutions  of  the  governing  equilibrium 
equations.  As  such,  they  are  valid,  in  general,  only  for  the  interior  problem  domain 
away  from  the  influence  of  boundary  conditions  which  would  be  satisfied  by  the 
homogeneous  solution.  For  the  case  of  periodic  boundary  conditions  which  are 
satisfied  by  the  harmonic  solutions,  however,  the  error  estimates  will  be  valid  for 
each  interior  nodal  point  in  the  mesh. 
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§2.3.1  Consistent  Determination  of  Discretization  Effect  on  Loading 
Operator 

The  case  of  the  one-dimensional  linear  displacement-based  bar  element  is  a 
challenging  way  of  introducing  this  topic  since  the  discrete  solution  is  nodally  exact 
for  any  loading  function  [44,30].  The  first  step  will  be  to  examine  the  approach 
taken  in  [13]  in  order  to  see  why  an  incorrect  result  was  derived  there.  Next,  the 
consistent  way  of  determining  the  discretization  effect  on  the  loading  operator  will 
be  presented  which  correctly  results  in  the  prediction  of  a  nodally  exact  solution. 

The  discrete  difference  equation  at  the  interior  node,  based  upon  a  Min¬ 
imum  Potential  Energy-based  linear  finite  element  discretization,  is 
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where  py  is  the  nodal  load.  Expanding  in  a  Taylor  series  about  the  interior  node, 
the  modified  equilibrium  equation  corresponding  to  Eq.  (2.74)  was  determined  in 
[13]  to  be 
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where  the  py  in  Eq.  (2.74)  was  assumed  to  be  of  the  functional  form 

Pj  =  P(x)1  • 

Fourier  solutions  of  the  form 
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were  then  determined  for 
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where  the  loading  for  the  discrete  problem  was  assumed  to  be  identical  to  the 
continuum  one  as  is  reflected  in  Eq.  (2.76) .  With  the  continuum  solution  given  by 


r.  Pm  /  L  \2  .  mirx 
U  =  -r—  ( - )  sin  — — 


EAKmif 


(2.79) 


the  solution  to  the  modified  equilibrium  equation  was  written  as 


u  =  «  U(1  +  e) 
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where 
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Since  e  is  always  positive,  it  is  obvious  from  Eq.  (2.80)  that  u  >  U  for  all  m ,-a 
result  which  is  of  course  inconsistent  with  the  underlying  MPE-based  finite  element 
formulation  employed  for  this  discretization.  The  problem  with  this  approach 
results  from  the  assumed  form  of  Eq.  (2.76)  which  neglects  any  discretization 
effects  on  the  loading  operator. 


The  consistent  way  to  handle  harmonic  loading  entails  going  back  to  the  basic 
element  load  calculation  which  requires  that  harmonic  loading  be  assumed  from 
the  outset.  If  in  the  following  equation,  £  is  used  to  denote  the  local  element 
coordinate  system  and  x,  the  global  system,  then  the  nodal  load  at  an  interior 
node,  j,  resulting  from  a  harmonic  bar  loading  would  be 


£  .  rnx(xj  -  l  +  £) 

j  Pm  am - ^ - 


-)Pm  sm - ^ 


(2.82) 


where  Xj  is  the  position  of  the  interior  node.  Performing  the  indicated  integration, 
the  discrete  nodal  load  is 

4sin2(i?f^)  mitXj  mnxj 

*>  =  (TOT)!,  Si”  l  =  P">'Si"  l  ' 


(2.83) 


where  pm  is  determined  to  be 


_  .  ft  ,m7r.2  l*  ,  mir .  4  . 

Pm  =  C1  ~  12  ("1")  +  360  ~Zr  ^Pm  ’ 


(2.84) 


when  sin(-T^)  is  expanded  in  its  power  series  representation.  Using  this  result, 
the  solution  to  the  modified  equilibrium  equation,  Eq.  (2.75),  is  now  found  to  be 

EA{-jr-)2{l  ”  H - )um  =  (l-— (— )  "l - ^Pm‘  2'85 

Noting  that  the  discretization  of  the  continuum  and  loading  terms  has  resulted  in 
identical  power  series  expansions,  the  discrete  nodal  solution  is,  after  simplifica¬ 
tion, 


Pm  /  L  \  2  ._  mirxj  TT 
U=17^)  >m-ri  =  CT, 


(2.86) 


which  is  in  fact  the  continuum  solution;  or  in  other  words,  the  discrete  solution  is 
predicted  to  be  nodally  exact.  This  interesting  result  is  easily  verified  numerically, 
as  illustrated  by  a  plot  of  both  U  and  u  vs.  x  for  a  4  element  bar  model  with 


.  .  ,  .  ifx  .  2irx. 

p(x)  =  p0 (sin  j+sin  — ) , 


(2.87) 


as  shown  in  Fig.  2.2. 


REMARK  2.6 


It  should  be  noted  that  in  order  to  obtain  the  nodally  exact  discrete  solution, 
exact  spatial  integration  of  Eq.  (2.82)  had  to  be  employed  to  determine  the  nodal 
loads.  This  is,  of  course,  a  consequence  of  satisfying  the  requirements  of  the  weak 
form  of  the  problem  which  requires  that  the  loading  term, 
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(2.88) 


be  exactly  integrated.  If  the  same  one-point  spatial  integration  rule  that  was 
used  to  integrate  the  element  stiffness  haul  been  used  to  evaluate  the  element  load 
vector,  a  nodally  exact  discrete  solution  would  not  have  been  obtained  as  is  also 
shown  in  Fig.  2.2.  A  more  detailed  discussion  of  the  discretization  errors  which 
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Fig.  2.2  -  Exact  vs.  discrete  results  for  4  element  bar  discretization  with  L  — 
1000,  EA  ~  1  and  p0  —  10~4. 


can  be  introduced  in  the  loading  term  through  numerical  quadrature  can  be  found 
in  Strang  and  Fix  [6j.  I 

One  might  comment  in  passing  that  the  common  practice  of  integrating  the  < 

loading  term  with  the  same  integration  rule  as  used  for  the  element  stiffness  calcu¬ 
lation  may  unintentionally  introduce  additional  discretization  errors  into  the  finite 
element  analysis  depending  upon  the  frequency  content  of  the  distributed  load.  j 


§2.3.2  Error  Estimate  for  Transversely  Loaded  Timoshenko  Beam 

The  bar  example  just  examined  in  the  previous  section  was  rather  unusual  in 
that  the  discrete  solution  was  nodally  exact  for  any  distributed  loading.  For  the 
case  of  the  linear  Timoshenko  beam  discretization,  however,  this  is  not  the  case  so 
that  the  solution  of  the  modified  equilibrium  equation  can  be  used  to  derive  nodal 
displacement  error  estimates  as  was  done  in  [13]. 
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For  this  problem,  harmonic  solutions  of  the  general  form 

t v  =  Wm  sin  kx 


(2.89) 


will  be  sought  corresponding  to 


q  =  qm  3 in  kx 


(2.90) 


where  the  Fourier  coefficients,  qm  ^nd  wm,  represent  the  frequency  spectrum  of  the 
applied  loading  and  transverse  displacement.  Depending  upon  ones  perspective,  k 
can  either  be  viewed  as  the  spatial  frequency  or  in  a  dynamical  context,  the  wave 
number.  Employing  the  finite-length  beam  analogy  with  its  discretely  varying 
solution  components,  k  is  defined  by 


Jfc  = 


mir 


m  =  1, 2, ...  . 


(2.91) 


The  exact  solution  for  the  mth  Fourier  mode  is  determined  from  Eq.  (2.26) 
to  be 

W  =  -  gin  kx  =  Wm  sin  kx .  (2.92) 

Elk* 

Next,  using  the  modified  equilibrium  equation  for  the  reduced  integrated  Timo¬ 
shenko  beam,  Eq.  (2.44),  the  solution  to  the  discrete  problem  is 


to  = 


l(,  _£*»)  + jK(*>  -  .  i 

^  ii - 4 — 1  QAl  . - ki — t - Sin  kij  =  wm  sin  kij 

EI(k*  -  fk6) 


(2.93) 


where  the  effective  distributed  transverse  load, 


9m  =  9m 

is  identical  to  Eq.  (2.83)  since  the  same 
cases. 


48in2(¥)  (2.94) 

k2l2 

element  shape  functions  are  used  in  both 
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As  will  be  discussed  in  more  detail  in  the  next  chapter  dealing  with  discrete 
Fourier  analysis  techniques,  Eq.  (2.93)  is  not  vaiid  for  all  k's,  or  alternatively,  for 
all  solution  wavelengths,  A,  where  A  =  2 n/k.  For  the  present  discrete  problem, 
solution  components  may  only  be  accounted  for  within  the  bounds 


<  A  <  | 


oo  rigid  body  mode 
2 L  first  deformation  mode;  m  =  1 


(2.95) 


or  alternatively, 


=  7 -*- {* 


0  rigid  body  mode 
/ L  first  deformation  mode;  m  =  1 . 


(2.96) 


Here,  Amjn  is  the  minimum  solution  wavelength  which  the  discrete  mesh  can  rep¬ 
resent  (without  aliasing)  while  oo  represents  the  other  limiting  case  of  pure  rigid 
body  motion.  The  maximum  m  is  determined  from  Jfcmax  —  j  =  *77  to  be 
mmax  =  Ljl  —  nel  where  nel  is  the  number  of  elements.  Based  upon  these 
results,  the  total  displacement  at  the  node  would  be 


mmax 

w(xj)  =  wmsinkxj 

m= 1 


(2.97) 


while  for  the  continuum  solution, 


OO  mT0.3X 

wix)  =  ^2  Wmsinkx  S  Wmsmkx. 

m=l  m=l 


(2.98) 


It  should  be  noted  that  the  discrete  model  actually  represents  a  truncated  series 
approximation  of  the  physical  one.  For  now,  it  is  convenient  to  assume  that 
{Wm  =  0  :  m>  mmax}  as  is  indicated  in  Eq.  (2.98). 

With  closed  form  expressions  for  both  the  continuum  and  discrete  displace¬ 
ments  in  hand,  the  possibility  of  performing  an  a  priori  error  analysis  becomes 
a  reality  once  the  loading  spectrum  has  been  specified.  From  a  frequency  stand¬ 
point,  the  relative  error  in  the  magnitude  of  a  specific  Fourier  solution  component 
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can  be  simply  obtained  from 


e 


m  ~ 


—  Wm 
Wm 


(2.99) 


i 

A  plot  of  em  vs.  m  is  shown  in  Fig.  2.3  for  a  finite  length  beam  discretized  with  ^ 

10  and  50  elements.  As  a  result  of  the  assumed  periodicity  of  the  solution,  results  j 

are  plotted  only  for  integer  m  values.  In  spite  of  the  fact  that  reduced  spatial 
integration  was  employed,  the  displacements  are  seen  to  converge  from  below  as 
l  — *  0  since  em  >  0  V  m.  The  “long”  wavelength  representation  of  the  continuum 
problem  by  the  discrete  finite  element  solution  is  also  quite  apparent  since  for  j 

I 

any  number  of  elements,  — »  0  as  k  — ►  0  (if  for  a  second,  one  views  k  in  a  ' 

continuous  sense).  For  the  case  where  the  distributed  loading  is  represented  by 
a  single  harmonic  frequency,  Eq.  (2.99)  would  represent  the  relative  displacement 
error  at  any  node  where  sin  kxj  ^  0,  i.e.,  points  where  the  continuum  solution  is 

I 

not  zero. 


The  relative  error  in  the  total  displacement  at  a  particular  node  point  in  the 
mesh  would  be 

e{xj)  = 

where  the  frequency  content  of  the  solution  and  hence  of  the  error  estimate  is 
determined  by  the  spectral  density,  qm ,  of  the  loading  spectrum. 


~  wm)  *inkXj 

EJSr  Wmsinkx} 


(2.100) 


REMARK  2.7 

There  are  two  possible  ways  in  which  the  results  from  these  a  priori  error  estimates 
could  be  used  by  a  structural  engineer.  The  first  would  answer  the  question  of 
what  is  the  expected  relative  error  for  a  given  mesh  discretization,  i.e.,  element 
type  and  number.  The  second  would  answer  the  question  of  how  many  elements 
of  a  certain  type  we  required  to  achieve  a  specified  solution  accuracy. 


§2.3.3  Error  Estimate  for  the  Discrete  Buckling  Problem 

Determination  of  the  spectral  error  content  for  tho  dis^ete  bifurcation  buck¬ 
ling  problem  proceeds  in  much  the  same  way  as  was  done  for  the  laterally  loaded 
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Fig.  2.3  -  Relative  error  in  Fourier  solution  coefficients  for  Timoshenko  beam 
where  m  =  L  =  1000,  v  =  .3  and  h  —  1. 

Timoshenko  beam.  For  the  case  of  external  loading,  error  estimates  were  based  on 
harmonic  solutions  of  Lu  =  /  where  the  solution  could  be  formally  represented  as 
u  =  L'lf.  In  the  present  case,  dealing  with  the  homogeneous  bifurcation  buckling 
problem  where  Lu  =  0,  u  now  plays  the  role  of  eigenfunction  with  the  buckling 
load  determined  by  setting,  the  characteristic  polynomial  of  L  equal  to  zero. 

From  Eqs.  (2.28)  and  (2.73),  a  relative  error  estimate  of  the  bifurcation  buck¬ 
ling  load  for  the  Timoshenko  beam  may  be  obtained  by  plotting  for  a  given  buck¬ 
ling  mode  the  relative  error,  em,  defined  by 


em  — 


(2.101) 


vs.  m,  the  number  of  half  waves  where  w  =  wm  sin  kx  and  W  =  Wm  sin  kx.  This 
has  been  done  in  Fig.  2.4  for  the  case  of  a  Timoshenko  beam  discretized  using  10, 
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Fig.  2.4  -  Relative  error  in  Buckling  Load  for  Timoshenko  beam;  L  =  1000, 
E  =  107,  v  =s  .3  and  h  —  1. 

20  and  50  elements.  While  by  no  means  a  general  result,  the  buckling  loads  for 
the  discrete  Timoshenko  beam  discretization  are  seen  to  converge  monotonically 
from  above  even  though  reduced  quadrature  has  been  employed  on  the  material 
stiffness.  This  behavior  is  consistent  with  the  results  of  the  static  analysis  where 
displacements  were  seen  to  converge  from  below.  A  well  known,  but  nevertheless 
interesting  point  to  note  is  that  the  relative  error  in  buckling  load  for  a  given 
number  of  elements  per  half-wave  (=  X/2 1)  is  in  fact  the  same  irrespective  of 
element  length.  If  we  take  for  instance  the  case  of  5  elements/half-wave,  we  see 
that  €m  is  identical  for  m  =  2  with  nej  =  10,  m  =  4  with  nej  =  20  and  m  =  10 
with  nei  =  50. 

§2.4  Summary 

In  this  chapter,  the  general  symbolic  operational  procedures  are  developed 
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which  serve  as  the  foundation  for  the  symbolic  element  evaluation  techniques  under 
investigation  here.  Taylor  series  expansions  of  the  nodal  variables  in  the  discrete 
finite  element  equations  about  an  interior  node  of  an  element  patch  are  shown  to 
result  in  the  limit  differential  equilibrium  equations  governing  intrinsic  element 
behavior  over  the  interior  problem  domain.  One  of  the  key  aspects  of  this  ap¬ 
proach  is  the  view  that  once  the  finite  element  discretization  has  produced  a  set  of 
discrete  equations  (or  from  the  finite  difference  standpoint,  difference  equations) , 
the  mathematical  details  of  their  origin  are  immaterial  to  the  analysis  to  follow. 
Instead  of  relying  upon  specific  numerical  problems  designed  to  exercise  specific 
element  deformation  modes,  the  basis  for  determining  intrinsic  element  behav¬ 
ior  is  to  compare  the  decoupled  limit  differential  equilibrium  equations  resulting 
from  the  finite  element  discretization  directly  with  the  corresponding  continuum 
equations. 

For  the  case  of  the  linear  Timoshenko  beam  element,  this  comparison  suc¬ 
cinctly  revealed  the  existence  of  a  parasitic  operator  in  the  limit  differential  equi¬ 
librium  equation  which  resulted  in  a  modified  bending  stiffness  whose  excessive 
stiffness  effectively  locked  the  solution.  In  essence,  this  symbolic  element  evalua¬ 
tion  technique  has  identified  a  fundamental  element  characteristic  which  results 
in  locking  irrespective  of  imposed  boundary  conditions  or  loading.  As  such,  it 
provides  an  alternative  method  for  characterizing  this  type  of  element  pathology 
in  lieu  of  the  heuristic  notion  of  constraint  counting.  Furthermore,  this  example 
illustrates  the  usefulness  of  employing  this  symbolic  Taylor  series  analysis  tech¬ 
nique  to  establish  the  consistency  (i.e.,  legitimacy)  of  a  particular  finite  element 
discretization  resulting  from  employing  a  numerical  technique  such  as  reduced 
spatial  integration. 

With  the  limit  differential  equilibrium  equations  in  hand,  a  priori  interior 
error  estimates  were  determined  using  a  Fourier  series  approach  for  both  the  case 
of  static  and  bifurcation  buckling  problems.  For  the  static  loading  problem,  a  key 
step  in  the  error  analysis  was  the  determination  of  the  consistent  discrete  loading 
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operator.  A  preliminary  error  analysis  of  the  one-dimensional  bar  problem,  whose 


CHapteT  3 

Discrete  Fourier  Analysis  Techniques 


In  this  chapter,  the  symbolic  analysis  procedures  developed  in  Chapter  2 
using  Taylor  series  methods  will  be  employed  in  conjunction  with  discrete  Fourier 
analysis  techniques.  The  need  to  employ  this  complementary  technique  becomes 
necessary  in  order  to  address  the  question  of  solution  stability  for  the  boundary 
value  problems  of  interest  here. 

The  key  aspect  of  the  work  presented  in  Chapter  2  was  the  symbolic  determi¬ 
nation  of  the  limit  differential  equilibrium  equations  corresponding  to  a  particular 
finite  element  discretization.  From  these  equations,  the  question  of  the  consis¬ 
tency  of  a  finite  element  formulation  can  be  answered.  In  order  to  ensure  solution 
convergence,  however,  the  question  of  stability  also  needs  to  be  addressed.  For 
boundary  value  problems,  stability  is  not  determined  in  the  typical  von  Neumann 
sense,  which  is  only  applicable  to  inital  value  problems.  Instead,  one  has  to  con¬ 
sider  the  possibility  of  spurious  element  mechanisms  in  a  finite  element  formulation 
-  a  task  for  which  the  discrete  Fourier  technique  is  well  suited. 

The  crucial  difference  between  the  Taylor  series  technique  and  the  discrete 
Fourier  technique  is  in  the  complete  representation  of  all  truncation  error  infor¬ 


mation  resulting  from  working  in  the  frequency  domain.  It  is  this  characteristic 
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of  the  discrete  Fourier  analysis  technique  which  is  exploited  here  for  the  deter¬ 
mination  of  spurious  element  mechanisms.  In  addition,  as  a  consequence  of  the 
complete  representation  of  truncation  error  information,  a  more  accurate  interior 
error  estimate  will  result.  This  is  in  contrast  to  the  earlier  error  estimates  derived 
using  the  modified  differential  equilibrium  equations  which  retained  only  the  dom¬ 
inant  truncation  error  terms.  Lastly,  by  viewing  the  discrete  Fourier  equations  as 
resulting  from  a  Fourier  transformation  operation,  limit  differential  equilibrium 
equations  in  the  physical  domain  are  shown  to  result  from  the  inverse  transforma¬ 
tion  process. 

The  discrete  Fourier  analysis  procedure  is  presented  here  by  way  of  two  simple 
examples  -  wave  propagation  in  a  bar  for  the  analysis  of  spurious  mechanisms 
and  wave  propagation  in  a  Timoshenko  beam  for  the  analysis  of  transverse  shear 
locking. 

§3.1  Identification  of  Spurious  Element  Mechanisms 

In  the  discrete  problem,  spurious  element  mechanisms  are  the  eigenvectors 
corresponding  to  nonphysical  zero  eigenvalues.  The  physical  zero  eigenvalues,  of 
course,  correspond  to  rigid  body  modes.  However,  an  alternative  definition  of 
spurious  mechanism  needs  to  be  used  when  approaching  this  problem  from  a  dif¬ 
ferential  equilibrium  equation  standpoint.  One  interesting  approach  [16]  is  that 
of  viewing  the  problem  from  a  dynamical  standpoint  where  the  needed  analogies 
with  rigid  body  motion  occur  naturally.  After  the  symbolic  recovery  of  the  Fourier 
transformed  limit  differential  equilibrium  equations,  examination  of  the  character¬ 
istic  differential  operator  will  explicitly  reveal  the  presence  of  non-physical  “zero 
energy  modes,”  if  there  exists  admissible  nonzero  wave  numbers  corresponding  to 
zero  frequencies.  It  is  the  presence  of  these  nonzero  wave  numbers  which  indicate 
the  existence  of  spurious  element  mechanisms  in  the  discrete  model. 

The  example  problem  considered  in  this  section  employs  one  of  the  simplest 
discrete  models  which  is  known  to  exhibit  spurious  element  mechanisms,  namely 
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that  of  a  linear  bar  element  whose  governing  continuum  equations  are  cast  in  their 
mixed  form  in  terms  of  both  axial  displacement  and  stress. 

§3.1.1  Continuum  Fourier  Analysis  of  Bar 

The  equation  of  motion  in  a  mixed  form  for  a  uniform  elastic  bar  is 


d2u  _  do 
^  dt  ^  dx 


with  the  corresponding  linear  elastic  constitutive  relation  given  by 


„du 

°  =  Esi 


(3.1) 


(3.2) 


In  Eqs.  (3.1)  and  (3.2),  u  is  the  axial  displacement,  a  is  the  axial  stress,  E  is  the 
extensional  modulus  and  p  is  the  density.  In  terms  of  differential  matrix  operator 
notation,  Eqs.  (3.1)  and  (3.2)  may  be  rewritten  in  a  symmetric  form  as 


Lu  =  0 


(3.3) 


where 


L  = 


o  2 


d 

-jz 

i 

E 


U  =  [  U  O  J 


The  Fourier  analysis  begins  by  transforming  the  problem  domain  from  the 
physical  (x,  t)  domain  to  the  (fc,w)  or  so-called  frequency  domain  by  seeking  a 
general  harmonic  wave  solution  of  Eq.  (3.3)  of  the  form1 


u  =  ue'(h-wt) 


1  As  a  result  of  linearity,  either  component  of  the  general  solution 


ti  =  fix  e‘(fcz_w‘)  +  u2  e"’(*I+wt) 


(3.4) 


could  be  employed  equally  well. 
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where  u  represents  the  generalized  Fourier  coefficients  with  u>  being  the  circular 
frequency;  k  the  wave  number  and  »  =  \/— T.  Using  this  general  harmonic  wave 
solution  also  gives  us  the  ability  to  interpret  the  spatial  contribution  to  Eq.  (3.4)  as 
either  one  component  in  a  complex  Fourier  series  representation  or  as  the  integrand 
of  the  Fourier  transformation  in  which  case  k  would  represent  the  continuous 
spatial  frequency.  Substitution  of  Eq.  (3.4)  into  Eq.  (3.3)  yields 

L(k,u)  -u  =  0  (3.5) 

where  the  Fourier  transformed  matrix  operator,  L(k,u),  is  given  explicitly  by 

r.(u  —  f-^2  ~**1  i o  c\ 


*<*•"> = i -7k  |j-  ™ 

The  desired  relationship  between  frequency  and  wave  number  is  obtained  from  the 
characteristic  equation  by  setting  the  determinant  of  the  Fourier  matrix  operator 


to  zero,  viz.. 


or  in  the  nondimemsional  form, 


(r)!-‘!  =  o 


(7)2-(*')2  =  °.  (3.8) 

where  1  is  a  problem-dependent  characteristic  length  and  c  is  the  wave  speed 
defined  as  c  =  y/Wfp,  which  is  a  constant. 

The  characteristic  equation,  Eq.  (3.7),  indicates  that  for  the  continuum  so¬ 
lution,  the  wave  number  is  linearly  proportional  to  the  frequency,  i.e.,  k  =  ujc. 
With  c  constant,  each  Fourier  component  will  propagate  without  dispersion  with 
the  same  phase  velocity.  For  the  case  of  pure  rigid  body  motion,  i.e.,  u  =  0,  the 
corresponding  wave  number  must  also  be  zero  as  is  apparent  from  Eq.  (3.7).  Since 
this  is  a  key  result  from  the  continuum  analysis,  it  will  be  formally  written  as 

w  =  0  =>  k  =  0.  (3.9) 
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In  the  following  section,  a  discrete  counterpart  of  Eq.  (3.8)  will  be  derived 
for  each  numerical  scheme  used  to  approximate  the  governing  continuum  equation, 
Eq.  (3.3).  A  comparison  of  the  characteristic  equation  for  the  continuum  case  with 
that  of  the  discrete  cases  will  succinctly  pinpoint  spurious  element  mechanisms  if 
present  in  the  corresponding  finite  element  discretization. 

§3.1.2  Discrete  Fourier  Analysis  -  Mixed  Linear  Bar  Element 

In  a  mixed  finite  element  formulation,  for  an  assumed  linear  displacement 
field,  the  stresses  must  be  constant  in  order  to  achieve  a  consistent  discretization 
[46].  For  this  investigation,  however,  linear  shape  functions  are  purposely  adopted 
for  both  displacement  and  stress  fields  since  this  choice  introduces  a  spurious 
mechanism  in  the  bar  element.  The  Hellinger-Reissner  mixed  variational  principle 
provides  the  starting  point  for  the  element  derivation  which  for  an  axial  bar  may 
be  written  as  [47] 


_  2  f  ,—a 2  dU  />,<?«.  0\  rrr  t 

HR  =  yt,  } 


(3.10) 


By  using  linear  shape  functions  to  approximate  both  the  stress  and  axial 
displacement,  one  obtains  the  following  semi-discrete  equations  at  an  interior  node 
uj”  after  assembly  of  two  elements  of  an  equal  length,  l,  based  upon  a  lumped  (or 
diagonal)  mass  matrix: 


1  E 

«(*/-!  +  Xoi  +  *j+ 1)  +  57(u;-l  ~  °;+i)  =  0 


(3.11) 


where  (  "  )  denotes  d2/dt2.  Converting  the  spatial  part  of  Eq.  (3.4)  to  its  polar 
form, 


u  —  tie  twi(coskx  +  ts'mkx) , 


(3.12) 
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and  substituting  into  Eq.  (3.11)  yields  the  discrete  Fourier  matrix  operator, 


,D,  »  -P“2  ~7  sm  kl 

L  =  «  1  ,  >2  _« 

[  —  |  sin  kl  ^(l-V*2) 


(3.13) 


The  characteristic  (or  frequency)  equation  corresponding  to  the  semi-discrete  finite 
element  equations  obtained  from  Eq.  (3.13)  is 


|2D(*,«)|=0 


or  in  a  nondimensional  form, 


w,  (i 

<c)  d-^) 


u/  2  (1  yta)wa  0 
(«)  <x-$P) 


(3.14) 


(3.15) 
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The  discrete  wave  number,  E,  defined  as 


(3.16) 


1  <i2 

arises  naturally  as  a  result  of  the  discrete  Fourier  approximation^  of  -f-w. 

dz * 

Comparison  of  Eqs.  (3.13)  with  (3.6)  and  Eqs.  (3.14)  with  (3.7)  reveals  two 
important  discrete  operator  approximations  which  will  be  seen  over  and  over  again 
in  the  work  to  follow,  namely,  the  discrete  unity  operators 


I 

m 

SR 


[2_  „  ;2_„ 

(1  -  -fc2)  and  (1  -  jk2) . 


Since  spurious  mechanisms  emanate  from  non-physical  rigid  body  motions, 
the  possibility  of  introducing  spurious  mechanisms  by  the  preceding  finite  element 
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discretization  can  be  determined  from  the  solution  of  Eq.  (3.14),  with  u  =  0.  This 
leads  to  the  following  condition: 


(1  -  U2)£2  =  0 


(3.17) 


(l-^2)/0V  {k;0<k<kmax}, 

The  roots  of  Eq.  (3.17)  are  determined  from  both 

£2  =  0  =>  n  =  0, 1,2, . 


(3.18) 


(3.19) 


(l-^)=0  *  *-fi i±a=.  n  =  0,1,2, 


(3.20) 


Not  all  the  wave  components  given  by  Eqs.  (3.19)  and  (3.20)  are  admissible 
under  the  linear  shape  function  approximation  that  has  been  used  to  discretize 
the  wave  equation.  As  opposed  to  the  continuum  case  where  all  wave  numbers  are 
admissible,  there  is  a  limit  in  the  discrete  representations  of  admissible  wave  num¬ 
bers  within  an  element.  Such  a  limit  is  determined  by  the  order  of  the  polynomial 
approximations  adopted  in  the  discretization  process.  Fig.  3.1  represents  the  high¬ 
est  admissible  deformation  mode  shape  permitted  by  the  linear  shape  functions 
on  a  uniform  mesh  without  aliasing,  namely, 


k  -  - 

'max  —  j  • 


(3.21) 


In  digital  filtering,  this  is  the  Nyquist  or  folding  frequency  for  the  transformed 
problem  (see  e.g..  f48j).  The  nodal  spacing  in  essence  determines  the  spatial 
sampling  rate.  The  admissible,  band-limited  frequency  spectrum  for  this  linear 


element  is  therefore 


0<k<k. 


i  i  ''max  ■ 


(3.22) 


Sampling  of  any  frequency  greater  than  kmax  would  result  in  it  being  aliased  into 
one  of  the  lower  admissible  frequencies. 


Fig.  3.1  -  Piecewise  linear  interpolation  of  highest  admissible  Fourier  component 

(^mw  — 

With  the  band-width  of  admissible  spatial  frequencies  now  defined  for  the  bar 
discretization,  inspection  of  Eqs.  (3.19)  and  (3.20)  reveals  that  the  discrete  charac¬ 
teristic  equation,  Eq.  (3.14),  possesses  two  admissible  wave  numbers  corresponding 
to  w  =  0,  namely, 

*  =  {0,y>  (3.23) 

As  was  described  in  §3.1.1,  k  =  0  represents  physically  correct  rigid  body 
motion,  k  =  y,  however,  corresponds  to  an  element  deformation  state  with  the 
condition  of  w  =  0  implying  that  no  energy  is  required  to  excite  it.  It  therefore 
represents  a  spurious  element  deformation  state,  or  a  so-called  spurious  element 
mechanism. 


§3.1.3  Component-wise  Elimination  of  Spurious  Mechanisms 

There  are,  of  course,  ways  to  eliminate  the  spurious  mechanism  in  the  bar  ele¬ 
ment.  The  cause  of  the  spurious  mechanism  in  this  particular  mixed  discretization 
emanates  from  the  “(1  — /2£2/4)”  term  of  Eq.  (3.14),  which  can  in  turn  be  traced 
to  the  “sin  kl”  term  in  the  discrete  Fourier  matrix  operator,  Eq.  (3.13).  This  term 
originated  from  the  whole-station  (or  central)  differencing  of  the  first  derivatives 
appearing  in  the  wave  equation.  This  term  results  from  the  linear  interpolation 
fields  employed  in  the  finite  element  discretization.  After  assembly  of  adjacent 
elements,  one  finds  that 


du  1 


da  1 


(3.24) 


(3.25) 


If  this  problem  is  recast  from  a  finite  difference  standpoint,  one  way  to  elimi¬ 
nate  the  spurious  mechanism  is  to  adopt  the  so-called  half-station  finite  difference 
scheme  which  would  yield  the  following  set  of  difference  equations: 


P'dj  =  1/2  _<7;-l/2) 

E 

aj+ 1/2  =  j(uj+l  -  u;) 


(3.26) 


where  a  lumped  mass  matrix  has  again  been  used. 

The  discrete  Fourier  characteristic  equation  for  these  difference  equations, 
cast  in  nondimensionai  form,  is 


02-(*/)2  =  o. 

C 


(3.27) 


The  half-station  scheme  will  therefore  exhibit  no  spurious  oscillation  since  for 
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y  =  Owe  have 


k2  =  0  =>  Jfc  =  -^,  n  =  0,1,2,... 


(3.28) 


where  Jfc  =  0  is  the  only  admissible  wave  number.  Eq.  (3.27)  may  also  be  obtained 
from  the  discretization  of  the  displacement-based  equations  with  its  strong  form 
derived  by  substituting  Eq.  (3.2)  into  (3.1). 

Fig.  3.2  shows  nondimens ional  frequency  curves  for  the  continuum  solution 
and  the  corresponding  mixed  beam  finite  element  and  half-station  finite  difference 
discretizations.  Note  that  for  the  mixed  beam  finite  element  discretization,  the 
discrete  frequency  curve  is  plotted  for  all  admissible  wavenumbers  even  though 
negative  discrete  group  velocities,  i.e.,  du/dk  <  0,  which  are  an  artifact  of  the  dis¬ 
cretization  process,  are  seen  to  result  within  the  range  of  admissible  wave  numbers. 
The  zero  root  at  kl  =  ir  is  vividly  portrayed  in  the  figure.  Lastly,  wave  propa¬ 
gation  in  the  continuum  solution  is  non-dispersive  in  contrast  to  both  discrete 
approximations  which  are  dispersive,  i.e.,  ui/k  ^constant. 

The  poor  performance  of  the  mixed  finite  element  discretization,  is  apparent 
as  manifested  in  the  relative  mode-by-mode  frequency  error, 


<kl)  = 


w  -  w 


(3.29) 


plotted  in  Fig.  3.3  where  wD  denotes  the  discrete  approximation.  At  the  Nyquist 
frequency  (corresponding  to  the  maximum  admissible  wave  number),  the  finite 
element  discretization  performs  at  its  worst,  admitting  non-physical  rigid-body 
motion  (i.e.,  a  spurious  element  mechanism).  On  the  other  hand,  the  half-station 
finite  difference  scheme  is  not  only  more  accurate,  but  also  exhibits  its  maximum 
frequency  at  the  maximum  admissible  discrete  wave  number  ( k  =  n /l),  thus  indi¬ 
cating  the  absence  of  spurious  mechanisms  for  this  discretization. 

One  particularly  illuminating  numerical  example  of  the  effect  of  spurious  el¬ 
ement  mechanisms  on  a  computed  solution  was  presented  by  Underwood  [49j. 


RMS 


im 


Si 


60 


BAA  STATION 


BAA  STATION 


Fig.  3.4  -  Wave  propagation  in  fixed  bar.  (a)  Whole-station;  (b)  Half-station  [49] 

Fig.  3.4  shows  his  results  for  the  case  of  wave  propagation  in  a  fixed  bar  for  both 
a  whole-station  (equivalent  to  the  mixed  finite  element  beam  discretization)  and 
half-station  finite  difference  discretization.  The  initial  displacement  conditions  are 
shown  at  the  bottom  for  t  =  0.  The  initial  displacements  should  theoretically  reap¬ 
pear  shifted  by  two  stations  at  t  =  20A t  and  at  t  =  40At  where  At  is  the  critical 
time  step  for  the  explicit  time  integration.  The  whole-station  results  are  seen  to 
wildly  distort  the  inital  pulse  at  each  time  step  while  the  half-station  differencing 
results  in  a  physically  correct  solution. 

§3.2  Transverse  Shear  Locking  in  the  Timoshenko  Beam  Element 

In  the  preceding  section,  a  technique  of  identifying  spurious  element  mech¬ 
anisms  using  a  discrete  Fourier  analysis  technique  was  described.  The  discrete 
Fourier  matrix  operator  and  its  characteristic  equation  were  shown  to  possess  the 
necessary  information  needed  to  detect  the  existence  of  spurious  element  mech- 


a 


anisms  engendered  by  a  finite  element  discretization.  In  this  section,  this  same 
Fourier  analysis  technique  is  used  to  identify  transverse  shear  element  locking. 
In  the  frequency  domain,  locking  is  viewed  as  an  unrealistically  high  frequency 
state  (analogous  to  the  over-stiffening  already  shown  in  static  problems)  for  all 
wavenumbers.  By  transforming  back  to  the  physical  domain,  the  results  of  the 
discrete  Fourier  analysis  in  the  frequency  domain  are  shown  to  be  identical  to  that 
presented  earlier  for  the  Taylor  series  techniques. 


§3.2.1  Dynamic  Behavior  of  the  Continuum  Timoshenko  Beam 

As  before,  the  first  step  in  the  Fourier  analysis  involves  substituting  the  har¬ 


monic  wave  solution 


u  =  uet'(fcz_wt) 


(3.30) 


into  Eq.  (2.21)  which  results  in 


L(k,u)  •  a  =  0 


(3.31) 


where 


,  [—  pAu^  +  GAk^  iGAk  .  /  u)  | 

*<*'">■[  iGAk  plw*  -  Elk*  -  GA  j  ’  “=(#/ 


(3.32) 


The  reference  continuum  frequency  equation  derived  from  Eq.  (3.32),  nondimen- 
sionalized  with  respect  to  the  beam’s  thickness,  h ,  is  then 


n4  -  [(r  +  l)(fch)2  +  12]  n2  +  r(Jfch)4  =  0 


(3.33) 


where 


_  uih  E 

fl  =  ■  ;  r  =  — 

\[gJp  g 


(3.34) 


Observe  once  again  from  Eq.  (3.33)  that  the  condition  for  rigid-body  motion, 
i.e.,  <jj  =  0,  corresponds  to 
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for  the  continuum  Timoshenko  beam. 

§3.2.2  Dynamic  Behavior  of  the  Discrete  Timoshenko  Beam 

The  semi-discrete  finite  element  equations  for  a  uniform  mesh  of  linear  Tim¬ 
oshenko  beam  elements  at  an  interior  node,  aj”,  are  for  exact  (two-point)  spatial 
integration, 


,u/.+1  —  2tu.  +  tv.-*  0-+1-0,_ 1 

Mi,  =  GA(  12-  tt’ - Z-i)  -  GA(4± +  ,, 


••  ~  *h  0 tl).  ,  i  —  U),_i 

pt»i  -  ;  +  GA(  )+10,  l  *)  -  GA( 


21 


(3.36) 

dj+l  +  +  gj-l 
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and  for  reduced  (one-point)  spatial  integration, 


-  2ty,-  +  tu._i  0,j.i-0t_i 

=  GA(-i±L__ ^ - i-i)  -  GA(  ^-+12/  *  *)  +  9j. 
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(3.37) 

g;  +  l  +  2gj  +  gj-l 
4 


where  for  simplicity,  a  lumped  mass  matrix  has  again  been  used. 

As  was  noted  in  Chapter  2,  the  only  difference  between  Eqs.  (3.36)  and  (3.37) 
is  in  the  way  the  0-terms  are  averaged  in  these  two  equations.  Both  sets  of  coupled 
discrete  finite  element  equations  recover  the  continuum  differential  equations  in 
the  limit  as  /  — »  0  and  therefore  are  formally  consistent.  However,  as  was  shown 
in  [15),  using  a  decoupled  limit  differential  equation  approach,  the  two  sets  of 
discrete  equations  display  a  radically  different  solution  behavior  as  illustrated  by 
numerical  experiments  [35].  The  transverse  shear  locking  phenomenon  exhibited 
by  the  exactly  integrated  Timoshenko  beam  equations  will  now  be  analyzed  in  the 
frequency  domain.  To  this  end,  the  following  discrete  Fourier  matrix  operators 
corresponding  t,o  the  above  cases  are  obtained  by  substitution  of  Eq.  (3.30)  into 
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Eqs.  (3.36)  and  (3.3' ,  resulting  in 


— /?,4w2  -f-  GAk2  i^^sinkl 

i$A  sin  kl  plu2  -  Elk2  -  GA  !>>e) 


(3.38) 


where  the  superscripts  (r,  e)  designate  the  reduced  or  exactly  integrated  cases, 
respectively.  The  discrete  unity  operators  l(r,e)  are  given  explicitly  by 


(3.39) 


where  the  discrete  wave  number,  k,  is  as  defined  by  Eq.  (3.16).  In  this  context,  the 
unity  operators  lr  and  le  can  also  be  viewed  as  averaging  operators  since  these 
quantities  embody  the  different  discrete  nodal  averaging  schemes  for  0  engendered 
by  the  two  different  spatial  integration  rules.  It  is  the  difference  between  these 
two  averaging  operators  that  is  shown  to  play  the  pivotal  role  in  the  transverse 
shear  element  locking  phenomenon. 

The  frequency  equations  derived  from  Eq.  (3.38)  are  written  in  the  form 


n4  -  [(r  +  l){kh)2  +  12l(r’e)]fl2  +  r(ifeh)4  +  12(kh)2(l(r>e)  -  x)  =  0  (3.40) 


where  the  appropriate  interpretation  of  the  unity  operator  x>  defined  by 


x  =  i- 


(3.41) 


is  determined  based  upon  the  role  it  plays  in  the  discretization  with  respect  to  its 
interaction  with  l(r,e).  By  writing  Eq.  (3.40)  in  this  general  form,  the  interrela¬ 
tionships  between  these  operators,  which  dictate  in  the  present  case  whether  there 
will  be  element  locking  in  this  finite  element  discretization,  is  succintly  shown. 

The  first  step  in  identifying  the  source  of  transverse  shear  element  locking  is  to 
compare  the  discrete  frequency  equation,  Eq.  (3.40),  to  its  continuum  counterpart, 


Eq.  (3.33).  From  this  comparison  it  is  immediately  apparent  that  Eq.  (3.40) 
contains  the  parasitic  term 
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(3.42) 


which  is  now  shown  to  be  responsible  for  element  locking. 


§3. 2. 2.1  Exact  Spatial  Integration 


For  the  case  of  exact  spatial  integration,  one  finds  that 


l-.X-fifil 

12 


(3.43) 


which  when  substituted  into  Eq.  (3.40)  results  in 


n4  -  [(r  +  1  ){leh)2  +  121e]fl2  +  [r  +  (£)2](£/i)4  =  0 .  (3.44) 


For  thin  beam  applications  where  ( l/h )  >  1,  the  coefficient  of  the  [kh)4  term 
becomes,  after  substituting  the  appropriate  definitions  from  Eq.  (3.34), 


1  +  zrr — \(i)2  >  1 

2(1  +  u)  Kh' 


(3.45) 


This  term  was  previously  identified  in  the  earlier  Taylor  series  analysis  of  transverse 
shear  element  locking  in  the  exactly  integrated  Timoshenko  beam  (see  Eq.  (2.39)). 
From  these  results,  x  is  seen  to  play  the  role  of  a  locking  operator.  It  is  present 
irrespective  of  the  9  averaging  scheme  used  and  if  not  eliminated,  results  in  a 
parasitic  term  responsible  for  element  locking. 


§3. 2. 2. 2  Reduced  Spatial  Integration 


For  the  case  where  reduced  spatial  integration  is  employed,  the  parasitic  term 


vanishes  identically  since 


lr-X  =  0. 


(3.46) 
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Fig.  3.5  -  Frequency  spectrum  curves  for  the  Timoshenko  Beam 

From  a  discrete  operator  standpoint,  Eq.  (3.46)  therefore  represents  the  correct 
element  “unlocking”  condition.  In  the  present  discretization,  lr  plays  both  the 
role  of  an  unlocking  as  well  as  an  unity  operator.  It  should  also  be  noted  that 
substitution  of  u  =  0  into  Eq.  (3.40)  results  in  the  correct  rigid  body  condition, 
k  =  0  =>  k  =  0.  Hence,  no  spurious  element  mechanism  is  present  in  the  reduced 
integrated  beam  element. 

Frequency  spectrum  curves  are  shown  in  Fig.  3.5  for  a  Timoshenko  beam  with 
aspect  ratio  l/h  =  10,  h  =  1  and  u  =  .3  for  both  the  continuum  and  discrete  cases. 
The  two  different  families  of  curves  correspond  to  the  flexural  and  thickness-shear 
wave  branches  exhibited  by  the  Timoshenko  beam.  The  frequency  of  the  exactly 
integrated  element  is  more  than  an  order  of  magnitude  higher  than  that  for  the 
continuum  solution  as  well  as  that  of  the  reduced  integrated  element  at  low  wave 
numbers.  This  unrealistically  high  frequency  state  continues  up  to  kmax  =  n/l  for 
the  exact  integration  case.  The  frequency  of  the  reduced  integration  case  follows 
faithfully  that  of  the  continuum  case  for  wave  numbers  up  to  about  1.5. 
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§3.2.3  Recovery  of  Limit  Differential  Equilibrium  Equations 

In  §2.2,  the  transverse  shear  element  locking  phenomenon  exhibited  by  exactly 
integrated  linear  Timoshenko  beam  elements  was  identified  by  comparison  of  the 
decoupled  limit  differential  equilibrium  equation  of  the  discrete  Timoshenko  beam 
to  that  of  the  continuum  Timoshenko  beam.  The  operational  procedure  used  to 
obtain  the  decoupled  limit  differential  equations  first  entailed  converting  the  dis¬ 
crete  finite  element  equations  to  their  differential  form  by  expanding  the  nodal 
degrees-of-freedom,  w  and  0,  in  Taylor  series  about  the  interior  node.  The  decou¬ 
pled  limit  differential  equation  in  terms  of  w  was  then  solved  by  application  of 
Cramer’s  rule  to  the  resulting  differential  operator  matrix.  This  same  procedure 
can  also  be  applied  to  the  discrete  Fourier  matrix  operator  to  obtain  the  decoupled 
equations  in  the  frequency  domain,  which  can  then  be  transformed  back  to  the 
physical  domain. 

This  ability  to  formally  view  the  discrete  Fourier  analysis  technique  employed 
thus  far  as  a  Fourier  transformation  operation  is  due  to  the  form  of  the  harmonic 
solution  chosen  in  Eq.  (3.30).  The  differentiation  of  Eq.  (3.30)  results  in 

=  (3-47) 

with  x  formally  being  evaluated  at  zero  corresponding  to  the  interior  node  in 
the  discrete  problem.  This  yields  the  same  result  as  the  Fourier  transform  of  a 
differential  operator, 

7  (3‘48) 

where  the  form  of  the  Fourier  transform  pair  used  is  (see  e.g.,  [10]) 

?(w)  =  7"  f  g(x)e~xwxdx ;  g{x)  =  f  g{u)exuxdu .  (3.49) 

J -oo  J  - oo 

As  a  result  of  this  analogy,  recovery  of  the  limit  differential  equilibrium  equa- 


tion  in  the  physical  domain  proceeds  by  first  determining  the  decoupled  trans¬ 
formed  equilibrium  equation  for  w  which  is  given  in  operator  form  as 


det(2D^)  •  tv  =  det 
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(3.50) 


where  L  ^  ^  denotes  the  discrete  Fourier  matrix  operator  corresponding  to  the 
exactly  integrated  case  obtained  from  Eq.  (3.38).  The  solution  to  Eq.  (3.50)  is 
found  to  be 

By  next  expanding  the  discrete  wave  number,  fe,  in  the  power  series 

T  2  .  kl  ,  l2  , , 

*  =  7Sm7  ~k~24  *  +"*  (3-52) 


and  substituting  the  result  into  Eq.  (3.51)  followed  by  applying  the  inverse  Fourier 
transform 

^  (3.53) 

to  the  resulting  equation,  one  recovers  the  decoupled  w  equation  in  its  more  fa¬ 
miliar  differential  form 


£J(1  + 


l2  GA  d4w 
12  El^dx*  + 


l2  cfiw*  l2  El  d2q 
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l 2  El  d4q 
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+  0{l4)  (3.54) 


As  one  would  expect,  this  equation  is  identical  to  that  previously  obtained  using 
the  Taylor  series  technique  (see  Eq.  (2.37)). 

The  results  seen  in  this  section  lead  us  to  a  very  important  observation  re¬ 
garding  the  superiority  of  the  discrete  Fourier  analysis  techniques  over  the  Taylor 
series  techniques  presented  initially  in  Chapter  2.  All  truncation  information  is 
automatically  embodied  in  the  compact  Fourier-transformed  expressions  which 
results  in  extremely  efficient  symbolic  computation,  as  has  been  described,  for 
example,  in  [10]. 
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§3.3  Bifurcation  Buckling  of  the  Timoshenko  Beam 

In  this  section,  the  discrete  Fourier  analysis  is  used  to  evaluate  the  ability  of 
the  one-point  spatially  integrated  linear  Timoshenko  beam  element  to  accurately 
represent  continuum  bifurcation  buckling  behavior.  The  continuum  equations  gov¬ 
erning  Timoshenko  beam  buckling  were  presented  in  §2.2.1. 

§3.3.1  Continuum  Buckling  Operator 

The  Fourier-transformed  continuum  matrix  operator  is  obtained  by  substi¬ 
tuting 

u  =  ue'kx  (3.55) 


into  Eq.  (2.21)  resulting  in 

f  _  (G  +  a)Ak2  i GAk 

aym  —(E  +  er)Ik 2  —  GA 


(3.56) 


From  this,  the  characteristic  or  buckling  operator 


det  L  =  [kh)292  +  [(r  +  l)[kh)2  +  12]  fr  +  r{kh)2  =  0  (3.57) 


is  determined  where  the  nondimensional  stress,  9,  is  defined  by  9  =  c/G  and 
r  =  i E/G.  The  two  roots  to  this  equation  are  given  by 


—  [(r  +  1) (kh) 2  +  12]  ±  ^/[(r+l)(kh)2  +  12]2  -  4r{kh)* 

2  (kh)2 


(3.58) 


The  smaller  root  corresponds  to  the  classical  “flexural”  buckling  stress  [26]  while 
the  larger  one  corresponds  to  a  thickness-shear  mode  in  an  analogous  manner  to 
that  seen  in  the  wave  propagation  problem  discussed  earlier  in  §2.3. 2.2. 


If  the  von  Kdrman’s  strain-displacement  approximation  had  instead  been  em¬ 
ployed,  the  critical  buckling  load  would  be  calculated  from 
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(3.60) 


For  the  case  of  a  relatively  thin  beam  (l/h  >  50),  there  is  essentially  no  difference 
in  predicted  flesural  buckling  load  between  Eqs.  (3.58)  and  (3.60). 

§3.3.2  Discrete  Buckling  Operator 

The  discrete  counterpart  to  Eq.  (3.56),  obtained  from  Eq.  (2.72),  is  found  to 


-  (G  +  ff)Ak2 
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(3.61) 


from  which  the  discrete  buckling  operator. 


( kh. )2ff2  +  [(r  +  l)(£h)2  +  121r]o  +  r{kh)2  =  0 


(3.62) 


is  obtained.  The  flexural  bifurcation  buckling  stress  corresponding  to  the  smallest 
root  of  Eq.  (3.62)  is 


where 


rD  =  --(6D  -  \]bV2  —  4r ) 
2 


6D  =  (r  +  1)  +  7=773  lr. 


(3.63) 


(3.64) 


The  critical  buckling  load  would  then  simply  be  P$  =  d^GA. 


Employing  von  Kirmin’s  strain-displacement  approximation  in  the  element 
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formulation  results  in  the  discrete  counterpart  to  Eq.  (3.60) , 


PPr  =  <TDA  = 


ElJc4 

ftp + vV- ' 


(3.65) 


In  either  case,  the  entire  effect  of  the  discretization  process  is  embodied  in  the 
discrete  wave  number,  £ ,  and  the  unity  operator,  lr. 

§3.4  Spectral  Error  Estimation 

In  §2.3,  using  Taylor  series  techniques,  a  priori  error  estimates  were  calculated 
based  upon  solving  the  so-called  modified  limit  differential  equilibrium  equations 
which  retained  only  the  leading  truncation  error  terms.  In  this  section,  a  priori 
interior  error  estimates  will  be  obtained  for  the  discrete  Timoshenko  beam  using 
the  discrete  Fourier  analysis  in  the  frequency  domain  which  by  its  very  nature 
automatically  retains  all  truncation  information.  By  employing  the  more  general 
Fourier  transform  approach,  one  obtains  an  a  priori  interior  error  estimate  in  the 
physical  problem  domain  by  inverse  Fourier  transformation  of  the  results  from  the 
spectral  error  analysis,  as  will  be  described  now. 

§3.4.1  Spectral  Distribution  of  Loading  Operator 

As  was  discussed  in  §2.3.1,  determination  of  the  discretization  effect  on  the 
loading  operator  requires  that  the  harmonic  loading,  which  now  takes  the  general 
form  q(x)  =  <7(fc)elfcz,  be  used  in  the  calculation  of  the  nodal  load  from  the  outset. 
Using  (  to  denote  the  local  element  coordinate  system  and  x,  the  global  system, 
as  before,  the  nodal  load  corresponding  to  a  Fourier  component  would  be 

qj  =  Jo  j4eiki*rl+‘]  d*  +  /V  ~  j)qeik{xj+()  di  (3.66) 

where  xy  is  the  position  of  the  interior  node.  Performing  the  symbolic  integration, 
the  discrete  nodal  load  is  found  to  be 


/  £  \  2  ».  t'fcx, 

?;  =  ij-)  «*«  3 


(3.67) 
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so  that  the  discrete  Fourier  transformed  counterpart  to  the  continuum  distributed 
load,  q,  is  simply 


*D  / "  \  2  * 

5  -(j)  «• 

The  spectral  load  density  itself  is  determined  from 


(3.68) 


m  =  £  /”  l(x)e-ik*dlc . 


(3.69) 


§3.4.2  Determination  of  Spectral  Error  Distribution 


The  Fourier  transformed  continuum  and  discrete  differential  operators,  £(fc) 


and  L  (it),  for  the  Timoshenko  beam  are  given  by 

tiu\  _  \GAk2  iGAk 
LW  ~  iGAk  -Elk2  -  GA 


«D  -j-  _  GAk2  ^^sin  kl 

~  L^sinW  -Elk2 -GAX^  ' 


(3.70) 


(3.71) 


These  are  obtained  from  Eqs.  (3.32)  and  (3.38)  with  u>  =  0.  Fourier-transformed 
solutions  are  determined  for  the  solution  component  by  employing  Eq.  (2.3), 


rewritten  as 


det  Gt- 

ff  >  T  * 


det  L 


=>  w  = 


det  Gj 
det  L 


(3.72) 


The  relative  error  in  a  particular  Fourier  component  is  then  simply 


i(k)  = 


For  the  present  discrete  problem,  the  relative  error  is  explicitly  given  by 


(3.73) 


*(*)  = 
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Fig.  3.6  shows  a  plot  of  i{k)  vs.  k  for  both  exact  and  reduced  integrated  Tim¬ 
oshenko  beam  elements.  As  was  discussed  earlier  in  §2.2. 2.1,  only  about  2.5% 
of  the  continuum  solution  would  be  expected  for  the  exactly  integrated  case  for 
an  element  aspect  ratio  of  l/h  =  10.  For  the  present  case  where  l/h  =  100, 
El  =  3847.15 El  with  the  result  that  the  discrete  solution  is  essentially  zero,  as  is 
reflected  here  in  the  error  for  each  Fourier  mode,  i.e.,  i(k)  =  100%. 

The  question  of  consistency  is  graphically  portrayed  for  the  reduced  integrated 
element  since  e  —*  0  as  k  — #  0  for  a  finite  /.  For  the  exactly  integrated  case,  however, 
one  must  rely  upon  the  equations  themselves  to  verify  that  element  consistency 
is  satisfied  since  2  — ►  0  only  as  l  —»  0  V  k.  This  is  a  result  of  the  modified 
bending  stiffness  which,  for  a  specified  element  l  and  h,  remains  constant  thus 
over-stiffening  (i.e.,  locking)  all  modes  for  k  >  0. 

The  results  from  Fig.  2.3  for  the  case  of  nej  =  10  are  also  plotted  on  this 
figure  in  order  to  compare  the  earlier  Taylor  series  results  with  those  from  the 
present  discrete  Fourier  analysis.  The  relationship  between  m  and  k  was  given 
by  Eq.  (2.90).  For  low  wave  numbers,  results  from  the  two  different  analyses  are 
essentially  identical.  It  is  not  until  m  >  4  that  the  predicted  errors  start  to  differ 
appreciably  resulting  from  the  use  of  the  modified  equilibrium  equations  which 
represent  a  truncated  series  approximation  to  the  true  discrete  approximation.  In 
essence,  the  result  of  this  is  the  loss  of  higher  frequency  information  as  is  seen 
here. 

§3.4.3  Error  Estimate  in  the  Physical  Domain 

If  one  defines  the  absolute  error  in  the  frequency  domain  to  be 

e(k)  =  x v  —  u»D  ,  (3.75) 

an  a  priori  error  estimate  in  the  physical  domain  can  be  obtained  directly  from 
e(k)  once  the  spectral  load  density,  q,  is  known.  Based  upon  the  observation  that 
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Fig.  3.6  -  Relative  displacement  error  for  exactly  and  reduced  integrated  Timo¬ 
shenko  beam  as  a  function  of  spatial  frequency,  k,  for  l  =  100,  h  —  1, 
v  =  .3  and  E  =  107. 

the  spatial  frequency  for  the  discrete  problem  is  band  limited  since 


|S  kmax  > 


the  total  error  in  displacement  at  the  j ^  node  is 


(3.76) 
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(3.77) 


§3.4.4  Error  Estimation  for  the  Discrete  Buckling  Problem 

From  Eqs.  (3.58)  and  (3.63),  an  a  priori  error  estimate  of  the  bifurcation 
buckling  load  may  be  obtained  by  plotting  the  relative  error, 
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Fig.  3.7  -  Relative  error  in  buckling  load  for  l  =  100,  h  =  1,  E  =  107  and  v  =  .3. 

versus  the  nondimensional  wavenumber,  kh,  for  a  given  element  geometry.  This 
has  been  done  in  Fig.  3.7.  For  comparison  purposes,  results  from  both  finite 
element  analyses,  and  earlier  Taylor  series  results,  extracted  from  Fig.  2.4  for 
nel  =  10,  are  also  shown.  These  results  correspond  to  1,  2,  3  and  4  axial  half-waves. 
The  domain  of  kh  plotted  is  0  <  kh  <  .5kmaxh  where  the  maximum  wavenumber 
represented  by  the  discrete  problem  is  kmax  =  j,  as  was  described  earlier  in  §3.1.2. 
While  the  finite  element  analysis  employed  the  von  Kirm&n’s  strain-displacement 
approximation,  the  difference  between  results  where  the  curvature  effect  is  included 
was  insignificant  for  this  case.  Examination  of  Fig.  3.7  clearly  shows  that  the 
discrete  Fourier  analysis  exactly  represents  finite  element  behavior. 

An  interesting  thing  to  notice  is  that  eventhough  reduced  spatial  integration  is 
employed  in  the  calculation  of  the  material  stiffness  matrix,  the  buckling  loads  for 
the  discrete  problem  are  seen  to  monotonically  converge  from  above.  This  behavior 
would  be  expected  if  reduced  quadrature  had  not  been  employed  and  the  discrete 
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equations  were  rigorously  derived  from  Minimum  Potential  Energy.  It  is  quite 
apparent  that  the  use  of  the  modified  equilibrium  equations  also  over-estimates 
the  relative  error  in  bifurcation  buckling  load.  Unlike  the  results  seen  in  Fig.  3.6 
where  the  Taylor  series  predictions  were  resonably  accurate  for  long  wavelength 
behavior,  the  Taylor  series  predictions  for  the  bifurcation  buckling  loads  jure  not 
very  accurate  for  any  wavelength.  This  is  perhaps  not  too  surprising  since  the 
eigenfunctions  for  the  Timoshenko  beam  buckling  problem  with  simply-supported 
boundary  conditions  are  in  fact  sinusoidal.  This  means  that  the  truncated  Taylor 
series  expansions  would  not  be  expected  to  be  very  accurate  for  this  case  as  is 
vividly  portrayed  in  Fig.  3.7.  This  is  also  the  reason  why  the  discrete  Fourier 
technique  predicts  the  exact  error  in  bifurcation  buckling  load  for  the  discrete 
model,  as  is  verified  by  numerical  experiment,  as  shown  in  Fig.  3.8 

§3.5  Stumroel’s  Problem  Revisited 

In  1980,  Stummel  [5]  presented  a  nonconforming  element  discretization  of 


+  ptt  =  / 


(3.79) 


which  passed  Irons’  patch  test  [1],  as  recast  in  its  functional  form  by  Strang  and 
Fix  [6],  yet  failed  to  converge  in  the  limiting  case.  Recently,  Taylor  et  al.  [4] 
presented  their  interpretation  of  the  patch  test  in  terms  of  three  separate  tests 
for  which  Stummel’s  element  passed  the  first  two,  but  not  the  third.  Stummel’s 
element  failed  this  third  test  as  a  result  of  a  singular  stiffness  matrix.  One  might 
therefore  conclude  that  the  question  of  element  convergence  was  answered  from 
a  stability  standpoint  and  not  from  one  of  consistency3.  To  fulfill  this  need  for 
determining  intrinsic  element  behavior,  Stummel  proposed  a  generalized  patch  test 
[50]  which  would  be  applicable  to  a  large  class  of  nonconforming  finite  elements.  In 

This  is  an  important  question  to  answer  since  in  the  Chapter  4,  we  will  see  that 
some  of  our  “best"  elements  -  Ul  and  SI  -  are  themselves  rank  deficient,  hence  the 
need  for  stabilization. 
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light  of  the  failure  of  the  patch  test  to  determine  element  consistency  for  StummePs 
element,  the  question  needs  to  be  answered  as  to  how  the  present  symbolic  element 
evaluation  technique  would  fare.  As  will  be  shown  in  the  remainder  of  this  section, 
the  question  of  both  element  consistency  and  stability  will  be  easily  addressed  with 
the  symbolic  methods  proposed  here. 


The  starting  point  of  this  analysis  is  the  finite  element  equations  for  StummePs 
element  which  for  a  single  element  was  given  in  explicit  symbolic  form  in  [4]  to  be 


1  -1  0 

-1  1  0 
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(3.80) 


Here,  Wt-  is  the  incompatible  mode  which  will  be  condensed  out  prior  to  element 
assembly.  As  was  noted  earlier,  these  equations  uniquely  embody  all  discretization 
details,  and  as  such  are  sufficient  to  completely  characterize  the  proposed  finite 
element  formulation. 

From  an  assembly  of  two  equal  length  elements,  one  obtains  the  following 
transformed  limit  differential  equilibrium  equation, 


(x  +  72P^2“  =  ^ 


(3.81) 


using  the  Fourier  displacement  field 


u  =  fie1*1 


(3.82) 


Even  without  transforming  Eq.  (3.81)  back  to  the  physical  domain,  one  can  im¬ 
mediately  see  that  the  discretization  embodied  in  these  finite  element  equations  is 
not  consistent  with  the  strong  form  of  the  problem  represented  by  Eq.  (3.79)  since 
the  V"  term  is  lost  as  l  —*  0.  In  the  limit,  these  finite  element  equations  will  in 
fact  represent 

d}  u 


irrespective  of  the  value  of  p. 


The  question  of  stability  is  next  answered  by  determining  if  there  are  any 
zeros  of  the  homogeneous  equation, 


(1+  nP^2  =  °’ 


(3.84) 


for  k  <  fcmav  =  ir/t.  Since  there  is  one  corresponding  to  k  =  0,  which  in  this 
problem  does  not  correspond  to  a  rigid-body  mode  due  to  the  presence  of  the  pu 
term  in  Eq.  (3.79),  one  concludes  that  this  discretization  possesses  one  spurious 
mode.  This  is  not  a  surprising  result  in  light  of  the  form  of  Eq.  (3.83)  for  which 
one  would  normally  expect  one  rigid-body  mode  to  be  present. 

In  summary,  the  convergence  characteristics  of  Stummel’s  element  were  de¬ 
termined  in  a  straightforward  manner  employing  the  present  symbolic  analysis 
technique.  Further,  as  a  result  of  working  directly  with  the  limit  differential  equi¬ 
librium  equations  governing  intrinsic  element  behavior,  one  is  able  to  explicitly 
identify  the  cause  of  the  rank  deficient  element  stiffness  as  resulting  from  the  loss 
of  the  “pu"  term  in  Eq.  (3.79) . 

§3.6  Summary 

Discrete  Fourier  analysis  techniques  were  employed  in  this  chapter  in  conjunc¬ 
tion  with  the  symbolic  operational  procedures  developed  in  Chapter  2.  As  a  result 
of  their  ability  to  capture  complete  truncation  error  information,  this  technique 
was  used  to  identify  spurious  element  mechanisms  in  the  frequency  domain.  For 
boundary  value  problems,  the  absence  of  spurious  mechanisms  constitutes  solu¬ 
tion  stability,  which  along  with  consistency  guarantees  convergence  of  a  discrete 
technique.  By  transforming  results  in  the  frequency  domain  back  to  the  physi¬ 
cal  domain,  the  question  of  consistency  is  also  addressed.  Transformed  discrete 
Fourier  equations  were  shown  to  result  in  identical  limit  differential  equilibrium 
equations  to  those  determined  earlier  using  a  Taylor  series  approach  in  Chapter 
2.  As  a  result,  the  present  discrete  Fourier  technique  is  considered  to  complement 
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the  Taylor  series  approach.  The  specific  objective  of  a  symbolic  element  evaluation 
will  determine  which  technique  is  more  appropriate  to  the  problem  at  hand. 

An  approach  for  obtaining  a  priori  spectral  error  estimates  was  then  described 
and  applied  to  both  static  and  bifurcation  buckling  problems.  Error  estimates  ob¬ 
tained  using  the  modified  equilibrium  equations  in  Chapter  2  were  compared  to 
the  discrete  Fourier  analysis  results  obtained  in  this  chapter.  For  static  prob¬ 
lems  within  the  accuracy  regime  in  which  one  would  normally  be  satisfied  with 
the  discrete  solution,  either  technique  works  well.  However,  for  the  case  of  bi¬ 
furcation  buckling,  the  discrete  Fourier  technique  exactly  predicts  the  buckling 
load  obtained  from  the  finite  element  analysis  whereas  results  for  the  modified 
equilibrium  equations  are  not  very  accurate. 

Lastly,  using  the  discrete  Fourier  element  evaluation  technique  developed  here, 
the  nonconforming  element  Stummel  used  to  illustrate  potential  shortcomings  in 
Irons’  patch  test  was  successfully  analyzed.  It  was  shown  not  to  be  a  convergent 
approximation  since  it  satisfied  neither  consistency  nor  stability  requirements. 
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CKapteT  4 

Symbolic  Analysis  of  the 
Bilinear  Reissner-Mindlin  Plate 


In  the  two  previous  chapters,  the  different  symbolic  analysis  techniques  used 
to  perform  an  evaluation  of  a  finite  element  discretization  have  been  described. 
In  this  chapter,  these  techniques  will  be  employed  to  assess  the  performance  of 
the  bilinear  Reissner-Mindlin  plate  elements  for  static  and  bifurcation  buckling 
problems.  While  the  symbolic  procedures  are  identical  to  those  employed  for  the 
earlier  one-dimensional  discretizations,  a  two-dimensional  representation  of  the 
nodal  d-o-f  using  either  the  Taylor  series  or  discrete  Fourier  techniques  is  now 
required. 

Among  the  different  families  of  finite  elements  suitable  for  plate  bend¬ 
ing  problems,  four-noded  C®  elements  appear  to  be  extremely  popular  due  to 
their  simplicity  and  computational  efficiency.  This  popularity  has  been  re¬ 
flected  in  recent  activity  directed  at  improving  their  performance  (see  e.g., 
[35,51,31,17,33,52,53,54,55,56,57]).  Techniques  to  do  so  seem  to  be  loosely  grouped 
into  two  different  schools  of  thought.  The  first  one  employs  different  reduced  spa¬ 
tial  integration  rules  to  both  eliminate  transverse  shear  element  locking  and  to 
further  improve  their  computational  efficiency.  The  problem  of  controlling  the 
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inevitable  spurious  mechanisms  engendered  by  reduced  spatial  integration  is  the 
subject  of  current  research  [58,59,60,61,62,63],  The  second  general  class  of  tech¬ 
niques  employs  alternative  interpolation  schemes  in  order  to  circumvent  transverse 
shear  element  locking,  (see  e.g.,  [53,52]).  These  elements  usually  employ  full  (2x2) 
spatial  integration  to  ensure  full  rank. 

Specific  areas  to  be  addressed  are: 

1)  Effect  of  spatial  integration  rule  on  alleviating  transverse  shear  element  lock¬ 
ing 

2)  Effect  of  different  approaches  for  hourglass  control  on  element  performance 

3)  Identification  of  spurious  element  mechanisms 

4)  A  priori  assessment  of  interior  solution  accuracy  for  distributed  static  loading 
and  bifurcation  buckling  load 


§4.1  Continuum  Reissner-Mindlin  Plate  Equations 

In  this  section,  the  linearized  coupled  equilibrium  equations  of  Reissner- 
Mindlin  plate  theory  [64,65]  are  presented.  The  derivation  of  the  decoupled  trans¬ 
verse  equilibrium  equation  for  both  the  material  and  buckling  operators  follows. 
These  equations  are  then  Fourier-transformed  to  the  frequency  domain.  In  the 
subsequent  symbolic  analyses,  both  sets  of  equations  will  serve  as  the  reference 
equations  with  which  the  properties  of  their  corresponding  discrete  counterparts 
will  be  compared. 

The  Lagrangian  for  Reissner-Mindlin  (or  C ®)  plate  theory  is  comprised  of  the 
kinetic  energy, 


_  1  ff  f  L/^Ty\2  2  oh3  ,d9v  2i  .  .  , 

+^-w) +--&(-str J".  ^ 


the  strain  energy,  U  =  Um  +  U^,  which  has  been  partitioned  here  into  its  separate 
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material  and  stress-dependent  contributions,  given  by 


dBxdB  y,  ,£0Z 

aT171  +  Du(a7 


30y  .  o 

+  a7> 


+  D,[(|^-0I)5  +  (|~«!,)2]}<M 


(4.2) 


U» 


+  e Ty€ ^  +  Tiy^xy)  dz  dA 


and  lastly,  the  potential  energy  of  external  transverse  loading, 


(4.3) 


V  =  - 


In  these  equations. 


(4.4) 


d  =  I5(? r^j-  t“-T5’  D'2  =  Mr  A  B»  =  'tG'‘  <45> 

with  p,  £,  G,  h,  i/  and  «  representing  the  density,  extensional  modulus,  shear 
modulus,  plate  thickness,  Poisson’s  ratio  and  the  shear  correction  factor,  respec¬ 
tively.  0X  and  By  are  the  rotations  about  the  y  and  x  axis  and  w  is  the  transverse 
displacement.  The  in-plane  displacement  convention,  u  =  —zBx  and  v  =  —zOy  is 
used.  To  complete  the  derivation  of  U <r,  the  assumed  plate  displacement  fieid  is 
substituted  into  the  nonlinear  part  of  the  total  Lagrangian  strains  given  by 


e 


+  (H>2] 


ir(^)2  +  (£i)2  +  (£^)2l 

2[Kdy)  Kdy}  K  dy  ’  J 


(4.6) 


_  du  du  dv  dv  dw  dw 

^ x V  dx  dy  +  dx  dy  dx  dy 

That  result  is  then  substituted  into  Eq.  (4.3),  and  performing  the  indicated  thick- 
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ness  integration,  the  following  expression  for  U<r, 

TT  1  //  dw  dw]  I  —  ((d9x\*  I  ragyl2l 

'  a //a{  1  *( ^  yW  +  2riya^1  +  nM(aP  +(a7}  } 

t/30x\ 2  .d0y  2,  ,dO%ddx  39  y  39  y  . 

+  +  <lf  >  > +  ^<1717  +  if  if )l}  ^ ' 

(4.7) 

is  obtained.  Those  terms  associated  with  the  rotational  d-o-f  are  the  plate  equiv¬ 
alent  of  the  so-called  curvature  term  identified  by  Sun  (26j  for  the  Timoshenko 


beam. 


The  Euler-Lagrange  equations  determined  from  T,  U,  and  V  are  expressed  in 


differential  matrix  form  as 


Lu  =  (Lm  +  Lff)u  =  / 


where 


Im  = 


(Djz  +  Dnjj 

- D ■  -  4t&) 

-d'-S£&) 


D>$i 


0  -h. 


d*  d“  d 2  ,  k'd 

L<T  =  ^x^2+<Jy^l  +  2Txyd^^  0  TT  0 


(4.10) 


u=L  9X  Oy  tojT;  /  =  [  0  0  q 


(4.11) 
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with  the  Laplacian  operator,  V2,  defined  by 

_2  a2  a2 

dx*  ay2 


(4.12) 


If  the  nonlinear  terms  from  the  von  Karman  strain-displacement  relations  [25] 
were  employed  in  place  of  Eq.  (4.6),  La  would  take  on  the  much  simpler  form, 


d2  g2  d2  0  0  0 

La  -  -K-^2  +cr^2  +2Txydxdy^  0  0  0, 


0  0  h 


(4.13) 


employed  in  C1  plate  theory. 


§4.1.1  Linearized  Transverse  Equation  of  Motion 

The  first  set  of  decoupled  equations  of  interest  here  are  those  corresponding 
to  the  material  operator,  Lm.  The  decoupled  linear  equilibrium  equation  for  the 
transverse  displacement,  u>,  is  obtained  from 


^J9x9%  ^ 9%9y  0 

\Lm\  ■  w  =  L9x9y  L9y9y  0 
L9yW  q 


(4.14) 


where  the  L{j  are  the  appropriate  entries  in  Eq.  (4.9).  Performing  the  indicated 
symbolic  operations,  one  obtains 


l  •  w  —  r  •  q 


(4.15) 


where  the  decoupled  characteristic  continuum  operator,  l,  can  be  written  as 

,  =  L  £iiv2!  -t-  \(  nv2  -  +  oh?L 

^  D,  *  '  l2Dadt2  ^  12  3*2  H  Dsdt kdt2 


with  the  corresponding  right-hand  (or  loading)  operator,  r,  given  by 
r  -  [f»  -  + jSLitl  ■  id  -  lv>i  +  ^-iil . 


(I  —  —-Ai-V"4)  4  - - —  •  (1  -  —  V£)  4  — -  — - 

1  Ds  ’  12Dadt2\  [[  Ds  )+l2Dadt\- 


(4.16) 


(4.17) 
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As  is  apparent  from  /,  the  Reissner-Mindlin  plate  equations  are  sixth-order,  which 
accounts  for  the  three  families  of  wave  motion;  flexural  and  x-  and  y-direction 
thickness-shear.  It  is,  however,  also  apparent  that  l  and  r  share  a  common  dif¬ 
ferential  operator  so  that  Eq.  (4.15)  may  actually  be  written  in  its  more  familiar 
form  (see  [65])  as 


(sv2-^3— ' '<***  ph  d* 


12  dt 2 


)(V'- 


d2' 

)+Ph^ 


Da  dt2 '  '  dt2 


w  = 


D  ,  Ph*  d2 


^  Da  V  ^  +  12D3  dt2 


(4.18) 

It  should  be  noted  that  this  simplification  would  not  have  been  possible  if  dis¬ 
tributed  moments,  typically  neglected,  were  present  in  the  distributed  loading 
vector,  /.  In  addition,  when  working  with  the  limit  differential  equilibrium  equa¬ 
tions  in  the  next  section,  this  simplification  will,  in  general,  not  be  possible  due 
to  the  presence  of  truncation  terms. 

The  Fourier-transformed  matrix  operator,  L ,  is  obtained  by  substituting  the 
two-dimensional  harmonic  wave  solution 


tt(x,y,t)=tke^*+fcy 


(4.19) 


where  kx  and  kv  are  the  wave  numbers  in  the  x  and  y  directions,  into  Eq.  (4.9) 


yielding 


Lm{kx,ky,u)  = 


(-Dkl~Dnk2  -Di2kxky 
~Da  +  ^fW2) 

(-Dfc2  -  Dnfc2 

-Da  +  ^nr^2) 


i  D  akx 


tD  $ky 


aym. 


-DaV2  -phu2] 


4.20) 


The  corresponding  characteristic  Fourier  operators  are 


l  = 


(1  _  £iiv2)  - 

1  Da  ’  12  Da 


[DV2  +  ^u,2)(V2  +  ^u2)  -  phu2 

12  U  $ 
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and 


a'#  »*■  »:i  ft**  %**  ft"*, 


>=  [(l-^Uv2)--^-*2 

v  Da  ’  12  Da 


where  V2  =  —  (k\  +  fc|). 


/  D  _2\  2 

(1 - V2)  — - or 

1  Da  1  12  Da 


(4.22) 


As  was  discussed  in  Chapter  3,  spurious  mechanisms  in  the  finite  element 
method  result  from  the  presence  of  non-physical  rigid  body  motion.  For  the  present 
two-dimensional  problems,  the  correct  rigid  body  condition,  which  is  obtained  from 
Eq.  (4.21)  by  setting  u  =  0,  is 


(!-  ^V2)V4  =° 


V4  =  0 


(4.23) 


(l_^V2)  =  l  +  ^(*2+fc2)^0  V  *„  fcy€5R. 
L)a  Ua 


(4.24) 


The  correct  rigid  body  conditions  in  the  Fourier-transformed  state  are  therefore 
determined  from  Eq.  (4.23)  to  be 


fcj  —  ky  —  0  . 


This  condition  implies  that  if  for  a  given  finite  element  discretization, 


(4.25) 


1  (kx,ky,0)  =0  V  (A:0  <  k  <  kmax} , 


(4.26) 


then  the  resulting  element  will  exhibit  the  corresponding  spurious  mechanism(s) . 

§4.1.2  Linearized  Buckling  Equation 

The  linearized  decoupled  buckling  equation  in  the  physical  domain  is  deter¬ 


mined  from 


+  L<j)  •  u;  —  det 


(4.27) 
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with  d2/dt2  =  0.  Due  to  the  length  of  the  resulting  symbolic  expression,  how¬ 
ever,  only  the  case  of  uniaxial  compression  will  be  explicitly  presented  here.  By 
assuming  ox  is  the  only  nonzero  prestress,  Eq.  (4.27)  yields 


^  hi 2  d&w 

'x~DTd^ 


(1  _  ^V’)DV'„  -  + 


2/i/ ,  d4tu 
Iva? 


-  az  [h  +  ( 


1/  -  3  D 
2  Da 


h-/)V2  +  ( 


DP  11 


h  - 


u-3  D 


D/>v4't?=° 

(4.28) 


where  I  =  if3/ 12.  This  expression  is  considerably  different  than  that  for  the 
classical  C1  plate.  The  solution  of  this  equation  in  terms  of  ox  yields  three  roots 
of  which  the  lowest  corresponds  to  a  “flexural”  buckling  load.  When  the  von  Kar- 
man  strain-displacement  relations  are  instead  used,  a  greatly  simplified  Eq.  (4.28) 
results,  viz. 


(1  -  %j-v^Dv4w  -  **mi  - 


+ 


DP  11 

Pi 


32U7 

dx 2 


=  0. 


(4.29) 


In  the  thin-plate  limit,  formally  represented  here  by  Ds  — >  00,  the  familiar  C1 
equation  governing  uniaxial  buckling  results,  given  by 


,  32ui 

DV*w  —  Ozh-—Tr  —  0 
ox i 


(4.30) 


In  the  Fourier  domain,  one  writes  La  as 


La  —  — {Ox^x  4"  2 Txykx^y) 


10  0 
0/0 
00-/1 


(4.31) 


so  that  transformed  counterparts  of  Eqs.  (4.28)  and  (4.29)  can  easily  be  obtained 
from 


det(2m  +  La)-  w  =  det  G3|  -  0 


(4.32) 


as  required. 
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§4.2  Discretization  of  the  Reissner-Mindlin  Plate  Equations 

If  one  employs  the  bilinear  isoparametric  shape  functions,  the  element  ma¬ 
terial  stiffness  matrix  for  the  4-node  Reissner-Mindlin  plate  bending  element  is 
derived  from  Eq.  (4.2)  by  first  substituting  the  element  displacement  interpola- 


u  =  Njdt- ;  i=l,4 

with  dt  =  [  Bx.  0y.  u»t  JT,  Nt-  =  N-L 3  and 

l  (ti  =  (-1.1, 1,-1) 

n%-  t(1  +  ^0(1  +  t?»,j);  s 

U,  =  (-1,-1, 1,1) 

followed  by  setting  6Um  =  0,  from  which  the  element  material  stiffness, 

k=k6+k a  =  |  J  (BjD6B6  +  BjDaBa)dA 


(4.33) 


(4.34) 


(4.35) 


r  1  r  1 

=  y_1/_1(BJD6B6  +  B?DaBs)|J|d^. 


is  obtained.  In  this  expression,  Bj  and  Ba  are  the  isoparametric  strain-displacement 
matrices  representing  bending  and  transverse  shear  contributions  with  Dj  and  Da 
representing  the  corresponding  isotropic  material  matrices 


Da  =  D  V  1 


and  Da  =  D. 


(4.36) 


The  surface  Jacobian,  J,  which  represents  the  differential  transformation  between 
the  physical  (x,y)  and  isoparametric  (£,17)  coordinates,  is  determined  from 


(  d 
4? 


§?  if 

dz  dy 
~5rj  dr) 


(4.37) 
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Bj,  and  Bj  are  determined  from  the  strain-displacement  relations 
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(4.38) 


Discretization  of  Eq.  (4.7)  results  in  the  following  geometric  stiffness  matrix, 


k<r 


0 

la 

0 


0 

0 

ha 


Be  <la 


0 

la 

0 


0 

0 

ka 
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(4.39) 


where 
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with  Nt-  =  JVf- 13  and  the  Jacobian,  J,  as  previously  defined. 

Functional  evaluation  of  B^DjBj  and  BjDjB,  shows  that  unlike  the  Timo¬ 
shenko  beam,  both  integrands  contain  terms  of  the  same  bi-quadratic  polynomial 


order.  A  2x2  point  quadrature  rule  would  be  required  for  an  exact  term-by-term 
spatial  integration  for  the  case  of  a  rectangular  (or  parallelogram)  element  with  its 
constant  Jacobian  determinant.  The  use  of  a  (lxl)  point  (or  reduced)  quadrature 
rule  would  result  in  the  loss  of  quadratic  order  contributions  to  both  integrals 
introducing  rank  deficient  stiffness  matrices  with  the  accompanying  possibility  of 
spurious  oscillations  appearing  in  the  discrete  solution.  Thus,  one  of  the  impor¬ 
tant  question  to  be  answered  in  this  chapter  is  “What  is  the  effect  of  employing 
different  spatial  integration  rules  on  Eqs.  (4.35)  and  (4.39)?” 

§4.3  Taylor  Series  Element  Evaluation 

It  was  noted  in  Chapter  3  that  the  Taylor  series  approach  can  not  be  used  to 
detect  spurious  element  mechanisms.  Nevertheless,  it  is  ideally  suited  for  detecting 
parasitic  differential  operators  responsible  for  element  pathologies  such  as  locking. 
In  the  present  section,  the  effect  of  employing  different  spatial  integration  rules 
for  the  bilinear  Reissner-Mindlin  plate  element  is  evaluated  using  the  Taylor  series 
approach  outlined  in  Chapter  2.  In  the  later  section  dealing  with  discrete  Fourier 
analysis  techniques,  the  question  of  spurious  element  mechanisms  engendered  by 
reduced  spatial  integration  of  element  stiffness  matrices  will  be  addressed. 

§4.3.1  Transverse  Shear  Locking  -  Exact  (2x2)  Spatial  Integration 

The  most  obvious  place  to  start  is  to  consider  the  exact  spatial  integration 
of  Eq.  (4.35)  achieved  by  employing  a  (2x2)  quadrature  rule  on  both  bending  and 
transverse  shear  terms.  Numerical  convergence  studies  by  Hughes  et  al.  [35]  have 
shown  that  the  resulting  element  exhibits  the  same  type  of  transverse  shear  element 
locking  as  encountered  earlier  for  the  Timoshenko  beam.  By  using  the  operational 
procedures  developed  in  Chapter  2,  the  effect  of  the  exact  spatial  integration  on 
element  behavior  is  succinctly  determined  by  recovering  the  element’s  governing 


decoupled  w  limit  differential  equilibrium  equation  which  was  found  to  be1 


DDlUry6 


[DV4  +  '-Dt{4  +  <$)  +  ~  Dn)  ~  -^)  V 


+  -(5  D  +  Dn)V2dldl}w  = 

H  +  j5.)v2  +  (££li  -  +  ^))V4 

[1  +  (3  Da  Da)  {  D\  4  [Da  Da)] 


l2  ,  D  Du  ^  j2  j2i 

+  7(S7 +  dT1  1  s,]'! 

(4.40) 


for  a  patch  of  square  (/  x  l)  elements  as  shown  in  Fig.  4.1.  Here,  the  compact 
symbolic  notation  dx  —  ^  and  dy  =  -^  is  used.  Also,  only  truncation  error 
terms  that  possess  the  same  differential  order  as  that  of  the  continuum  operators 
have  been  retained.  As  in  the  analysis  of  the  Timoshenko  beam  in  Chapter  2, 
these  truncation  error  terms  are  considered  to  be  parasitic  differential  operators. 
With  the  presence  of  these  truncation  error  terms,  the  full  sixth-order  equilibrium 
equation  must  be  dealt  with  so  that  Eqs.  (4.16)  and  (4.17)  with  d2/dt 2  =  0  will 
serve  as  the  reference  equations. 

The  possibility  of  transverse  shear  element  locking  is  apparent  due  to  the 
form  of  the  parasitic  differential  operator  associated  with  the  primary  differential 
bending  term,  V4.  By  looking  at  these  two  isolated  terms,  one  finds  that 
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which  means  that  the  z-  and  y-direction  bending  modes  will  lock  for  essentially 
any  finite  length  plate  since  the  bending  stiffness  in  those  directions  is  amplified 
by  the  factor 


(4.42) 


1  The  MACSYMA  runstream  from  which  the  results  of  this  analysis  were  obtained  is 
shown  in  Appendix  A.2. 
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Fig.  4.1  -  Element  geometry  for  4-node  plate  discretizations 

Thus,  in  order  to  obtain  a  physically  realistic  solution  employing  this  element,  one 
must  have  l  C  h.  The  pure  xy-twist  or  torsion  bending  mode  is  not  effected  by 
locking  as  is  demonstrated  by  numerical  example  in  §4.3.3.2. 

The  effect  of  truncation  error  terms  on  the  secondary  “thick”  plate  differential 
operator,  V6,  are  of  a  much  less  benign  nature.  If  the  parasitic  transverse  shear 
element  locking  terms  could  be  eliminated,  one  could  return  to  the  traditional 
order-of-accuracy  notions  to  evaluate  this  discretization. 

§4.3.2  Element  Unlocking  —  Other  Spatial  Integration  Schemes 

As  far  back  as  the  early  1970’s,  it  was  independently  recognized  by  Pawsey 
[28]  and  Zienkiewicz  et  al.  [29]  that  exactly  integrated  thin  C°  plate  (and  shell) 
elements  could  be  cured  of  their  transverse  shear  element  locking  by  selectively 
employing  reduced  spatial  integration  for  the  transverse  shear  element  stiffnesses 
while  exactly  integrating  the  bending  stiffness.  The  rationale  for  this  being  that, 
in  the  thin  plate  limit,  the  last  two  terms  in  the  potential  energy  expression  for 
the  C°  plate  given  by  Eq.  (4.2)  cam  be  considered  as  penalty  constraint  conditions 
enforcing  the  Kirchhoff  constraints.  With  this  being  the  case,  the  rank  of  the 
transverse  shear  stiffness,  k3,  must  be  reduced,  a  condition  easily  achieved  by 


using  reduced  spatial  integration.  In  this  section,  the  effect  of  using  different 
spatial  integration  rules  to  derive  the  element’s  material  stiffness,  as  embodied  in 
the  governing  limit  differential  equilibrium  equations,  is  investigated. 

§4. 3.2.1  Selectively-Reduced  Integrated  Si  Element 

The  first  Reissner-Mindlin  plate  element  to  be  examined  here  is  the  SI  element 
[35]  which  employs  exact  (2x2)  spatial  integration  on  the  bending  stiffness  and  a 
reduced  (lxl)  integration  on  the  transverse  shear  stiffness.  The  decoupled  limit 
differential  equilibrium  equation  for  this  element  is  found  to  be 


IDV*  +  (~D  -  +  £(7 D  -  Dn)Vl4\i\ ].  = 

(4.43) 

The  above  equation  reveals  that  the  parasitic  locking  term  associated  with  the 
V4  operator  has  been  eliminated  through  the  use  of  reduced  integration  on  ka. 
As  a  result,  one  obtains  a  locking-free  element  discretization.  Unfortunately,  this 
reduced  spatial  integration  of  ka  results  in  a  rank  deficient  element  stiffness  matrix 
which  exhibits  two  spurious  element  mechanisms  (see  [35]).  The  first  one,  an 
inplane-twist  mode  does  not  propagate  in  an  assembled  mesh  and  hence  is  of  little 
practical  importance.  The  second  one  is  the  so-called  tu-hourglass  mode  which 
can  be  responsible  for  singular  or  near  singular  assembled  global  stiffness  matrices 
with  resulting  wild  solution  oscillations  if  not  controlled.  The  effect  of  employing 
different  hourglass  control  techniques  to  stabilize  this  element  is  discussed  in  detail 
in  §4.3.4.2. 


§4.3.2. 2  Uniformly- Reduced  Integrated  Ul  Element 


The  next  element  to  be  examined  is  the  uniformly-reduced  integrated  Ul  el¬ 
ement  (see  Refs.  [33]  and  [56])  which  employs  a  (lxl)  spatial  integration  rule  on 


both  the  bending  and  transverse  shear  stiffnesses.  This  type  of  element  is  poten¬ 
tially  quite  computationally  attractive  since  the  generation  of  the  element  stiffness 
can  essentially  be  "hud  wired”  to  take  advantage  of  the  single  Gauss  integration 
point.  This  is  provided,  of  course  that  the  attendant  spurious  mechanisms  are 
controlled.  The  decoupled  limit  differential  equilibrium  equation  for  this  element 
is 
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Since  the  same  (lxl)  spatial  integration  rule  is  used  for  ka  as  for  the  Si  element, 
one  would  again  expect  that  this  element  is  locking-free.  This  is  in  fact  the  case 
due  to  the  absence  of  any  parasitic  operators  associated  with  the  primary  bending 
operator,  V4.  Unfortunately,  as  was  the  case  for  the  Si  element,  reduced  spatial 
integration  also  results  in  the  presence  of  spurious  element  mechanisms;  four  to 
be  exact.  The  two  additional  zero  eigenvalues  correspond  to  a  flz-hourglass  and  a 
fly-hourglass  mode  as  a  result  of  the  under-integration  of  kj.  The  stabilization  of 
this  element  will  also  be  symbolically  analyzed  in  the  next  section. 


§4.3.2.3  Directionally  Integrated  Transverse  Shear  Element 

The  last  plate  bending  element  to  be  considered  here  is  the  directionally 
integrated  transverse  shear  element.  This  element  employs  the  (2x2)  quadrature 
rule  for  kj  while  further  partitioning  k«  into  its  7 Xz  and  7 y2  contributions  and 
employing  a  (1x2)  rule  for  the  xz  stiffness  and  a  (2x1)  rule  for  the  yz  stiffness. 
This  spatial  integration  technique  is  employed  by  MacNeal’s  QUAD4  element  [31] 
and  was  the  focal  point  of  the  recent  work  by  Prathap  and  Viswanath  [54 j. 


The  rationale  for  the  selection  of  these  spatial  integration  rules  lies  in  the 
inconsistent  polynomial  approximation  inherent  in  using  the  same  bilinear  inter- 


polation  functions  for  both  w,  0X  and  $y.  This  point  can  be  clarified  if  one  considers 
the  transverse  shear  strain 


dw  A 


In  terms  of  the  generalized  displacements, 


w  =  oq  +  a\X  +  a^y  +  a$xy 
$z  =  bo  +  b^x  +  b^y  +  63x1/ 


(4.45) 


(4.46) 


where  ( x ,  y)  represents  a  centroidal-based  cartesian  coordinate  system,  one  finds 
that 

7 zz  =  («i  -  b0)  +  (a3  -  &2)y  “  b\x  -  b^xy  .  (4.47) 


The  last  two  terms  are  extraneous  since  they  only  represent  9X  contributions  to 
7 zz  which  are  not  balanced  by  w  contributions.  The  easiest  way  to  see  their 
deleterious  effect  is  to  consider  what  happens  in  the  thin  plate  limit  where  ^  = 
Qz  =>  7 zz  —  0.  Here,  these  terms  represent  nonphysical  constraints  on  7 Zz  which 
will  ultimately  result  in  element  locking  since  ^  0  and  63  ^  0. 

If  one  now  considers  the  calculation  of  the  transverse  shear  stiffness  associated 
with  the  71  z  contribution,  k3xz,  only  even  polynomial  functions  will  survive  the 
spatial  integration  so  that  it  will  be  sufficient  to  only  consider  the  integration  of 
the  (ai  —  bo)2  +  (03  —  b%)2 y2  —  b2x2  —  b%x2y2.  To  eliminate  the  inconsistent 
contribution  of  the  and  63  terms  to  kjzz,  a  one-point  quadrature  rule  in  the 
x  direction  may  be  employed  while  to  exactly  integrate  the  y  dependence,  a  two- 
point  rule  is  required,  hence  the  rationale  for  invoking  the  (1x2)  rule.  Here,  it  is 
assumed  that  the  Jacobian  is  a  constant. 

Similarly,  it  can  be  shown  that  a  (2x1)  quadrature  rule  is  appropriate  for  kJyz. 
It  is  important  to  note  that  this  element  discretization  is  conceptually  different 
from  that  for  either  the  SI  or  U1  elements  in  that  this  modified  spatial  integration 
rule  is  not  invoked  within  the  penalty  function  context  of  reducing  the  rank  of  k5. 


By  selectively  eliminating  only  the  “spurious”  6X  and  6y  constraints,  an  element 
stiffness  of  full  rank  is  maintained.  It  is  this  observation  which  has  motivated 
research  in  redefining  the  way  in  which  the  transverse  shears  are  handled  at  the 
element. level  via  alternative  interpolation  procedures. 

As  expected,  this  spatial  integration  technique  results  in  a  locking-free  plate 
bending  eiement  as  is  reflected  in  its  limit  differential  equilibrium  equation, 
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The  success  of  this  element  rests  solely  on  taking  advantage  of  the  fact  that 
the  local  (x,  y)  and  (£,  tj)  coordinate  systems  are  aligned  for  a  rectangular  element. 
If,  however,  one  begins  to  distort  the  element  into  a  parallelogram  as  portrayed  in 
Fig.  4.2,  the  locking-free  property  of  the  discretization  is  lost.  For  this  particular 
distortion,  one  finds  that  the  (2x1)  integration  rule  for  still  works  since  £  ||  x 
but  with  rj  Jf  y,  the  (1x2)  integration  of  k axz  no  longer  eliminates  the  spurious 
constraints  on  7ZZ  resulting  in  the  reappearance  of  element  locking.  The  dominant 
bending  operator  appearing  in  the  decoupled  limit  differential  equilibrium  equation 
for  this  particular  parallelogram  discretization  is  found  to  be 
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where  (3  is  the  angle  between  the  y  and  r?  axes  as  is  portrayed  in  Fig.  4.2.  The 
second  term  in  this  expression  is  the  parasitic  operator  responsible  for  locking  the 
x-direction  bending  mode  of  the  parallelogram  mesh.  If  the  local  (x,y)  and  (^,rj) 
coordinate  systems  were  not  aligned  at  all,  one  would  expect  to  see  the  return  of 
element  locking  with  the  appearance  of  parasitic  terms  associated  with  both  the 
d\  and  dy  continuum  operators  as  was  the  case  for  the  exactly  integrated  element. 


•  !»' Jjl ‘.ii 


H 


Fig.  4.2  -  Element  geometry  for  parallelogram  discretization 


§4. 3.2.4  Alternative  Transverse  Shear  Interpolations  Schemes 

In  order  to  overcome  the  problem  of  element  locking  engendered  through  the 
application  of  the  “standard”  bilinear  isoparametric  shape  functions,  the  technique 
of  employing  alternative  interpolation  schemes  based  upon  assumed  strain  fields 
has  proved  quite  successful  (see  e.g.,  Hughes  and  Tezduyar’s  Tl  element[53]  and 
the  Bathe  and  Dvorkin  element  [52]).  For  a  rectangular  element,  these  alterna¬ 
tive  transverse  shear  interpolation  schemes  result  in  limit  differential  equilibrium 
equations  identical  to  that  determined  for  the  directionally  integrated  transverse 
shear  element  discussed  in  the  last  section.  This  results  from  explicitly  embedding 
into  the  element’s  transverse  shear  interpolation  scheme  the  functional  equivalent 


7  xz  =  <*i  +*i  y 
7 yz  =  "f"  & 2X 


(4.50) 


for  the  present  cartesian  element  geometry  which  is  identical  to  that  achieved  by 
employing  the  (1x2)  and  (2x1)  spatial  integration  rules. 
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§4.4  Symbolic  Evaluation  of  Hourglass  Control  Techniques 

Over  the  years  various  element  discretization  schemes  have  been  proposed 
based  wholly  or  in  part  upon  using  reduced  spatial  integration  techniques  to  al¬ 
leviate  different  element  pathologies  or  simply  to  obtain  a  computationally  more 
efficient  element.  The  inevitable  spurious  mechanisms  engendered  by  such  an  ap¬ 
proach  can  render  an  assembled  stiffness  matrix  singular.  Different  stablization  or 
hourglass  control  techniques  have  been  proposed  to  eliminate  these  singularities. 
Except  for  brief  excursions  into  functional  analysis  techniques  (see  e.g.  [61,62]),  the 
developers  of  hourglass  control  strategies  have,  by  and  large,  resorted  to  physical 
considerations  whereby  generalized  stresses  and  strains  (or  other  conjugate  quan¬ 
tities)  are  appropriately  introduced  into  the  analysis  [58,59,60].  This  physically- 
based  approach  to  hourglass  control,  unfortunately,  unnecessarily  hides  the  intrin¬ 
sic  linear  algebra  problem  of  dealing  with  rank  deficient  stiffness  matrices. 

The  present  approach  to  understanding  hourglass  control  is  based  entirely 
upon  first  viewing  the  problem  from  a  linear  algebraic  standpoint.  Once  the 
fundamental  problem  is  understood,  the  proper  physical  interpretation  follows 
in  a  natural  manner.  From  this  starting  point,  the  key  to  hourglass  control  or 
alternatively,  consistent  spurious  element  mechanism  suppression,  is  based  upon 
selectively  shifting  part  of  k’s  spectrum  to  remove  the  rank  deficiency  associated 
with  the  spurious  mechanism(s).  This  entails  moving  eigenvectors  from  the  null 
space  of  k  to  the  range  of  an  augmented  element  stiffness  matrix,  k.  All  a  priori2 
hourglass  control  techniques  presented  in  the  literature  are  based  upon  this  basic 
idea. 


From  a  physical  standpoint  there  are  two  important  aspects  of  this  problem. 


2  Jacquotte  and  Oden  [61]  use  a  priori  to  refer  to  hourglass  control  techniques  invoked 
prior  to  the  global  solution  while  a  posteriori  implies  filtering  out  hourglass  modes 
after  a  global  solution  has  somehow  been  obtained. 
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The  first  being  the  obvious  one  of  removing  the  spurious  mechanism(s)  by  this 
shifting  procedure  while  the  second  is  concerned  with  preserving  the  consistency 
of  the  resulting  discretization  which  at  a  minimum  entails  preserving  the  vectors 
spanning  the  rigid  body  and  constant  strain  modes  of  k  (see  Ref.  [58]).  As  will  be 
shown  here,  however,  there  is  a  potential  pitfall  in  using  these  techniques,  namely, 
the  reintroduction  of  element  locking.  After  first  briefly  describing  some  of  the 
underlying  linear  algebra  details  of  hourglass-control  in  order  to  motivate  their 
use,  element  evaluation  of  the  “stabilized”  Si  and  Ul  elements  will  be  presented. 

§4.4.1  Selected  Spectral  Shifting 

The  concept  of  selective  spectral  shifting,  based  upon  the  spectral  theorem 
(see  e.g.,  [66]),  provides  the  theoretical  foundation  for  hourglass  control  techniques. 
With  the  spectral  theorem,  the  positive  semi-definite  element  stiffness,  k  may  be 
decomposed  as 


dim(k) 

k=  £  Xixixi 
*=1 


(4.51) 


where  the  At-’s  are  the  eigenvalues  and  xt’s  are  the  corresponding  normalized  eigen¬ 
vectors  determined  from  the  standard  eigenproblem 


kxt-  =  Atxt- ;  *  =  1, . . . ,  dim(k) . 


(4.52) 


The  present  form  of  k  ensures  that  all  A,’s  are  real  and  that  the  corresponding 
x,-’s  form  an  orthonormal  basis  such  that  x?xy  =  <5,y.  Selectively  shifting  one  of 
k’s  eigenvalues,  e.g.,  the  eigenvalue,  can  now  be  accomplished  by  forming  the 


augmented  matrix 


k  =  k  +  <£;XyXy 


(4.53) 
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where  XyXy  is  a  rank  one  matrix  update  and  4>j  is  a  (positive)  scalar.  Now, 
kxy  =  (k  +  ^XjxJjxy  =  kxy  +  tjXjXj 


From  this,  it  is  obvious  that  Xy  is  also  an  eigenvector  of  the  augmented  problem 
with  its  associated  eigenvalue  being  Xy,  or  in  other  words,  Ay  has  been  shifted  by 
an  amount  <f>j.  If  one  considers  the  remaining  eigenpairs  from  k,  they  will  remain 
unchanged  since 

xj xt-  =s  0  V  t  j  =►  (k  +  ^yXyXy  )xt-  =  kxt-  =  Atxt .  (4.55) 

These  results  also  hold  true  for  shifting  multiple  eigenvalues  employing  rank 
two  and  higher  updates  where  the  augmented  matrix  takes  the  form 

v 

k  =  k  +  ^  tkxkxk  (4-56) 

Jfc=i 

with  v  denoting  the  number  of  eigenvalues  to  be  shifted. 

§4.4.2  Rank  Deficient  Element  Matrices 

When  the  element  stiffness  matrix  is  constructed  using  reduced  spatial  in¬ 
tegration,  the  element  stiffness,  k,  possesses  one  or  more  zero  eigenvalues  whose 
associated  eigenvectors  do  not  correspond  to  physical  rigid-body  modes.  These 
spurious  hourglass  modes,  along  with  the  physical  rigid  body  modes,  span  the 
null  space  of  k,  A/(k),  all  of  whose  vectors  satisfy  the  identity  kx  =  0.  The  re¬ 
maining  eigenvectors,  which  (should)  represent  the  physical  deformation  modes, 
form  the  range  of  k,  £(k).  Since  rank  deficient  element  matrices  can  result  in 
a  singular  assembled  global  stiffness,  techniques  for  reducing  the  rank  deficiency 
of  k  are  of  current  research  interest.  The  technique  of  selected  spectral  shifting 


provides  the  needed  tool  for  understanding  exactly  how  the  different  hourglass 
control  techniques  work. 

Based  upon  the  discussion  thus  far,  an  augmented  element  stiffness,  k,  would 
be  defined  by 

k  =  k  -+-  <£wt  (4.57) 

where  v  represents  the  hourglass  control  vector  and  0  is  a  positive  scalar.  Since 
the  xt’s  form  an  orthonormal  basis,  v  can  be  written  as 

n 

v  =  £  atxt  (4.58) 

t'=l 

where  n  =  dim(k).  We  are  now  in  a  position  to  precisely  define  the  (minimum) 
requirements  for  the  successful  suppression  of  spurious  element  mechanisms.  First, 
a  component  of  the  hourglass  control  vector,  v,  must  be  in  the  direction  of  the 
eigenvector,  x,  corresponding  to  the  non-physical  zero  eigenvalue,  to  ensure  that 
this  eigenvalue  is  shifted  to  a  positive  non-zero  value.  Secondly,  v  must  be  orthog¬ 
onal  to  the  rigid  body  and  constant  strain  modes  to  ensure  element  consistency3. 
The  one  vector  which  automatically  satisfies  these  conditions  is  the  eigenvector 
itself  corresponding  to  the  nonphysical  zero  eigenvalue.  It  should  be  noted  that 
the  potential  always  exists  to  alter  eigenpairs  representing  physical  deformation 
and  rigid  body  modes  through  an  improper  choice  of  v. 

§4.4.3  Hourglass  Control  for  the  SI  Element 

Hughes  et  al.  [35]  have  shown  that  the  Si  element  possesses  the  following  two 

3  This  guarantees  that  the  element  will  still  pass  the  patch  test.  For  higher-order  ele¬ 
ments,  orthogonality  with  respect  to  higher-order  strain  modes  would  be  necessary 
to  maintain  their  accuracy. 


spurious  element  mechanisms, 
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where  the  first  mode  is  the  tu-hourglass  mode  and  the  second  is  the  in-plane  twist 
mode.  Here,  the  hourglass  d-o-f  displacement  pattern,  h,  is  given  by 

h  =  L*1»1  *21/2  *3y3  x4V4\r  (4-59) 

for  the  general  quadrilateral,  and  by 

h  =  [  1  -1  1  -1JT  (4.60) 

for  a  rectangular  element,  x  and  y  are  used  to  denote  nodal  position  with  respect 
to  a  local  cartesian  coordinate  system.  As  was  noted  in  [35]  and  symbolically 
verified  to  be  the  case  in  §4.4.3.2,  the  in-plane  twist  mode4  is  not  communicable 
when  the  element  is  assembled  in  a  mesh  and  so  has  typically  been  ignored. 

In  their  first  paper  dealing  with  the  control  of  hourglass  modes  in  plate  ele¬ 
ments,  Belytschko  et  al.  [59]  proposed  two  quite  different  hourglass  control  proce¬ 
dures  for  dealing  with  the  tu-hourglass  mode  of  the  Si  element.  In  the  remainder 
of  this  sub-section,  these  two  techniques  will  be  examined  in  deiail. 

§4.4.3. 1  Method  1  -  Weighted  Stiffness  Averaging 
The  proposed  element  stiffness  for  method  1  was 

k  =  k[2x2]  +  (1  -  e)k[lxl]  +  ek[2x25  (4.61) 

4  Note:  This  mode  is  the  same  for  both  the  SI  and  Ul  elements 


which  was  assumed  to  be  comprised  of  the  fully  integrated  bending  stiffness  (exact 
for  rectangular  elements)  and  a  linear  combination  of  the  fully-integrated  and 
under-integrated  transverse  shear  stiffnesses.  This  expression  was  subsequently 


rewritten  as 


k  =  +  kl'*1!  +<kH 


where 


kH = k!“>  -  kLlxl] 


(4.62) 


(4.63) 


represents  the  so-called  hourglass  stabilization  matrix. 


By  making  use  of  the  spectral  theorem,  one  can  rewrite  Eq.  (4.62)  as 


k  =  kSl  +  *»y»y7  ~  H  «*<*»•* 7i  • 

i=l  t'=l 


(4.64) 


Written  in  this  form,  it  is  obvious  that  only  terms  whose  eigenvectors  are  in  their 

respective  ranges  of  ka  contribute  nonzero  matrix  updates  to  kgj.  The  shifting 

of  the  spurious  zero  eigenvalues  of  kg^  is  therefore  being  accomplished  solely  by 
[2x2]  [2x2] 

k,  1  whose  eigenvectors  in  £(ka  ')  have  components  in  the  direction  of  kgj’s 
w-hourglass  mode  -  and  also  in  that  of  the  inplane  twist  mode.  From  a  strictly 
hourglass  control  standpoint,  kalx1^  plays  no  role  since  information  from  its  null 
space  is  never  used  for  spectral  shifting. 

From  Eq.  (4.61),  it  would  be  expected  that  this  stabilized  SI  element  would 
perform  somewhere  in  between  the  parent  Si  element  and  the  fully  integrated 
Reissner-Mindlin  plate  element.  The  limit  differential  equilibrium  equation  corre- 


The  potential  locking  deformation  patterns  would  be  the  x-  and  y-directional  bend¬ 
ing  modes  as  was  found  to  be  the  case  for  the  exactly  integrated  element.  Thus, 
the  best  one  can  do  is  to  introduce  enough  locking  into  the  element  formulation  to 
suppress  the  spurious  element  mechanism.  For  the  limiting  cases  when  e  =  0  or 
e  =  l,  Eq.  (4.65)  is  seen  to  properly  degenerate  to  the  SI  element,  Eq.  (4.43),  or 
the  exactly  integrated  element,  Eq.  (4.40),  respectively. 

§4.4.3. 2  Method  2  -  General  Rank  Update 

The  second  method  proposed  in  [59]  reduces  to  that  of  selected  spectral  shift¬ 
ing  if  applied  to  a  rectangular  mesh.  Their  augmented  element  stiffness  was  given 
by 


m 

&5I 


k  =  kS1  +  «^(^+^)q4q4 


(4.67) 


where  q4  =  h  is  the  u/-hourglass  mode  defined  by  Eq.  (4.60).  Eq.  (4.67)  can 
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immediately  be  rewritten  in  the  form  of  Eq.  (4.57),  namely, 


k  =  ksi  +  <^v  v" 


(4.68) 


where  v  represents  q4  and 


+'i> 


(4.69) 


Comparison  of  Eq.  (4.68)  with  Eq.  (4.64)  clearly  shows  the  differences  between 
the  two  allegedly  similar  hourglass  control  schemes  of  Ref.  [59].  For  the  present 
case,  only  the  spurious  zero  eigenvalue  associated  with  v  is  shifted  while  for  the 
first  scheme,  essentially  all  the  eigenpairs  of  kg^  are  affected.  Before  proceeding, 
however,  it  is  important  to  note  that  this  choice  of  v  is  not  an  eigenvector  of 
an  arbitrarily  distorted  quadrilateral  and  therefore  should  not  be  used  blindly  for 
other  than  rectangular  elements. 

The  limit  differential  equilibrium  equation  corresponding  to  Eq.  (4.68)  is 

r  r>T74  ,  a/2  j2  j2  ,  j->  _  DDll  \t76 


{DV4  +  *Pd\d\  +  (— D  -  ^)V 


+  ^D-Du-  12  +  Qj-)y = 


(4.70) 

From  the  limit  differential  equilibrium  equation  point-of-view,  it  is  also  quite  obvi¬ 
ous  that  these  two  element  stabilization  techniques  are  entirely  different.  The  most 
obvious  difference  is  in  the  form  of  the  parasitic  differential  operator  responsible 
for  transverse  shear  locking.  Instead  of  locking  the  x-  and  y-directional  bending 
modes,  one  now  finds  that  only  the  torsional  bending  mode  is  effected  with  the 
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Method  1 


Method  2 


Mesh 

l 

TL 

Si  Element 

r  =  1 

r  =  10 

II 

*— * 

r  =  10 

2x2 

500 

.2385 

.1780 

.0546 

.2324 

.2164 

4x4 

250 

.2563 

.1925 

.0592 

.2505 

.2340 

8x8 

125 

.2608 

.1962 

.0604 

.2550 

.2385 

16x16 

62.5 

.2619 

.1971 

.0665 

.2561 

.2397 

Analytical 

.2636 

Table  4.1  Displacement  of  center  edge  of  a  laterally  loaded  S-S-F-F  plate  for 
a  =  200 in.,  t  =  .lin.,  q  =  10-5psi,  E  —  107psi  and  v  =  .3. 

appearance  of  the  parasitic  differential  operator 


<t>l2d\dl%  (4.71) 

in  the  discrete  thin  plate  operator,  which  in  retrospect  is  not  too  surprising  con¬ 
sidering  the  alternating  ±1  to  displacement  pattern.  This  result  leads  directly  to 
the  observation  that  if  the  Z  (k)  is  changed  by  this  shifting  procedure,  the  poten¬ 
tial  exists  of  reintroducing  an  element  pathology  which  the  reduced  integration 
eliminated. 

One  interesting  additional  aspect  is  that  the  loading  operator,  rD,  is  seen 
to  remain  unchanged  from  that  of  the  parent  SI  element  in  contrast  to  the  first 
technique  which  introduces  changes  there  also. 

§4.4.3.3  Numerical  Verification 

The  symbolic  analysis  of  methods  1  and  2  predicts  that  method  2  shifts  locking 
from  the  z-  and  y-directional  bending  modes  to  the  xy  mode.  In  Table  4.1,  the 
simple  numerical  example  of  a  laterally  loaded  S-S-F-F  square  plate  which  exhibits 
predominatly  pure  cylindrical  bending  in  the  z  direction  is  used  to  verify  this 
observation. 


Using  the  same  definition  as  in  [59]  for  e, 


(4.72) 


4>  is  found  to  be 


<f>  =  r 


h2D3 


(4.73) 
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where  r  is  used  to  parameterize  the  results.  Since  the  present  boundary  conditions 
appear  sufficient  to  stabilize  the  Si  element,  results  for  it  are  also  presented  for 
the  different  mesh  discretizations.  No  more  than  a  quick  perusal  of  the  results  in 
Table  4.1  is  required  to  see  that  the  first  stabilization  technique  locks  the  solution 
while  the  second  does  not.  If  one  considers  that  e  =  1  corresponds  to  the  exactly 
integrated  case,  an  r  =  10  only  results  in  an  £  =  2.56  x  10-5  for  the  (16x16)  mesh. 
With  the  effective  flexural  stiffness  for  the  x-directional  bending  mode  given  by 


D  =  (n-  riL-i4)I>  =  4  5jD  , 


(4.74) 


one  would  expect  a  computed  center  edge  displacement  of  only  about  22%  of  the 
analytical  value  based  upon  the  stiffness  modification  to  the  thin  plate  operator 
-  Table  4.1  shows  that  the  computed  finite  element  solution  is  in  fact  25%  of  the 
analytical  value. 

§4.4.4  Hourglass  Control  for  the  U1  Element 

The  next  element  to  be  considered  is  the  uniformly  reduced  integrated  Ul 
element  which  has  been  shown  [33]  to  possess  four  spurious  element  mechanisms 
defined  by 
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Since  the  fourth  mode  does  not  communicate  in  an  assembled  mesh,  as  is  subse¬ 
quently  symbolically  verified  in  §4.4. 3.2,  Belytschko  and  Tsay  [60]  did  not  correct 
for  it.  For  a  rectangular  element,  hourglass  control  is  achieved  using  the  augmented 
stiffness 

3 

k  =  kUl  +  £  (4-75) 

i=l 

where  the  vt’s  correspond  to  the  first  three  spurious  mechanisms,  or  hourglass 
modes,  given  above.  For  an  assembled  element  mesh,  the  decoupled  limit  differ¬ 
ential  equilibrium  equation  is 

[£>V4  +  ^dld*  +  (^D-^i)V6  -  ( <f>2dx 2  +  <f>3dy2)l2dx2dy2 

+  j(2D  -  34i(£  +  ^))V2d2d2]«,  = 


D_ 
Da 


£u< 

D3 


D\ 


l2D_ 

3  [D3 


))V4 


-zdSd  +  d" 


{<t>2  +  <t>z))dx2dy2]q. 

(4.76) 

Examination  of  this  equation  shows  that  locking  is  only  associated  with  stabilizing 
the  w-hourglass  mode.  This  interesting  fact  was  discovered  by  numerical  exper¬ 
imentation  in  Ref.  [60]  when  they  found  that  (transverse  shear)  element  locking 
could  be  reintroduced  into  the  stabilized  Ul  element  by  what  they  termed  as 
“overstabilizing  the  tu-hourglass  mode.”  Essentially,  one  again  finds  one’s  self  in 
a  Catch-22  situation:  If  <f>\  is  too  small,  the  spurious  u;-hourglass  mode  returns, 
while  if  <t>\  is  too  large,  locking  reappears.  As  they  verified  numerically,  over- 
stabilizing  the  d-hourglass  modes  does  not  result  in  any  form  of  element  locking 
since  neither  mode  has  any  components  associated  with  V4.  The  appropriate 
choice  of  values  for  <f> 2  and  <£3  cam  therefore  be  made  based  solely  upon  accuracy 
considerations. 


§4.5  Discrete  Fourier  Element  Evaluation 

The  basic  procedures  used  for  performing  a  symbolic  Fourier  analysis  of  a 
finite  element  discretation  were  presented  in  Chapter  3.  It  was  shown  there  that 
the  finite  element  approximations  of  various  terms  in  the  governing  differential 
equations  can  be  transformed  into  simple  Fourier  operators  whose  effect  on  ele¬ 
ment  behavior  could  then  easily  be  identified.  From  them,  the  effects  of  different 
component-wise  finite  element  approximations  on  intrinsic  element  behavior  could 
be  assessed  a  priori  without  resorting  to  time  consuming  numerical  experiments. 
In  particular,  problems  such  as  transverse  shear  locking,  spurious  mechanisms  and 
ultimately,  point-wise  interior  accuracy  could  be  addressed.  In  this  section,  these 
techniques  will  be  applied  to  the  analysis  of  the  exactly,  selectively-reduced,  and 
uniformly-reduced  integrated  4-node  Reissner-Mindlin  plate  elements. 

§4.5.1  Component-  Wise  Analysis  -  Directional  Participation 
Operators 

The  important  question  concerning  how  different  differential  operators  are  ap¬ 
proximated  within  the  Fourier  domain  is  addressed  in  this  section.  Before  looking 
at  the  different  plate  discretizations  in  their  entirety,  as  was  done  for  the  Taylor 
series  technique,  the  effect  of  the  different  spatial  integration  rules  on  individual 
differential  operator  components  wil!  first  be  examined  in  detail.  This  is  an  im¬ 
portant  step  in  pinpointing  the  cause  of  element  deficiencies  and  at  the  same  time 
prepares  us  for  the  eventual  task  of  element  synthesis[17]. 

As  a  precusor  to  looking  at  the  two-dimensional  finite  element  approxima¬ 
tion  of  a  differential  operator  at  an  interior  node,  its  finite  difference  counter¬ 
part  provides  an  important  point-of-reference.  The  second-order  accurate  central- 

o2 

difference  approximation  of  the  differential  operator  g'ven  by  the  following 


r^vrom 


stencil, 


^U-311  '2  li 


(4.77) 


where  the  differencing  has  been  performed  directly  on  or  from  the  finite 

OX* 

element  viewpoint,  the  strong  form  of  the  operator.  Discrete  Fourier  transforming 
the  above  expression  using  e1**2  results  in 


=  ±(e-ik*l*-2  +  eik*1*)  = 


dx1 1  fi5  l\ 


where  k~  is  the  discrete  wave  number  in  the  x-direction  defined  as 


sinf^r3 


(4.78) 


(4.79) 


fl2 

The  finite  element  discretization  of  at  an  interior  point  in  the  problem 
domain  is  obtained  from  the  corresponding  weak  form. 


-U&fdA. 


(4.80) 


2 

For  the  element  mesh  shown  in  Fig.  4.1,  the  finite  element  representation  of 
at  the  interior  node  is  determined  from  the  assembled  equations  where  the  contri¬ 
bution  from  a  single  element  stiffness  is  given  by 


f  dN  3N' 
JA  dx  dx 


(4.81) 


where  N  are  the  bilinear  element  shape  functions.  Employing  exact  (2  x  2)  spatial 
integration  to  evaluate  k,  the  following  finite  element  “stencil,” 


(4.82) 
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1(2x2)  "  6/1 
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-2 

1 

is  obtained  for  the  interior  node  where  each  entry  represents  the  nodal  value 
corresponding  to  stencil  position.  The  expected  central-difference  approximation 
embodied  in  the  finite  element  equations  resulting  from  using  the  bilinear  element 
shape  functions  is  apparent  by  summing  the  columns  of  Eq.  (4.82).  The  discrete 
Fourier-transformed  operator  for  this  stencil  is  found  to  be 


/{i?l2x2}  = 


(4.83) 


where  e»‘(***+*y*)  is  used  in  the  now  two-dimensional  transformation  process. 
The  unity  operator,  ly,  which  is  engendered  by  the  finite  element  discretization, 
is  given  by 


/ 2 

i«  _  i  _  ISLE* 
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(4.84) 


with  ky  being  the  discrete  wave  number  in  the  y-direction,  obtained  by  substituting 
y  and  ly  for  x  and  lx  in  Eq.  (4.79).  The  superscript  e  denotes  exact  (2  x  2)  spatial 
integration.  If  the  reduced  (lxl)  spatial  integration  rule  is  used  instead  of  the 
(2  x  2)  rule  to  integrate  Eq.  (4.81),  one  obtains 


a2  _  J_  i  :2  1 

9x2 1(1x1)  4/§  1  4  \ 


(4.85) 


with  its  resulting  discrete  Fourier-transformed  operator 


^3x2l(lxl)>_  ^ 


As  one  might  expect,  a  different  unity  operator, 


(4.86) 


/2 

lr  =  1  -  +k2 

xy  L  4  Ky 


(4.87) 


now  appears,  with  the  superscript  r  used  to  denote  the  use  of  reduced  integration. 


Comparing  the  finite  difference  results  with  those  of  the  finite  element,  one  ex¬ 
plicitly  sees  that  the  interaction  between  adjacent  nodes  in  the  finite  element  equa¬ 
tions  results  in  the  appearance  of  an  additional  operator  term.  At  a  first  glance,  it 
would  seem  to  play  only  the  role  of  a  unity  operator  such  as  first  encountered  for 
the  one-dimensional  problems.  Closer  inspection,  however,  shows  that  this  unity 
operator  is  also  responsible  for  the  interaction  between  adjacent  element  nodes. 
Because  of  this  inherent  participation  from  adjacent  nodes,  Fourier-transformed 
operators  will  appear  as  multiplicative  combinations  of  the  transformed  funda¬ 
mental  operator  with  other  participation  operators.  For  the  bilinear  finite  element 

a2 

representation  of  the  differential  operator  ly  plays  both  the  role  of  unity  op- 
erator  and  of  what  will  be  called  a  directional  participation  operator.  It  embodies 
the  degree  to  which  cross  coupling  occurs  between  adjacent  nodes  in  the  direction 
orthogonal  to  that  in  which  the  derivative  is  being  calculated. 

Making  use  of  results  such  as  this,  one  can  easily  construct  any  of  the  different 
differential  operators  needed  to  characterize  a  particular  finite  element  discretiza¬ 
tion.  If,  for  example,  the  Laplacian  was  of  interest  as  will  be  the  case  when 
considering  the  transverse  shear  term,  or  Lww  term,  from  the  Reissner-Mindlin 

plate  equilibrium  equations,  one  would  also  need  the  results  for  which  are 

dy * 

2 

identical  to  those  just  discussed  for  with  x  and  y  appropriately  interchanged. 
The  Fourier  transformed  Laplacians  for  the  different  discrete  methods  are  shown 
in  Table  4.2.  As  was  described  above,  the  only  difference  between  the  Fourier 
transformed  operators  resulting  from  the  finite  difference  and  the  finite  element 
approximations  is  in  the  presence  of  a  directional  participation  operator  in  the 
finite  element  discretization. 

§4.5.2  Directional  Participation  Operators  and  Spurious  Mechanisms 

In  §3.1.2,  Fig.  3,1  illustrated  the  saw-tooth  oscillation  which  represents  the 
most  rapid  spatial  variation  which  linear  shape  functions  could  possibly  resolve 
without  aliasing.  The  corresponding  Fourier  wave  number,  kmax,  or  the  maximum 


Table  4.2  -Discrete  approximation  of  V2 


Type  of  Discretization 

V2  =  —{kx  +  ky) 

Central-Difference  F.D. 

~{^X  +  ky) 

(lxl)  F.E. 

+  «*?) 

(2x2)  F.E. 

admissible  wave  number  corresponding  to  this  saw-tooth  displacement  pattern  is 

kmax  —  y  •  (4.88) 

For  the  present  two-dimensional  problem  where  bilinear  shape  functions  are  used, 
the  maximum  admissible  wave  number  in  each  coordinate  direction  is 

kx  =  — 

xmax  I 
lx 

(4.89) 

Jfc  =  - 

KVmax  I 

*y 

Wave  numbers  beyond  these  maximum  admissible  wave  numbers  can  not  be  rep¬ 
resented  by  a  piecewise  linear  displacement  interpolation  approximation. 

To  examine  how  the  directional  participation  operators  affect  V2,  their  be¬ 
havior  is  shown  in  Fig.  4.3  for  the  admissible  nondimensional  wave  number  range 

0<k(x,y)(lz,ly)<*-  (4-90) 

The  key  observation  is  that  the  directional  participation  operator  for  the  (lxl) 
integrated  case,  becomes  zero  at  the  maximum  admissible  wave  number  of 

kxlx  =  kyly  =  7r.  Since  £(Z)y)  >  0  for  0  <  k^x^(lx,ly)  <  n,  the  state  at  which 
the  discrete  approximations  of  V2,  denoted  here  by  V2,  become  zero  is  dictated 
solely  by  the  directional  participation  operators.  The  important  consequence  of 


In  this  section,  a  discrete  Fourier  analysis  of  both  the  exactly  integrated  and 
selectively /reduced  integrated  (or  SI)  plate  bending  elements  is  performed  for  a 
rectangular  ( lx  x  ly)  element  domain  for  the  case  of  static  loading  only.  These 
two  elements  succinctly  embody  both  pathologies  usually  associated  with  4-node 
Reissner-Mindlin  plate  elements;  namely,  transverse  shear  locking  in  the  exactly 
integrated  element  and  spurious  element  mechanisms  for  the  selectively/reduced 
integrated  Si  element.  The  approach  taken  here  in  deriving  the  discrete  counter¬ 
part  to  Eqs.  (4.9)  and  (4.20)  is  different  to  that  employed  earlier  for  the  Taylor 
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series  results.  Each  differential  component  will  be  constructed  in  a  component¬ 
wise  manner  which  could  potentially  serve  as  the  starting  point  for  synthesizing  a 
general  plate  bending  element  (see  e.g.,  [17]). 

Inspection  of  Eq.  (4.9)  shows  that  in  order  to  construct  the  discrete  Fourier- 
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transformed  material  plate  operator,  Lm,  a  total  of  six  operator  components  cor¬ 


responding  to 


add2  a2  a2 

’  dx’  dy’  dx^ ’  dxdy’  dy2 


(4.91) 


need  to  be  obtained  for  the  different  spatial  integration  rules. 

When  dealing  with  the  off-diagonal  terms,  ^  and  special  care  needs  to 
be  exercised  in  order  to  obtain  the  correct  algebraic  sign.  Depending  upon  which 

a 

Euler  equation  one  considers  at  the  interior  node,  ^  may,  for  example,  result 


from  either 


iLn 


dNT 


(4.92) 
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The  finite  element  stencil  and  resulting  Fourier  transformed  operator  correspond 


ing  to  Eq.  (4.92)  is 
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dx  2x2  * 


(4.94) 


for  exact  spatial  integration  and 
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^llxi>  =  i1^  (4‘95) 
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for  reduced  integration  where  Xx  ~  1  ~  *s  the  same  irrespective  of  the  inte¬ 
gration  rule  used. 
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For  the  case  of  the  mixed  derivative, 


i_  r  a2 

A  J a  9x  dy  ^  dxdy  ’ 

the  finite  element  stencil  and  resulting  Fourier  transformed  operator, 


(4.96) 
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? {  ~QxQy  )  ~  Vxx\fXykxky  (4.97) 


are  found  to  be  identical  for  either  integration  rule. 

Lastly,  the  finite  element  approximation  of  unity  is  determined  from 


i/an 

to  be  for  the  case  of  (2  x  2)  integration 


N  dA  =>  1 


1 

1 

4 

1 

4 

16 

4 

J|(2x2)  ”  36 

1 

4 

1 

=  lele 
—  ■Lx-Ly 


and  for  (1  x  1)  case, 
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The  discrete  Fourier  transform  of  these  two  unity  operators  is  seen  to  be  just  the 
product  of  the  two  directional  participation  operators. 

With  the  discrete  Fourier  transformation  for  each  differential  component  now 


in  hand,  one  can  construct  the  following  general  discrete  counterpart  to  Eq.  (4.20), 


' —Dlyk%  —  Dulzky  —Dl2  >/Xzy/Xykzky  iDs^/xxlyki 


—  Dalxly 


imlh.h)  = 


—Dlxky  —  Dulykx  *Ds\/Xylxky 
—Da\xly 

-£,V2  . 


(4.101) 

where  the  direction  participation  operators,  lx  and  ly,  in  the  different  terms 
above  will  assume  the  appropriate  form  depending  upon  which  spatial  integration 
rule  is  employed  for  each  term.  Examination  of  Eq.  (4.101)  reveals  the  interesting 
fact  that  the  entire  effect  of  spatial  integration  is  embodied  solely  in  the  directional 
participation  operators.  If  (lxl)  spatial  integration  is  employed  for  the  different 
terms  used  to  construct  Eq.  (4.101),  then  the  directional  participation  operators 
will  become  1^  while  for  the  case  where  (2x2)  integration  is  used,  they  will  be 
1*2  For  selective/reduced  spatial  integration,  terms  associated  with  Ds  will  be 
1^  ^  while  the  remaining  bending  terms  will  use  l*z 

The  decoupled  Fourier-transformed  equation  for  w  derived  from  Eq.  (4.101) 


•  u>  =  f°  •  <7 


(4.102) 


where  the  characteristic  operator,  /  ,  is 


=  (1*1,  -  ^V2)DV4  +  D,{ lzl\{lx  -  Xx)kl  +  l|l,(l,  -  Xy)fcJ] 

+  -^ll[ly(lz  —  Xx)kx  +  2(lzly  —  XxXy)kxk y  +  lx[ly  ~  Xy)ky] 

+  D{ 2xxXy  ~  Xxly  ~  1  xXy)i*m 

+  “  r J  [2(XzXyly  ~  Izlyl^z^y  +  2(lj;XzXy  ~  ^■x^y)^'x^y\ 

(4.103) 

with  V2  =  ~{kx  +  ky),  and  k\  =  lyfc2  and  ky  =  1  xky.  The  characteristic  loading 
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operator,  r15,  is  found  to  be 


rD  =  (l,li,-^-V2)(l,ly-^V2)+(g  °2n)\klhl-XzX,iltf)-  (4-104) 


§4. 5.3.1  Transverse  Shear  Element  Locking 

Locking  in  the  four-noded  Reissner-Mindlin  plate  element  occurs  if  the  para¬ 
sitic  differential  term, 


hock  ~  Xx)k$  +  lzly(ly  Xy)^y 


(4.105) 


in  Eq.  (4.103)  does  not  vanish.  Hence,  the  locking-free  condition  is  simply 


llock  =  °- 


(4.106) 


If  (lxl)  spatial  integration  is  employed  for  the  element  stiffness,  the  locking- 
free  condition  is  automatically  satisfied  since  the  in  Eq.  (4.105)  become 

*(xy)  ~  X(Z)y)  t^ie  resu^  that  *ke  terms  in  the  parentheses  vanish  so  that 
hock  ~  0* 

On  the  other  hand,  if  (2x2)  integration  is  instead  performed,  one  finds  that 


f2 

1  c  _w  (z.y)y2 

1(z,y)  X{x,y)  12  kix>y)' 


(4.107) 


Substitution  of  Eq.  (4.107)  into  Eq.  (4.105)  provides  the  measure  of  the  amount 
by  which  the  locking-free  condition  is  violated,  viz., 


—  Z?31z1v(t~^i  +  7 r^u)  • 
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(4.108) 


Since  practical  considerations  on  element  size  generally  requires  lx,  ly  >  h ,  the 
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magnitude  of  the  coefficient  in  the  above  equation  is  seen  to  be 


>  1. 


(4.109) 


The  dominant  4^-order  part  of  the  spatial  operator,  1°,  which  represents  the 
limiting  thin  plate  behavior,  is  therefore  modified  by  the  amount  of  the  locking- 
free  violation  resulting  in 


iD  =  [(i  +  +  2'klil  +  (i  + 


(4.110) 


Except  for  the  rectangular  element  geometry,  this  term  is  identical  to  its  counter¬ 
part  in  Eq.  (4.41)  derived  using  Taylor  series  techniques. 

§4.5.3. 2  Spurious  Mechanisms  in  the  Ul  Element 

As  described  in  §3.3,  an  element  will  exhibit  spurious  mechanisms  if  there  are 
non-physical  rigid  body  motions  engendered  by  the  finite  element  discretization. 
In  the  context  of  the  present  symbolic  element  evaluation  analysis,  this  condition 
corresponds  to  the  existence  of  non-zero  admissible  wave  numbers  which  satisfy 
the  homogeneous  characteristic  equation.  For  the  uniformly-reduced  integrated 
Ul  element,  the  homogeneous  characteristic  operator  is  given  by 


iD  =  (lr,i;-^V?)DVj=0. 


(4.111) 


Potential  zeros  for  the  admissible  wave  number  range  0  <  k(Xly)  —  \lx,ly ] 
turn  determined  from  the  zeros  of  its  multiplicative  components 
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From  them,  the  following  admissible  solutions  are  found, 


kx  —  ky  —  0  ^  kx  —  ky  —  0 


(4.114) 


1^  =  1J  =  0 


*<*•»>  (»„!,)  ' 


(4.115) 


Clearly,  Eq.  (4.114)  represents  the  correct  rigid  body  motion  while  Eq.  (4.115) 
corresponds  to  non-physical  rigid  body  motions,  i.e.,  spurious  mechanisms.  Sim¬ 
ilarly,  there  are  two  additional  spurious  mechanisms  corresponding  to  the  9X  and 
9y  degrees  of  freedom.  The  Ul  element  would  therefore  possess  a  total  of  three 
communicable  spurious  mechanisms. 


REMARK  4.1 


Unlike  the  Ul  element,  the  SI  element  employs  exact  (2x2)  integration  on  the 
bending  stiffness.  As  a  result,  it  only  exhibits  a  single  communicable  spurious 
mechanism  resulting  from  the  reduced  (ixl)  integration  of  the  transverse  shear 
stiffness.  The  homogeneous  Fourier-transformed  characteristic  operator  for  the  Si 
element  is 


iD  -  ^v2)dv?v;+ 

(d  -  0n)(2iji;  -  iury  -  -  *1,*?,) 

(4.116) 


REMARK  4.2 


The  present  analysis  technique  manifests  only  those  spurious  mechanisms  which 
propagate  across  element  boundaries  since  the  analysis  is  performed  on  the  as¬ 
sembled  difference  equations  for  an  interior  node.  The  question  of  whether  a 
mechanism  will  communicate  is  therefore  automatically  resolved  as  a  by-product 
of  the  present  analysis.  In  addition,  as  the  analysis  requires  no  knowledge  of 
boundary  conditions,  the  results  manifest  intrinsic  element  behavior.  In  other 
words,  suppression  of  spurious  mechanisms  by  certain  boundary  conditions  or  by 
spurious  mechanism  control  techniques  can  be  viewed  as  a  case-by-case  fix  rather 
than  eradicating  inherent  spurious  mechanisms. 
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§4.5.4  A  priori  Prediction  of  Interior  Solution  Accuracy 

In  §3.4,  the  subject  of  spectral  error  estimation  was  addressed  for  the  Timo¬ 
shenko  beam.  Those  results  will  now  be  employed  to  provide  an  a  priori  prediction 
of  interior  accuracy  for  the  transverse  loading  and  bifurcation  buckling  of  the  U 1 
and  Si  discretizations  of  the  Reissner-Mindlin  plate. 

The  first  step  in  the  error  analysis  for  the  transversely  loaded  discrete  plate 
entails  determining  the  nodal  load  at  an  interior  node  corresponding  to  the  Fourier 


component 


q(x,y)  =  qAkxX+kyy > 


(4.117) 


which  is  determined  from 
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q.~  fly 
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(4.118) 


(4.119) 


employing  exact  analytic  integration.  The  resulting  discrete  Fourier  transformed 
distributed  load  is  then  simply 


*D  =  (j^)V 


(4.120) 


Alternatively,  if  one  commits  the  variational  crime  of  employing  reduced  (lxl) 
spatial  integration  to  calculate  nodal  loads,  tip  would  have  instead  been  found  to 
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be 


?D  =  lrzlrvg.  (4.121) 


Now,  from  Eqs.  (4.16)  and  (4.17)  for  the  continuum  equations,  and  Eqs.  (4.103) 
and  (4.104)  for  the  discrete  ones,  the  decoupled  transformed  w  equations  are  given 
by 
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A  A 

rq 
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(4.122) 


and 


-D  *D«D 


so  that  the  relative  spectral  displacement  error  is 


(4.123) 


i{kx,ky) 


A 

W 


(4.124) 


where  it  is  the  directional  participation  operators  which  solely  determine  the  form 
of  /°  and  f°  in  these  equations. 

In  Figs.  4.4  and  4.5,  the  relative  error  in  w  is  plotted  for  both  the  case  where 
kx  =  ky  and  kx  #  ky  for  a  patch  of  square  Si  and  Ul  elements  with  E  =  107, 
u  =  .3,  /  =  100  and  h  —  1.  In  Fig.  4.4,  one  finds  the  surprising  result  that 
when  exact  integration  is  used  to  evaluate  nodal  loads  for  the  Ul  element,  u)D  is 
seen  to  be  essentially  exact  V  k.  When  (lxl)  spatial  integration  is  instead  used 
for  element  loads,  both  elements  perform  much  worse  than  when  exact  analytic 
integration  is  used.  Since  there  are  no  geometric  modeling  errors,  all  error  curves 
in  Fig.  4.4  will  exhibit  the  same  limiting  behavior  of  e  —►  0  as  &  — >0  confirming  the 
consistency  of  the  different  discretization  schemes  investigated  for  both  continuum 
and  loading  operators.  The  effect  of  cross-coupling  intrinsically  engendered  by  the 
finite  element  formulation  is  dramatically  portrayed  in  Fig.  4.5  where  e  is  plotted 
as  a  function  of  kx  for  two  different  fixed  values  of  ky,  namely,  .3 kmax  and  .6kmix 
with  kmax  =  j.  As  was  discussed  earlier  in  §4.4.1,  each  differential  operator 
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in  Eq.  (4.101)  has  associated  with  it  a  directional  participation  operator  which 
intrinsically  couples  differential  information  in  one  direction  with  each  orthogonal 
direction.  The  minimum  spectral  error  in  w  for  the  Ul  element  occurs  at  kx  =  ky 
while  for  the  Si  element,  the  minimum  is  shifted  slightly  to  the  left  of  where 
kx  =  ky.  The  determination  of  the  displacement  error  in  the  physical  domain 
would  proceed  as  outlined  in  §3.4.3. 

§4.5.5  Buckling  of  Bilinear  Reissner-Mindlin  Plate  Elements 

The  symbolic  analysis  of  the  bifurcation  buckling  of  bilinear  Reissner-Mindlin 
plate  elements  proceeds  in  the  same  component-wise  manner  as  was  described 
earlier  for  the  material  operator.  Using  those  results,  can  immediately  be 
written  as 

\I  °  O' 

Lff  =  —[oxlyk\  +  Oylxky  +  2Txyy/XXy/Xykxky)  0/0  (4.125) 

|_0  0  -h 

where  the  directional  participation  operators  are  again  determined  by  choice  of 
spatial  integration  rule.  In  the  next  section,  results  for  both  (2x2)  and  (lxl)  inte¬ 
gration  rules  will  be  investigated.  With  2^  defined  by  Eq.  (4.101),  the  decoupled 
w  equation  governing  the  bifurcation  buckling  of  the  discrete  model  is  determined 
from 

det (2°  +  L%)  w  =  0  (4.126) 

where  the  flexural  buckling  load  is  the  smallest  root  corresponding  to  a  prescribed 
kx  and  ky. 

Based  upon  the  discrete  results  represented  by  Eq.  (4.126),  a  relative  error 
estimate  of  the  predicted  bifurcation  buckling  load  of  the  different  possible  ele¬ 
ment  discretizations  may  be  obtained  by  comparison  with  the  continuum  solution, 
Eq.  (4.32).  The  stress  field  for  the  Reissner-Mindlin  plate  is  comprised  of  three 
components,  ax,  Oy  and  rXy.  The  calculated  critical  buckling  loads  presuppose 
proportional  loading  so  that  in  reality,  one  is  solving  for  the  load  multiplier  of  the 
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*  a 


initial  stress  state, 

ox  )  (  ox  ] 

<  Oy  >  =  a  |  ffy  |  (4.127) 

.  Txy  )  cr  l  T*y  J  initial 

where  d  represents  the  load  multiplier  at  which  point  instability  occurs.  The 
relative  error  in  buckling  load  for  a  given  kx  and  ky  and  initial  stress  field  is 
therefore  defined  in  terms  of  a  by 


£  = 


(4.128) 


The  example  problem  to  be  considered  is  that  of  uniaxial  ax  compression 
with  kx  —  ky  for  a  patch  of  square  SI  and  Ul  elements  where  E  =  107,  v  =  .3, 
l  =  100  and  h  =  1.  Fig.  4.6  shows  the  results  for  both  (2x2)  and  (lxl)  integrated 
geometric  stiffnesses  where  the  fully  integrated  ky  is  seen  to  be  superior  to  the 
(lxl)  integration  for  both  elements.  Neither  the  Ul  nor  the  Si  elements  are 
variationally  consistent.  Nevertheless,  the  buckling  loads  are  seen  to  uniformly 
converge  from  above  for  this  problem.  Also  shown  in  Fig.  4.6  are  the  results  of 
finite  element  analyses  portrayed  by  the  plotted  symbols  for  four  different  wave 
numbers  corresponding  to  (5x5),  (4x4),  (3x3)  and  (2x2)  mesh  discretizations  of 
a  quarter-model  of  a  simply-supported  (SS25)  Reissner-Mindlin  plate  for  each 
of  the  discrete  models.  With  the  constant  element  length,  /,  the  wavenumber 
for  each  (nejxnej)  mesh  is  given  by  k  =  ir/2lnej.  The  predicted  error  in  the 
finite  element  analysis  results  are  essentially  identical  to  the  predicted  errors  in 
bifurcation  buckling  load  obtained  from  the  discrete  Fourier  analysis  results. 

For  the  same  element  geometry,  Fig.  4.7  shows  how  the  relative  error  in  buck¬ 
ling  load  changes  for  fixed  values  of  ky  with  kx  allowed  to  vary  continuously. 
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§4.6  Summary 

Both  Taylor  series  and  discrete  Fourier  analysis  techniques  were  employed 
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in  this  chapter  for  the  symbolic  evaluation  of  the  bilinear  Reissner-Mindlin  plate 
element. 

The  first  aspect  considered  was  the  effect  of  different  spatial  integration  rules 
on  element  behavior.  The  cause  of  transverse  shear  locking  in  the  exactly  in¬ 
tegrated  element  was  explicitly  identified  as  resulting  from  parasitic  differential 
operators  associated  with  the  x-  and  y-directional  bending  modes.  The  use  of 
alternative  selectively/ reduced  rules  was  shown  to  result  in  locking-free  discretiza¬ 
tions.  Next,  the  effect  of  using  different  hourglass  control  techniques  to  stabilize 
the  Si  and  Ul  elements  was  addressed.  The  exact  effect  on  the  governing  limit 
differential  equilibrium  equations  of  using  these  techniques  was  then  determined. 
It  was  found  that  w-hourglass  control  reintroduced  element  locking  in  all  cases. 
In  addition,  it  was  found  that  it  was  possible  to  switch  the  locking  mode  from  the 
x-  and  y-directional  bending  modes  to  the  xy-twist  mode  depending  upon  control 
scheme. 


Employing  the  discrete  Fourier  technique,  the  individual  differential  operators 
comprising  the  transformed  limit  differential  equilibrium  equations  were  next  de¬ 
termined.  Unlike  typical  transformed  finite  difference  stencils,  transformed  finite 
element  “difference”  stencils  were  found  to  be  characterized  by  the  presence  of 
directional  participation  operators.  These  directional  participation  operators  were 
found  to  couple  the  effect  of  adjacent  nodal  d-o-f  in  the  orthogonal  direction  to 
that  in  which  the  differencing  is  taking  place.  Perhaps  more  importantly,  however, 
these  operators  are  found  to  be  responsible  for  the  spurious  element  mechanisms 
engendered  by  selective/reduced  spatial  integration.  Using  these  results,  a  pri¬ 
ori  interior  error  estimates  were  determined  for  the  case  of  distributed  transverse 
pressure  loading. 

Lastly,  the  discrete  respresentation  of  Reissner-Mindlin  plate  buckling  was 
determined  for  the  Si  and  Ul  elements  employing  (2x2)  and  (lxl)  spatial  inte¬ 
gration  rules  on  the  geometric  stiffness.  A  priori  error  estimates  of  the  predicted 
bifurcation  buckling  loads  for  simply  supported  boundary  conditions  showed  the 
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surprising  result  that  the  Ul  element  with  (2x2)  integration  on  the  geometric  stiff¬ 
ness  performed  by  far  the  best.  This  was  verified  numerically  to  be  the  case.  It 
was  also  shown  that  if  the  eigenfunctions  of  the  continuum  problem  are  harmonic, 
the  discrete  Fourier  element  evaluation  technique  exactly  captures  the  behavior  of 
the  discrete  model  resulting  in  exact  error  predictions. 


CHapteT  5 

Symbolic  Analysis  of  the  Circular  Arch 

and  Cylindrical  Shell 


The  analysis  of  a  curved  structure  by  the  finite  element  method  engenders 
both  kinematic  and  physical  modeling  errors.  The  former  stems  from  the  usual 
polynomial  approximations  of  the  curved  geometries  whereas  the  latter  are  due 
to  the  discrete  representations  of  the  different  field  quantities.  In  this  chapter, 
discrete  Fourier  analysis  techniques  are  used  to  examine  the  errors  from  these  two 
sources  which  arise  due  to  the  discretization  of  both  the  circular  arch  and  the 
cylindrical  shell  by  flat  elements.  It  is  shown  that  the  sources  of  these  errors  can 
be  identified  from  the  symbolically  generated  discrete  Fourier  operators  that  cor¬ 
respond  to  the  reference  continuum  equilibrium  equations.  From  this  information, 
both  a  priori  estimates  of  the  interior  solution  error  are  obtained  as  well  as  the 
limit  differential  equilibrium  equations  of  the  discrete  problem. 

For  the  case  of  the  circular  arch,  discretizations  using  both  C1  Hermitian 
beam  and  C°  Timoshenko  beam  elements  will  be  examined.  The  reference  equilib¬ 
rium  equations  for  the  Hermitian  beam  discretization  will  be  derived  from  Sanders 
cylindrical  shell  theory.  For  the  Timoshenko  beam  discretization,  however,  there 
does  not  appear  to  be  any  generally  agreed  upon  set  of  thick  shell  equations  from 


which  to  derive  the  corresponding  arch  equations.  As  a  result,  two  different  sets 
of  reference  equations  will  initially  be  employed,  namely  those  of  Naghdi-Cooper 
and  Mirsky-Herrmann.  As  will  be  seen,  the  Timoshenko  beam  discretization  is 
consistent  with  neither  theory.  It  is,  however,  shown  to  be  consistent  in  the  thin 
shell  limit  with  Sanders  theory. 

The  flat  Reissner-Mindlin  plate  discretization  of  the  cylindrical  shell  is  next 
analyzed.  Naghdi-Cooper  C°  shell  theory  is  employed  as  the  reference  theory  for 
the  material  operator.  For  the  case  of  bifurcation  buckling,  however,  a  buckling 
operator  consistent  with  this  linear  theory  has  not  been  identified.  As  a  result, 
buckling  loads  derived  from  the  symbolic  analysis  results  are  compared  directly 
to  those  from  the  finite  element  analyses  for  the  example  problem  dealing  with 
the  axisymmetric  bifurcation  buckling  of  a  cylindrical  shell.  The  mode  switching 
characteristics  of  finite  element  shell  bifurcation  analyses  is  seen  to  be  captured 
by  the  present  analysis  which  is  able  to  almost  exactly  predict  the  axisymmetric 
bifurcation  buckling  load  of  a  cylindrical  shell. 

§5.1  Circular  Arch 

With  the  introduction  of  initial  curvature  into  the  symbolic  analysis,  this 
first  section  serves  as  the  fundamental  starting  point  for  the  analysis  of  cylindrical 
shells  to  follow.  The  first  problem  to  be  considered  is  that  of  the  thin  C *  arch. 
This  appears  to  be  the  ideal  place  to  start  since  one  can  make  use  of  Sanders 
shell  theory  as  the  reference  theory.  For  the  case  of  the  C°  arch,  however,  the 
question  of  which  shell  theory  to  compare  to  becomes  an  important  issue.  Two 
candidate  theories  will  be  considered.  Since  C®  elements  are  more  often  than  not 
used  to  model  relatively  thin  shell  structures,  the  important  question  of  whether 
the  discrete  C®  model  correctly  models  C *  behavior  in  the  thin-shell  limit  will 
also  be  discussed. 

§5.1.1  Straight  Hermitian  (C1)  Beam  Discretization 

The  most  severe  geometrical  approximation  encountered  in  a  discrete  analysis 
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Fig.  5.1  -  Arch  Geometry 

is  the  polygonal  one  resulting  from  modeling  a  curved  structure  with  straight  (or 
flat)  finite  elements.  The  simplest  example  of  this  is  the  2-node  C1  (or  C°)  beam 
discretization  of  an  arch  as  portrayed  in  Fig.  5.1  whose  analysis  will  serve  as  the 
precursor  to  the  cylindrical  shell  problem. 

Strang  and  Fix  [6]  have  remarked  about  employing  Hermitian  beam  bend¬ 
ing  elements  with  linear  membrane  displacement  fields  that  “ Obviously  such  trial 
functions  are  inadmissible  in  the  arch  problem,  but  since  the  strain  energy  is  also 
modified  by  the  removal  of  R,  the  convergence  question  remains  open”.  As  will  be 
shown,  the  results  of  the  present  analysis  can  be  used  to  establish  the  convergence 
of  the  Hermitian  beam  with  linear  membrane  displacement  field  to  the  correct 
governing  equations. 

§5.1.2  Continuum  C1  Arch 

the  equilibrium  equations  for  the  C1  circular  arch,  cast  in  terms  of  the  ar- 
clength,  $,  are  given  in  the  following  general  matrix  operator  form  as 

Lu  =  f  (5.2) 


with 


$  +  ■ 

'-{1} 

where  v  and  w  are  the  tangential  and  normal  displacements  with  t  and  p  represent¬ 
ing  the  conjugate  forces.  These  equations  were  derived  by  Graff[68]  and  are  iden- 

a 

tical  to  Sanders  [69]  shell  equations  specialized  to  the  arch  (i.e.,  u  =  ^  =  v  —  0). 
The  negative  tangential  surface  traction  is  a  result  of  writing  L  in  a  symmetric 
form. 

The  corresponding  Fourier  transformed  equations  result  from  assuming  a  har¬ 
monic  solution  of  the  form 

u  =  ueika.  (5.3) 


Substitution  of  Eq.  (5.3)  into  Eq.  (5.2)  results  in 


L(k)  =  EA 


(5.4) 


which  will  serve  as  the  reference  Fourier  transformed  matrix  operator  for  the 
discrete  analysis  to  follow. 


§5.1.3  Discrete  C1  Arch 

In  previous  examples  (dealing  with  the  Timoshenko  beam),  the  goal  of  the 
decoupling  procedure  was  the  recovery  of  the  limit  differential  equilibrium  bending 
equation  in  terms  of  the  lateral  displacement,  w.  Since  the  structure  was  initially 
straight,  no  coupling  existed  between  in-plane  and  bending  deformation  for  the 
case  of  linear  problems.  For  the  case  of  a  structure  with  initial  curvature  such 
as  an  arch,  there  exists  an  intrinsic  coupling  between  membrane  and  bending 


behavior.  The  operational  procedure  previously  used  for  the  Timoshenko  beam 
will  therefore  have  to  be  slightly  modified  in  order  to  “condense”  out  the  rotational 
degree-of-freedom  from  the  discrete  v  and  w  equations  which  represent  the  discrete 
counterparts  of  the  coupled  membrane  and  bending  equilibrium  equations  of  the 
arch. 


§5. 1.3.1  Geometrical  Relations  for  Discrete  Problem 

As  a  prelude  to  recovering  the  limit  differential  equations  corresponding  to  the 
discrete  finite  element  difference  equations,  it  is  necessary  to  first  determine  the 
transformations  from  the  element  reference  frame  to  the  local  shell  reference  frame 
in  which  the  equilibrium  equations  are  derived  with  respect  to.  This  step  begins 
by  noting  that  the  position  of  any  point  on  the  arc  (see  Fig.  5.1)  is  determined  by 
r  =  [R  cos  0,  iZsin0jT,  so  that  the  unit  tangent  vector  at  any  point  and  hence 
the  direction  of  the  tangential  displacement,  v,  in  the  shell  reference  frame  is 
determined  from 

.  _  dr  __  dr  d£  _  1  dr 
~  ds~  d$fo~  RdO 


(5.5) 


where  s  —  RQ.  If  for  example,  one  considers  element  (2),  its  unit  orientation  vector 
is  given  by 


in  ~  r2) 
*(*) 


(5.6) 


so  that  the  angle  between  e^2)  and  t  at  global  node  3  is  determined  from 


6(2)  •  t  =  cos  0  =  —  sin(03  -  02) 

=  ysinA0  (5.7) 

A  9 

=  cos  — 

2 


to  be  0  =  AO/2  where  AO  is  the  angle  subtended  by  the  element.  This  result  will 


be  true  for  each  node  in  the  mesh. 

The  appropriate  element  transformation  relations  from  element  to  shell  coor¬ 
dinate  systems  are  given  by 


u  =  Tue,  f  =  Tfe,  k  =  TkeTT 


(5.8) 


where  ue  and  fc  represent  the  element  displacement  and  force  vectors  and  ke, 
the  element  stiffness  matrix  in  the  local  element  coordinate  system  with  u,  f  and 
k  representing  the  same  quantities  in  the  shell  reference  frame.  The  2-D  nodal 
transformation  matrix  for  a  [  ut-  u>t-  0,-  J  nodal  d-o-f  ordering  at  the  node  is 


sinV’t 

cos  V't 
0 


0 

0 

1 


T  = 


Ai  0 

0  A2 


(5.9) 


where  0t-  is  the  nodal  transformation  angle  for  element  nodes  1  and  2.  For  the 
present  case,  tpi  =  0  and  ^;2  =  for  both  elements  (1)  and  (2). 

§5. 1.3. 2  Discrete  Fourier  Analysis 

The  element  stiffness  matrix  for  the  present  case  is  [41] 


ke  = 
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0 
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-V 
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W  J 

(5.10) 


where  EA ,  El  and  le  represent  the  beam  element’s  extensional  stiffness,  bending 
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stiffness  and  “computational”  length*.  The  d-o-f  ordering  corresponding  to  ke  is 

U  =  [  *"1  ^1  u2  w2  ®2JT  (5.11) 

where  0t-  =  Since  ke  results  from  the  superposition  of  a  linear  membrane 

st.ffness  with  the  Hermitian  beam  stiffness,  no  membrane/bending  coupling  exists 
on  the  element  level.  Membrane/bending  coupling,  however,  does  occurs  as  a 
consequence  of  element  assembly  on  the  global  level. 

With  element  transformation  relations  now  defined  by  Eq.  (5.8),  an  element 
patch,  as  portrayed  in  Fig.  5.1,  is  assembled  with  nodal  degrees-of-freedom  ex¬ 
pressed  in  the  shell  reference  frame,  s.  With  all  nodal  degrees-of-freedom  now 
expressed  with  respect  to  this  common  basis,  Eq.  (5.3)  is  used  in  its  discrete  form, 
viz., 

=  4. u5  (5.12) 

to  relate  nodal  degrees-of-freedom  at  nodes  1  and  3,  back  to  the  center  (or  j^) 
node,  2,  where  Sj  is  the  position  of  the  center  node  and  in  the  present  context,  s  is 
now  used  to  represent  the  arclength  spanned  by  a  single  element.  The  fact  that  this 
analysis  reflects  a  facet  approximation  is  embodied  in  the  discrete  equations  via 
the  transformed  element  stiffness  matrices.  The  discrete  Fourier  matrix  operator 
at  the  center  node  is  given  in  the  symbolic  form 

lvv  f'vw  lv$  (  v  (  ) 

twv  f-rvru  f-ruB  \  w  ►  =  <  pD  >  (5.13) 

.  ^Ov  ^9w  ^99  .  I  ^  >  l  J 

where  v  and  w  are  the  transformed  displacements  in  the  arch  (or  shell)  reference 
frame  tangent  and  normal  to  the  arch  with  9  representing  the  nodal  rotation; 
fD,  pD  and  mD  represent  the  conjugate  nodal  forces.  Relating  Eq.  (5.13)  to  its 

1  In  light  of  the  work  by  Cook  and  Zhao-hua  [70],  the  question  of  whether  U  should 
be  chosen  as  the  chord  or  arc  length  will  be  addressed  shortly. 
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continuum  counterpart  entails  eliminating  the  computational  d-o-f ’,  9,  which  has 
no  physical  significance  in  thin  C ^  shell  theory,  from  the  v  and  u>  equilibrium 
equations.  This  step  is  essentially  equivalent  to  one  of  static  condensation  with 
the  result  symbolically  expressed  as 


I99IW  —  t-vd^dv 
^■SQ^wv  ^xvd^9v 


£$$lvw  ~ 

tggtww  ~  ^w9^9iv . 


"  lv 9™? 

-  4/0™° 


(5.14) 


where  again  the  assumption  that  the  individual  differential  operators  are  commu¬ 
tative  has  been  invoked  resulting  from  their  linearity.  Note  that  Eq.  (5.14)  is  not 
as  yet  written  in  its  symmetric  form. 

Substitution  of  the  polar  form  of  e±f'*a, 


Q±ikS  _  COg  g£n  ^ 


(5.15) 


into  Eq.  (5.14)  followed  by  employing  the  geometric  relations 


•  .  „  .  ks  ks  z  j2  E2 

sin  ks  =  2sm  —  cos  —  =  sk\l  1  — —k* 

,  .  1  ks  r2 

cos  ks  =  1  —  2  sin2  — -  =  1  — — * 

z  z 


(5.16) 


with  the  discrete  wave  number, 


Tc  = 


(5.17) 


now  being  defined  with  respect  to  the  arc  length,  results  in  the  discrete  counterpart 


to  Eq.  (5.4),  namely2, 


LD{k)  =EA 


with 


and 


(l?tr  +  i2R^^ 

^ ww 


.2  .. 


sym 
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h  .2,2 

!ww  =  M-  •  “1 

le 


‘e  ‘e 

Xvw  =  ft '>/*!' a 2‘cos/3  l«u;  =  ^  -  v/5T,cos^ 

‘c  *e 

2  4 

l£tu  =  75f  •  «1  •  0:2  Iwto  =  7T  •  cos2  0 

le  ‘e 


3^  t2  32 -5 

<*1  =  1-  — £2  ;  0£2  =  1  -  —k2 


For  the  loading  term,  one  finds  that 


(5.18) 


f  = 


-  WD  +  1 


-t^rnP  ) 


>  = 


-i-frk  cos  0^/aim1 


(5.19) 


For  these  equations,  l  and  le  have  purposely  been  kept  separate  since  /  represents 
the  true  geometric  chord  length  while  le  is  used  to  denote  the  element  length  which 
may  be  chosen  so  as  to  maximize  solution  accuracy  (see  [70]). 

In  an  analogous  manner  to  the  beam  discretizations  addressed  in  Chapter 
3,  the  maximum  wavenumber  which  the  present  model  is  capable  of  representing 
without  aliasing  is  kmxK  =  j.  At  k  =  kmax,  the  point  corresponding  to  a  single  half 
wave  spanning  a  beam  element,  the  terms  in  Eq.  (5.18)  representing  membrane¬ 
bending  coupling  effects  vanish  since  aj  =  0.  If  Eq.  (5.18)  is  rewritten  symbolically 


2 


The  symbolic  analysis  mnstream  used  to  obtain  these  results  is  found  in  Appendix 


then  at  kmax  =  f>  i-e.,  £  =  2/s,  one  has 


where  only  the  pure  membrane  and  bending  operators  XJJ,  and  L^w  remain  re¬ 
sulting  in  a  degenerate  uncoupled  membrane-bending  arch  behavior.  For  a  closed 
ring,  however,  /cmax  =  j  may  not  in  fact  be  the  maximum  wave  number  due  to 
the  requirement  for  a  periodic  displacement  field.  For  this  case,  k  =  n/R,  where 
n  represents  an  integer  value,  so  that  one  now  has 

^  <  -  .  (5-22) 

K  S 


(5.21) 


xD(§) = 
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§5. 1.3. 3  Calculation  of  Element  Loads 

The  calculation  of  element  loads  for  the  straight  element  approximation  of  a 
curved  structure  usually  proceeds  in  two  general  ways: 

1)  Calculate  element  loads  as  if  they  were  directly  applied  to  the  facet  approxi¬ 
mation  of  the  curved  structure,  or 

2)  Project  physical  loading  onto  discrete  model  based  upon  known  physical  ge¬ 
ometry. 


With  the  first  technique  being  the  one  most  commonly  employed  in  production 
finite  element  codes,  it  will  also  be  used  here.  The  element  load  vector  correspond¬ 
ing  to  1)  for  the  case  of  pure  pressure  loading  on  the  physical  structure, 


would  then  simply  be 


f(l)=Pfc  fo  Ne,k(li  (5.24) 

for  element  1  (see  Fig.  5.1)  and 

f(2)=pjfc^Ne,'*(lJ+°d£  (5.25) 

for  element  2  where  the  element’s  Hermitian  beam  shape  functions  are 


(5.26) 


Once  f  j  has  been  calculated  for  each  element,  element  contributions  are  then 
rotated  into  the  shell  reference  frame  and  assembled  into  the  global  force  vector. 
As  a  result  of  the  spatially  varying  pressure  loading  and  the  w-0  shape  function 
coupling,  contributions  in  all  three  nodal  load  components, 


t-8in£(2  +  -^(1  +  coski)  -  sin kl) 

~  $Zsinkl) 

£j(^(2  +  cos  kl)  -  ^  sin  kl) 


(5.27) 


are  seen  to  result.  The  finite  element  approximation  corresponding  to  method  1, 
which  results  from  letting  Sj  =  Xj,  is  employed  here. 


§5. 1.3.4  Spectral  Error  Estimates 


From  the  results  of  the  previous  sections,  relative  error  estimates  in  the  fre¬ 
quency  domain  for  each  Fourier  component  of  v  and  w  may  be  determined  essen¬ 
tially  as  outlined  in  Chapter  3.  There  is,  however,  one  important  new  aspect  of  the 
procedure,  namely  that  of  now  having  to  consider  the  u  in  Eq.  (5.3)  as  complex, 
i.e.,  u  =  Ur  +  JUj.  This  change  arises  due  to  the  necessity  of  accounting  for  cou¬ 
pling  effects  in  the  solution  which  are  present  in  modelling  curved  structures  due  to 
the  intrinsic  bending-extension al  coupling.  In  the  past,  this  would  have  also  been 
a  problem  if  one  had  not  restricted  loading  to  that  conjugate  to  the  displacement 
variable  for  which  the  solution  was  sought.  If,  for  example,  distributed  moments 
had  been  included  in  the  load  vector  for  the  different  beam  and  plate  problems 
considered  earlier,  this  complex  interpretation  would  have  also  been  needed  there. 
The  emphasis  on  solution  should  be  noted  since  this  complex  intrepretation  of 
u  need  only  be  employed  when  numerical  solution  evaluation  is  required  as  is 
presently  the  case.  No  changes  in  the  earlier  symbolic  analysis  procedures  are 
required  when  addressing  the  question  of  consistency. 

From  Eq.  (5.4),  the  transformed  decoupled  continuum  equation  for  the  lateral 
displacement,  w,  is  found  to  be 


-(£/**  -  2-jgk*  +  %  If 1#  =  <(i*  +  ^ V  -  (1  +  (M.) 

Rewriting  the  Fourier  coefficients,  iD,  f  and  p,  in  complex  form  as3 


k 2 


W  =  (t&R  ~  *«>l) 

t  =  (fR  -  ii^)  (5.29) 

P  =  (pr  -  *Pl) 

3  From  the  analogy  with  /(a)  =  ^  JL0(a*  cos  ks+b^  sin  ks )  =  Ylk=- oo  ck  e**4  where 
ck  =  $(<**  -t'ftjfc)  for  k  >  0. 


and  substituting  back  into  Eq.  (5.28)  results  in 


~{EIk 6  -  -^-fc4  +  -p*2)(tDR  -  *tx>j)  = 

(5.30) 

{jik  +  ^Rk^{{i R  +  ?l)  “  “  *ft) 

where  it  suffices  to  only  consider  the  real  part4, 

-EI (*6  -  J2ki  +  jik^ “  (5*  +  ^*3)*‘l  -  (1  +  ^)*2PR  (5-3» 

s  1  V  1  ' 

‘2(*J-^r)2 

for  error  estimation  purposes.  A  quick  inspection  of  the  continuum  operator  shows 
that  in  addition  to  k  =  0,  the  solution  will  also  have  a  singularity  at  k  —  l/R 
corresponding  to  a  rigid  body  mode.  Using  these  exact  procedures,  the  decoupled 
in-plane  equilibrium  equation  for  v  would  also  be  obtained  in  a  similiar  manner. 

For  the  Hermitian  beam  discretization,  the  decoupled  wD  equilibrium  equa¬ 
tion  is  determined  from  Eqs.  (5.18)  and  (5.19)  to  be 

cos4  0k6  “  irai cos2  Pjjs*4  +  Jiai  4  *2)t&D  = 


' _  .lr  3l  _ _  .  h ?  -3, « 

t(-y/aia2cos  0-k+ cos  0—k»)t 


(5.32) 


2  „  <2  h 2 


-(a2  cos14  0  +  al  ^2  )*2P° 


j-  cos3  0k^)rhP 
*e 


4 


In  terms  of  the  usual  Fourier  series  representation,  this  is  equivalent  to  the  assumed 
solution  w  =  tucosfcs  with  distributed  loading  t  =  t sinks  and  p  =  p  costs  [71] 


in  terms  of  the  nodal  loads.  For  the  present  problem  of  interest,  namely,  that  of  a 
distributed  pressure  loading  as  described  in  the  previous  section,  Eq.  (5.27)  gives 
the  corresponding  nodal  loading  which  when  substituted  into  Eq.  (5.32)  results  in 


jj-cos2^2  -  jy^)2d>g  = 


r  ,/  . —  .  k  si  , .  h 2  -3,sin,5.rt  12  .  , ,,  24  . 

[~(;v/«T0:2C0s/?^  +  J2 \Z*i«>sl3—k; 3)-j^-(2  +  pjj(l  +  cos  Id)  -  p^sin  kl) 


-(asco.s5  +  -<=■>■«)  "  ^2  si»«) 


-  Te'^ca>3  +cosW)  “  p72 sin  u)]pr 

(5.33) 

With  decoupled  Fourier  transformed  expressions  for  both  the  continuum  and 
discrete  problems  now  available,  relative  spectral  error  estimates  for  both  v  and 
tv  would  be  expressed  as 


(5.34) 


Before  deriving  any  spectral  error  estimates  for  iw,  however,  it  is  first  instruc¬ 
tive  to  plot  the  continuum  solution  of  a  circular  arch  with  R/h  =  2000,  h  =  1 
and  E  =  10^.  This  is  done  in  Fig.  5.2  where,  due  to  the  singularity  in  the  middle 
of  the  spectrum,  1/u?  is  plotted,  rather  than  w  versus  fcs  where  the  arc  length,  s, 
was  chosen  corresponding  to  0  =  1°  as  will  be  the  case  in  the  first  spectral  error 
plot  to  follow.  It  should  be  noted  that  ks  values  in  the  domain  0  <  ks  <  are 
possible  since  the  question  of  a  closed  ring  versus  an  open  arch  is  not  an  impor¬ 
tant  consideration.  From  Eqs.  (xl20)  and  (xl25),  iw  vs.  ks  plots  sire  determined 
as  shown  in  Figs.  5.3  and  5.4  for  a  /?  =  1°  and  22.5°  for  both  the  case  where 
le  =  l  and  le  =  s.  In  order  to  avoid  the  singular  behavior  at  k  =  l/R,  plotting  is 


Fig.  5.2  -  Continuum  solution  for  pR  =  1 


started  at  k  =  1.5 /R  in  both  cases.  The  mathematical  consistency  of  the  straight 
Hermitian  beam  discretization  of  the  circular  arch  with  Sanders  arch  equations  is 
graphically  portrayed  in  these  two  figures  since  ew  -*  0  as  /?  — ►  0.  For  the  first 
time,  however,  the  effect  of  a  geometrical  approximation  on  the  finite  element  so¬ 
lution  is  encountered.  The  operational  form  of  consistency  observed  for  problems 
with  exact  geometry,  namely,  e  — *■  0  as  k  — *  0  for  finite  l  is  unfortunately  not 
a  property  of  a  discretization  where  geometrical  model  approximations  are  also 
employed.  In  the  present  case,  one  is  lead  to  conclude  that  for  a  given  k,  the  finite 
element  solution  corresponds  to  that  of  the  faceted  arch. 

Cook  and  Zhao-Hua  [70]  showed  by  numerical  experimentation  that  for  a 
number  of  different  problems,  a  more  accurate  solution  resulted  if  the  element 
length  was  defined  as  the  arc  length,  s,  rather  than  the  chord  length,  l.  Figs.  5.3 
and  5.4  verify  this  result  showing  that  for  all  wave  lengths,  a  more  accurate  finite 
element  solution  will  be  obtained  if  the  element  length  is  chosen  to  be  the  arc 
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length,  i.e.,  le  =  a.  Lastly,  one  cannot  help  but  comment  on  the  similiarity  between 
the  results  in  Figs.  5.3  and  5.4  and  those  from  comparisons  between  Donnell’s 
shallow  shell  theory  and  the  shell  theory  of  Flugge-Lur’e-Byrne  [24 J.  In  both  cases, 
the  accuracy  of  the  approximations  improved  for  shorter  wave  lengths  indicating 
that  the  effect  of  the  initial  curvature  becomes  less  severe  as  the  structure  becomes 
flatter  with  respect  to  the  higher  frequency  solution  components. 

§5. 1.3. 5  Recovery  of  Limit  Differential  Equilibrium  Equations 

The  inverse  transformation  procedure  described  in  §3.2.3  can  also  be  employed 
in  the  present  case  to  recover  the  governing  limit  differential  equilibrium  equations. 
In  addition  to  the  expansion  of  k  as 


r  2  .  kl  ,  i1  3 

l  =  7su,7a*-ii*  +- 


(5.35) 


one  also  needs  to  use 


/  12  ,2 

COS/?  =  \  1 - r-  =  1 - —T 

V  4  R2  8  R2 


l 

a  ~  RO  —  2R  sin  ^  — ~  —  /  + - r  -f- 

2  R  24  R2 


(5.36) 


For  the  case  when  le  =  l,  the  limit  differential  equilibrium  equations  are  found  to 
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iLAji  +  JLL^i 

^3j4  +  ^3j4  37Ta^  47?  a^ 


5gA  a2  ,  £/  a6 
i2E2  a!7 


where  only  truncation  order  terms  through  0(/2)  have  been  retained.  The  first 

key  point  to  note  is  that  the  present  facet  approximation  to  the  circular  arch  is 

a  consistent  one  since  the  correct  continuum  operator,  L,  is  exactly  recovered  in 

the  limit  as  l  —*  0.  Examination  of  Eq.  (5.37),  however,  reveals  the  existence  of 

parasitic  operator  term  corresponding  to  L™v,  LPVV,  L™w  and  Fortunately, 

.2  „ 

these  terms  have  leading  coefficients  equal  to  (=  4esin z  0),  with  e  =  1/6 
for  L™v  and  1/12  for  the  other  terms,  which  have  a  relatively  benign  effect  on 
the  solution  as  compared  to  the  parasitic  terms  responsible  for  the  transverse 
shear  locking  phenomena  encountered  earlier  with  the  Timoshenko  beam.  The 
magnitude  of  the  largest  coefficient,  namely  that  corresponding  to  L(J^,  is  shown 
in  the  following  table, 
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where  Ad  is  the  angle  subtended  by  a  single  element.  Even  for  the  rather  severe 
case  where  only  2  elements  are  used  to  discretize  90°  of  an  arch,  the  change  in 
apparent  stiffness  due  to  the  parasitic  term  for  L™v  is  but  9.8%. 

§5.1.4  Linear  C°  Beam  Discretization  -  Continuum  C°  Arch 

For  the  C1  arch,  Sander’s  shell  theory  seemed  to  truly  represent  what  Bu- 
diansky  and  Sander’s  referred  to  as  the  “best”  first-order  linear  shell  theory  [72]. 
When  it,  however,  comes  time  to  consider  the  C°  circular  arch,  the  question  of 
which  C°  shell  theory  to  accept  as  the  reference  theory  is  not  at  all  clear.  For 
now,  C°  arch  equilibrium  equations  derived  from  two  different  shell  theories  - 
Naghdi-Cooper  and  Mirsky-Herrmann  -  will  be  presented.  The  reduction  from 
the  cylindrical  shell  equations  to  those  of  the  arch  was  accomplished  in  the  same 
manner  as  was  described  earlier  for  Sander’s  shell  theory.  Since  C°  elements  are 
often  used  to  model  thin  shell  structures,  the  limiting  case  of  no  transverse  shear 
deformation  will  also  be  examined. 

The  C°  arch  equilibrium  equations  derived  from  Naghdi-Cooper  C°  shell 
theory  [73]  are 

1=  (§  +  *G.4)£  (5.38) 


El4-v  -  kGA 
da 2 


where  the  loading  vector  is  given  by 


(5.39) 


For  the  case  of  Mirsky-Herrmann  C°  shell  theory  [74],  the  corresponding  arch 


equations  are 


L  —  L  Naghdi-Cooper  +  ^mod 


(5.40) 


where  the  modifying  matrix  differential  operator  is 
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with  f  remaining  the  same. 

§5. 1.4.1  Discrete  C°  Arch 

The  element  stiffness  matrix  for  the  present  case  is 
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(5.42) 


where  J£A,  EI,  kGA  and  /e  represent  the  beam  element’s  extensional  stiffness, 
bending  stiffness,  transverse  shear  stiffness  and  length.  This  ke  results  from  the 
superposition  of  a  linear  membrane  stiffness  with  the  one-point  spatially  integrated 
Timoshenko  beam  stiffness. 


Following  the  same  symbolic  procedures  as  described  in  §5. 1.3. 2  for  the  C1 
Hermitian  beam,  one  finds  the  discrete  Fourier  material  operator  to  be 
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and  as  before, 


§5. 1.4. 2  Recovery  of  Limit  Differential  Equilibrium  Equations 

For  the  usual  case  where  element  nodes  are  assumed  to  lie  on  the  arch,  i.e., 
/<■  =  /,  one  finds  that 
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Using  these  results,  inverse  transforming  Eq.  (5.xl68)  results  in 
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(5.45) 

where  as  before,  only  truncation  order  terms  through  0(/2)  have  been  retained. 
Comparison  of  Eq.  (5.45)  with  Eqs.  (5.38)  and  (5.41)  shows  that  for  the  first 
time,  the  recovered  limit  differential  equilibrium  equations  do  not  correspond  to 
the  reference  continuum  operator.  The  Lv$  and  Lwq  terms  of  the  recovered  limit 
differential  equations  do  not  correspond  to  either  reference  C°  shell  theory.  As 
in  dealing  with  comparisons  between  any  shell  theories,  the  question  as  to  what 
terms  constitute  a  consistent  theory  is  not  an  easy  one  to  answer.  For  the  case  of 
C  ,  or  first  approximation  shell  theory,  Koiter  [22]  showed  that  a  wide  variation 
in  shell  equations  are  possibly  consistent  with  the  intrinsic  errors  introduced  by 
employing  the  basic  Kirchhoff-Love  assumptions.  In  the  present  case,  it  is  not  at  all 
clear  whether  the  omission  of  the  above  mentioned  terms  implies  a  fundamentally 
inconsistent  C®  discretization. 
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§5. 1.4. 3  Limiting  Thin  Shell  Behavior 

Since  more  often  than  not,  C®  discretizations  sire  used  to  model  thin  shell 
structures,  am  important  question  which  needs  to  be  addressed  is  whether  in  the 
thin  shell  limit,  this  approximation  is  a  valid  one.  The  answer  to  this  question  can 
be  found  by  employing  the  static  condensation  procedure  described  in  §5.2.2. 2  to 
eliminate  the  9  d-o-f  from  Eq.  (5.43).  After  performing  this  decoupling  operation, 
the  resulting  Fourier  transformed  matrix  operator  equation  is  found  to  be 


_  r®  I 
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(5.46) 


As  one  might  have  anticipated,  a  valid  thin  shell  operator  is  recovered,  along  with 
a  “transverse  shear”  modifying  operator.  The  thin  shell  operator  turns  out  to  be 
a  discrete  approximation  to  Sanders  arch  equations  amd  is  given  by 
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where  for  this  case, 
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Except  for  minor  differences  in  several  of  the  unity  operators  which  only  effect 
accuracy,  Eq.  (5.47)  is  seen  to  be  identical  to  Eq.  (5.18).  The  “transverse  shear” 
modifying  matrix  differential  operator  is  found  to  be 
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where  the  unity  operators  are 


and 
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Here,  we  have  made  use  of  i  S  ik  =  y  where  A  is  the  wavelength  of  a  solution 
component. 


In  the  “thin  shell  limit” ,  if  one  adopts  what  Flugge  calls  the  theory  of  struc¬ 
tures  approach  [71],  Eq.  (5.46)  becomes 


7  sz- 


lim 

♦0  =>  G- 
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(■^Sander*  "h  ^Traruvene  Shear)  ~  -^Sanders  •  (5.50) 


Alternatively,  by  examining  e,  one  can  interpret  the  “thin  shell  limit"  in  terms  of 
h 2 

^  0  so  that  the  two  parameters  governing  this  limiting  behavior  are  the  shell’s 

thickness,  h ,  and  the  wavelength  of  a  solution  component,  A.  One  can  therefore 
conclude  that  in  the  thin  shell  limit,  this  faceted  C°  arch  discretization  is  in  fact 
consistent  with  Sanders  C1  arch  equations. 


§5.2  Cylindrical  Shell 

In  this  section,  the  faceted  Reissner-Mindlin  plate  approximation  of  the  cylin¬ 
drical  shell,  as  portrayed  in  Fig.  5.5,  will  be  examined.  One  intrinsic  problem  with 
this  geometric  approximation,  or  for  that  matter,  any  finite  element  discretization 
which  does  not  employ  exact  physical  geometry,  is  in  dealing  with  rotations  about 
the  shell  normal,  6n ,  engendered  by  the  element  nodal  transformations  employed 
during  the  assembly  process.  This  rotational  d-o-f  corresponds  to  the  “sixth”  equi¬ 
librium  equation  representing  moment  equilibrium  about  the  shell  normal  -  which 
has  been  a  continual  source  of  trouble,  even  from  a  classical  shell  standpoint  (see 
e.g.,  [75]).  Since  the  usual  shell  (or  plate)  element  has  no  stiffness  associated  with 


Fig.  5.5  -  Faceted  plate  discretization  of  cylindrical  shell 

this  d-o-f5,  numerical  ill-conditioning  may  be  introduced  into  the  finite  element 
analysis,  depending  upon  the  juncture  angle,  if  this  rotational  d-o-f  is  retained 
in  the  global  system.  Common  practice  has  therefore  been  to  suppress  0n  in  the 
assembled  equations.  In  the  present  case  of  the  cylindrical  shell  discretization,  the 
effect  of  suppressing  0n  would  be  an  overstiffening  of  the  9X  d-o-f  due  to  the  nodal 
transformation  which  links  0X  with  On- 

The  reference  C°  equilibrium  equations  to  be  employed  here  are  from  Naghi- 
Cooper’s  work  on  cylindrical  shells  [73]  with  the  material  operator,  Lm,  written 
in  the  following  symmetric  form, 


Im  = 


1mm  L mb 
Lmb  Lbb 


(5.51) 


where  Lmm,  Lmb  and  L 55  are  used  to  denote  the  following  membrane,  mem- 


®  Recent  work  by  Bergan  and  Felippa  [76]  addresses  this  problem  by  linking  9n  to  the 
membrane  strain  energy. 


brane/bending  and  bending  matrix  differential  operators 
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and  V<  =  d\  +  d\.  The  shell  displacement  field  and  distributed  load  vector 
defined  by 


Transforming  Eq.  (5.51)  using 
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(5.55) 

with  V  =  —  (Je|  +  fcj).  These  equations  are  the  transformed  reference  equations 
for  the  material  operator  which  will  be  compared  to  the  discrete  equations  derived 
in  §5.2.2. 


§5.2.1  Derivation  of  Flat  Reissner-Mindlin  Plate  Shell  Element 

In  §4.2,  derivation  of  the  12  d-o-f  Reissner-Mindlin  plate  bending  element 
was  described.  In  this  section,  a  bi-linear  membrane  stiffness  will  be  added  to  this 
element  to  form  a  20  d-o-f  general  plate  bending  element  which  will  be  used  to 
discretize  the  cylindrical  shell  as  portrayed  in  Fig.  5.5.  As  was  the  case  for  the  arch 
analysis  employing  straight  elements,  there  is  no  membrane/bending  coupling  at 
the  element  level. 

By  including  inplane  deformation  effects,  the  plate  displacement  field  becomes 
u{z,y,z)  =  u(x,y)  -  z9x[x,y) 

v(x,  y,  z)  =  v(x,  y)  -  z$y  (x,  y)  (5.56) 

w(x,y,z)  =  w(x,y) 

where  x,  y  and  z  refer  to  a  local  plate-oriented  coordinate  system.  With  the 
addition  of  the  in-plane  displacements,  u  and  v,  the  element  displacement  vector 


is  rewritten  as 


u  =  N,d,  ;  *'=1,4 

with  d,  =  [u,-  v,-  to,-  6Xj  fly,-  JT  and  N,-  =  JV,-l5  where 


(5.57) 
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\  €,-(-1.1. 1.-1) 
u,-  =  (-1,-1, 1,1). 


(5.58) 


Based  upon  an  isoparametric  element  derivation,  the  element’s  material  stiffness 
is  comprised  of  the  following  components, 


k  —  kj  +  ks  +km  -f-  kfna 
kui 


(5.59) 


where  kui  is  the  uniformly-reduced  integrated  plate  bending  stiffness6  from  §4.2, 
except  for  the  d-o-f  reordering  due  to  the  changes  noted  above  in  d.  The  membrane 
stiffness  contribution  is  broken  into  two  parts,  km,  which  may  be  either  fully  (2x2) 
or  uniformly-reduced  integrated  (lxl),  and  km«,  which  is  usually  integrated  with 
a  (lxl)  rule  in  order  to  alleviate  membrane  shear  locking  [77].  The  isoparametric 
strain-displacement  matrices,  Bm  and  Bm8,  are  derived  from 
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Note  that  on  the  element  level,  there  is  no  strain  energy  associated  with  a  normal 
rotation  and  hence  no  fln  d-o-f  need  appear  at  the  element  level.  The  isotropic 
membrane  material  matrices  are 


D  m  =  K 


1  v 
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and  Dm3  =  kGA 


(5.61) 


0 

The  subsequent  symbolic  analysis  is  identical  irrespective  of  which  4-node  C  plate 
bending  element  is  used  here. 
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For  the  case  of  the  element’s  geometric  stiffness,  two  obvious  formulation  pos¬ 
sibilities  exist.  The  first  is  simply  to  use  the  plate’s  k<r,  Eq.  (4.p220),  neglecting 
any  contributions  from  the  membrane  displacements,  u  and  v.  The  second  possibil¬ 
ity  is  to  include  the  nonlinear  terms  in  k<y  associated  with  u  and  v.  An  interesting 
note  by  Koiter  [78]  discussing  the  buckling  of  short  cylinders  (L2  /  Rh  <C  1)  in¬ 
dicates  that  contrary  to  earlier  work,  all  terms  must  be  included,  which  is  the 
approach  taken  here.  With  this  approach,  the  geometric  stiffness  becomes 

‘hs  0  0  0  O' 

- ,  0  hs  0  0  0 

k<r=  //  Bj  0  0  hs  0  0  B<rdA  (5.62) 
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where  now  represents  an  expanded  [10x20]  form  of  B^-  found  in  §4.2  with 


8  _  Txy 

L  Txy  <fy  . 

remaining  the  same. 

The  element  transformation  matrix  used  to  transform  this  planar  element 
with  5  d-o-f  per  node  to  the  cylindrical  shell  geometry  shown  in  Fig.  5.5  with  6 
d-o-f  per  node  is  given  by 

'10  0  0 

0  cos0t-  sin^  0 
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1  —  0  0  0  cos 
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where  =  0  for  element  nodes  1  and  2,  and  0t-  =  —0  for  nodes  3  and  4  for 
each  of  the  four  elements  in  the  patch.  With  this  transformation  operation,  the 
20  d-o-f  plate  element  has  now  been  transformed  into  a  24  d-o-f  fiat  shell  element, 
including  the  0n  d-o-f  which  can  now  be  eliminated  at  the  global  level,  if  required 
for  numerical  stability. 
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§5.2.2  Discrete  Fourier  Results  for  Material  Operator 

The  transformed  limit  differential  equilibrium  equations  for  this  faceted,  fiat 
plate  discretization  of  the  cylindrical  shell  were  determined  from  the  symbolic 
analysis7  to  be 
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for  the  case  of  a  selective-reduced  integrated  membrane  stiffness  used  in  conjunc¬ 
tion  with  the  U1  plate  bending  element.  In  addition  to  the  discrete  approximation 
of  the  membrane,  membrane/bending  and  bending  operators,  we  also  find  our¬ 
selves  with  operators  associated  with  9n  which  are  included  here  for  completeness. 
The  individual  matrix  differential  operators  were  found  to  be 
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7  The  symbolic  analysis  for  this  faceted  discretization  of  the  cylindrical  shell  is  shown 
in  Appendix  A.4 
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where  the  different  unity  operators  are  defined  as 
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For  the  case  when  uniform-reduced  integration  is  also  employed  for  the  mem¬ 
brane  stiffness,  the  following  changes  in  the  above  unity  operators  are  found  to 
take  place, 

llu  =  as4 

l?v  =  cos20ax4 

l£J  =  f  008/3^(1  -  ^l2k2) 

42i  =  (1  -  4*2  ~  4*2 +  • 


Comparing  Eq.  (5.65)  with  Eq.  (5.51),  one  observes  that  this  discrete  approx¬ 
imation  is  not  consistent  with  Naghdi-Cooper’s  shell  equations,  which  is  perhaps 
not  too  surprising  in  light  of  the  results  from  the  earlier  arch  analysis  in  §5. 1.4. 2. 
Neglected  terms  may  be  insignificant  if  the  assumption  that 


and 


— n -  ^  V 

A  2R 

holds,  which  would  be  the  case  in  most  practical  applications.  In  the  spirit  of 
Koiter’s  work  [22]  on  first  approximation  shell  theory,  these  missing  terms  may  not 
render  this  discretization  inconsistent  in  terms  of  the  higher-order  approximation 
to  Love’s  first  approximation  theory  represented  by  relaxing  the  C1  continuity 
constraint  permitting  transverse  shear  deformation  to  occur. 
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Integration  Rule 

Spurious  Modes 

Membrane 

Bending 

f 

f 

no 

f 

sr 

no 

f 

ur 

yes 

sr 

f 

no 

sr 

sr 

no 

sr 

ur 

yes 

ur 

f 

yes 

ur 

sr 

yes 

ur 

ur 

yes 

Table  5.1  Effect  of  spatial  integration  rule  on  the  presence  of  spurious  modes:  f 
=  full  (2x2)  integration;  sr  =  full  (2x2)  integration  of  direct  strains, 
reduced  (lxl)  on  shear  terms;  ur  =  uniform  reduced  (lxl)  integration. 

An  interesting  aspect  of  the  membrane/bending  coupling  engendered  by  ele¬ 
ment  asssembly  is  the  possible  suppression  of  spurious  element  mechanisms.  By 
simply  determining  whether  |£m|  #  0  for  kx  =  n/l  and  ka  —  tt/s,  one  can  deter¬ 
mine  whether  communicable  spurious  element  mechanisms  will  exist  for  a  partic¬ 
ular  choice  of  integration  rules  irrespective  of  the  choice  of  boundary  conditions. 
In  the  present  case,  nine  possibilities  exist  if  one  considers  full,  selectively/reduced 
and  uniformly  reduced  rules  for  the  membrane  and  bending  stiffnesses,  as  is  shown 
in  Table  5.1.  The  SI  plate  bending  element  used  in  conjunction  with  the  selec¬ 
tively/reduced  integrated  membrane  stiffness  is  seen  to  become  a  viable  analysis 
option  for  this  particular  physical  geometry  with  the  disappearance  of  the  w- 
hourglass  mode  discussed  in  Chapter  4. 

§5.2.3  Discrete  Fourier  Results  for  Buckling  Opeiator 

Employing  the  geometric  stiffness  symbolically  obtained  from  Eq.  (5.62)  re- 
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suits  in  the  following  discrete  Fourier  transformed  buckling  operator 


sym 
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Fig.  5.6  -  Axisymmetric  buckling  mode  for  m  =  11  for  quarter-cylinder  {R  = 
36in.,  L  =  50.26in.,  h  =  ,12in.,  E  —  107psi  and  u  —  .3)  finite  element 
model  discretized  with  nej  =  40. 

§5.2.4  Axisymmetric  Buckling  -  Finite  Element  Validation 

Having  found  the  discrete  material  and  buckling  operators  for  this  faceted 
cylindrical  shell  discretization,  a  direct  comparison  of  predicted  buckling  loads 
derived  from  the  symbolic  analysis  with  finite  element  results  can  now  be  made. 
The  axisymmetric  buckling  of  a  thin,  axially-compressed  cylinder,  as  is  portrayed 
in  Fig.  5.6,  will  be  used  to  evaluate  the  ability  of  these  discrete  Fourier  techniques 
to  succintly  capture  finite  element  behavior.  Unlike  earlier  comparisons  where  the 
continuum  equations  were  employed  to  derive  error  estimates,  the  present  com¬ 
parisons  will  be  directly  between  symbolic  predictions  and  finite  element  results. 

For  the  case  of  a  finite  length  cylinder,  the  displacement  field  for  a  buckling 


Fig.  5.7  -  Critical  buckling  stress  va.  ne},  for  the  axisymmetric  buckling  of  the 
cylindrical  shell  shown  in  Fig.  5.6  for  m  =  9,  11  and  13  axial  half-waves. 


mode  is  represented  by 


u  =  («R  -  mj)  «»'(*»+*»)  =  (uR  -  mj)  e1'(TTz+n*) , 


(5.67) 


where  a  complex  representation  of  u  agains  becomes  a  necessity  in  order  to  de¬ 
rive  numerical  results.  For  axisymmetric  buckling,  the  following  simplifications  to 
Eqs.  (5.65)  and  (5.66), 


V  —  9y  —  0  ji  —  0 


(5.68) 


are  made  prior  to  computing  the  critical  buckling  stresses.  This  same  simplification 
was  also  employed  for  the  finite  element  analysis. 


The  results  of  this  comparison  of  symbolic  vs.  finite  element  calculated  bi¬ 
furcation  buckling  loads  is  shown  in  Fig.  5.7  where  the  critical  buckling  stess  is 


i 


plotted  vs.  nej,  the  number  of  elements  in  the  axial  direction,  for  three  different 
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integer  wave  numbers,  m  =  9,  11  and  13.  The  continuous  curves  represent  the 
symbolic  results  for  the  different  nej,  while  symbols  are  used  to  represent  finite  el¬ 
ement  calculations.  The  finite  element  results  were  calculated  employing  a  2  x  ngj 
finite  element  mesh  which  exactly  represents  the  axisymmetric  buckling  of  the 
cylindrical  shell.  From  a  strictly  finite  element  standpoint,  this  plot  graphically 
demonstrates  the  mode-switching  phenomena  exhibited  by  finite  element  analyses 
employing  successively  refined  mesh  discretizations.  The  symbolically-derived  pre¬ 
dictions  are  seen  to  exactly  represent  this  complex  mode  switching  behavior.  The 
fidelity  to  which  this  symbolic  technique  is  able  to  capture  finite  element  behavior 
is  remarkable  if  one  considers  the  “non-smoothness”  of  the  discrete  eigenvectors 
such  as  is  shown  in  Fig.  5.8  for  m  =  11  and  nej  =  20. 


Fig.  5.8  -  Axisymmetric  buckling  mode  for  m  =  11  for  finite  element  model  with 
nel  =  20- 


§5.3  Summary 

Unlike  earlier  results  where  one  had  to  contend  only  with  physical  modeling 
errors,  results  presented  in  this  chapter  show  that  the  additional  complexity  of 
approximate  element  geometry  encountered  in  shell  analysis  provides  no  barrier 
to  the  application  of  these  symbolic  element  evaluation  techniques  to  regular  mesh 


discretizations.  Discretization  errors  originating  from  both  sources  are  seen  to  be 
explicitly  captured  by  the  discrete  Fourier  element  evaluation  techniques  employed 
here.  This  accuracy  is  particularly  amazing  in  light  of  the  extremely  “rough”  finite 
element  solutions  which  in  some  cases,  the  symbolic  analysis  is  seen  to  model. 
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Chapter  6 

Conclusions 


This  chapter  concludes  this  dissertation  with  a  summary  of  the  technical 
highlights  presented  in  this  investigation,  a  brief  synopsis  of  the  key  technical 
contributions  made  to  this  area  of  research,  and  lastly,  describes  areas  of  future 
research. 


§6.1  General  Comments  (Technical  Highlights) 

The  objective  of  this  dissertation  was  the  development  of  the  symbolic  anal¬ 
ysis  methodology  and  associated  computer  algebra  procedures  which  would  be 
employed  to  determine  the  intrinsic  behavior  of  general  multi-degree-of-freedom 
finite  element  discretizations  in  the  interior  problem  domain.  The  scope  of  the 
present  work  was  necessarily  limited  for  the  most  part  to  linear,  displacement- 
based  “structural”  finite  elements  -  bars,  beams,  plates  and  shells  -  in  order  to 
both  develop  the  methodology  and  demonstrate  the  symbolic  analysis  techniques 
for  representative  one,  two  and  three  dimensional  element  formulations. 

This  objective  was  accomplished  by  systematically  extending  finite  difference- 
based  analysis  evaluation  methods  based  upon  both  Taylor  series  and  discrete 
Fourier  analysis  to  the  multi-degree-of-freedom  finite  element  discretization  prob¬ 
lem.  By  adopting  the  finite  difference  view  of  the  finite  element  method  as  simply 
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another  way  of  deriving  discrete  difference  equations,  formulation  details  become 
immaterial  since  all  aspects  of  the  discretization  process  which  contribute  to  the 
accuracy  of  the  finite  element  solution  are  uniquely  embodied  in  the  resulting  dif¬ 
ference  equations.  Thus,  the  inability  often  times  to  derive  global  mathematical 
proofs  of  convergence  for  different  nonconforming  elements,  modified  interpola¬ 
tion  schemes,  spatial  integration  rules,  numerical  techniques  (a.k.a.  “tricks”),  and 
miscellaneous  variational  crimes  as  they  arise  in  practice,  is  thereby  completely 
bypassed.  As  a  result,  this  symbolic  approach  to  element  evaluation  shares  to 
same  element-independent  generality  as  does  the  patch  test,  albeit,  it  has  thus  far 
only  been  applied  to  regular  mesh  discretizations. 

The  results  of  these  computer-aided  symbolic  analyses  of  “structural”  finite 
elements  are  the  limit  differential  equilibrium  equations  governing  element  behav¬ 
ior  for  the  associated  boundary-value  problems  from  which  it  is  shown  that  one  is 
able  to  1)  verify  formulation  consistency  and  stability  and  thus  solution  conver¬ 
gence,  2)  derive  component-wise  error  estimates  for  the  primary  solution  variables, 
and  3)  open  the  way  for  improved  element  performance  by  the  proper  synthesis 
of  element  operators. 

§0.2  Summary  of  Contributions 

Specific  technical  contributions  made  in  this  dissertation  were: 

1)  Element-independent  symbolic  analysis  procedures  developed  -  The 
symbolic  element  evaluation  techniques  presented  herein  are  generally  appli¬ 
cable  to  any  finite  element  formulation  -  displacement-based,  mixed,  hybrid, 
solids,  Quids,  heat  transfer,  etc. 

2)  Application  of  computer  algebra  to  symbolic  finite  element  evalua¬ 
tion  procedures  -  Symbolic  analysis  procedures  were  implemented  for  the 
different  classes  of  element  evaluation  problems  evaluated  in  this  investiga¬ 
tion.  Both  MACSYMA  and  SMP  were  used  with  sample  runstreams  shown 
in  Appendix  A. 
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3)  A  priori  error  estimates  developed  using  consistently  derived  load¬ 
ing  operator  -  The  present  analysis  correctly  handles  the  loading  operator 
permitting  physically  correct  a  priori  error  predictions  to  be  determined  em¬ 
ploying  both  Taylor  series  and  discrete  Fourier  symbolic  analysis  techniques. 

4)  Stummel’s  Problem  -  The  evaluation  of  Stummel’s  problem,  which  has 
been  the  source  of  much  controversy  in  the  finite  element  community,  proved 
to  be  an  almost  trival  application  of  the  present  element  evaluation  techniques. 
Stummel’s  nonconforming  element,  which  passed  Strang’s  version  of  the  patch 
test  yet  did  not  converge,  was  shown  not  to  be  a  convergent  approximation 
since  it  satisfied  neither  consistency  nor  stability  requirements. 

5)  Symbolic  analysis  used  to  evaluate  different  hourglass  control  tech¬ 
niques  -  The  precise  effect  of  hourglass  control  techniques  on  the  limit  differ¬ 
ential  equilibrium  equations  and  hence  on  the  discrete  solution  was  explicitly 
identified  without  recourse  to  numerical  experimentation. 

6)  Symbolic  analysis  procedures  extended  to  bifurcation  buckling 
problems  -  The  present  symbolic  analysis  procedures  are  shown  to  be  di¬ 
rectly  applicable  to  the  bifurcation  buckling  problem.  For  the  case  of  peri¬ 
odic  boundary  conditions,  a  priori  error  estimates  resulting  from  the  discrete 
Fourier  technique  are  shown  to  exactly  predict  finite  element  behavior. 

7)  Faceted  beam  element  approximation  of  arch  -  Consistency  of  the 
straight  beam  approximation  to  the  circular  arch  with  Sanders’  shell  equations 
was  demonstrated  for  both  Hermitian  and  Timoshenko  beam  discretizations. 
The  advantage  of  using  the  arc  length  in  the  element  formulation  vs.  the 
element’s  actual  chord  length  was  shown  to  result  in  a  more  accurate  finite 
element  solution. 

8)  Faceted  Reissner-Mindlin  plate  approximation  of  cylindrical  shell 
-  The  transformed  limit  differential  equilibrium  equations  governing  this  ap¬ 
proximation  were  derived  including  the  effect  of  the  normal  rotation  degree- 
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of-freedom.  It  was  shown  that  this  approximation  was  not  consistent  with 
Naghi-Cooper  cylindrical  shell  theory.  Bifurcation  buckling  loads  derived 
from  the  discrete  Fourier  results  for  axisymmetric  buckling  were  found  to 
nearly  exactly  reproduce  finite  element  results  including  the  complex  mode 
switching  phenomena  encountered  when  using  nonconverged  meshes. 

§6.3  Future  Research 

Due  to  the  complexity  of  developing  this  element-independent  analysis  method¬ 
ology  encompassing  both  symbolic  analysis  procedures  and  interpretation,  only  a 

very  limited  subset  of  potential  applications  could  be  investigated  in  any  detail. 

As  a  result,  further  research  in  a  number  of  different  areas  remains  to  be  pursued: 

1)  Convergence  of  secondary  element  quantities  -  The  present  analysis 
only  addressed  the  convergence  of  the  primary  analysis  variables,  namely, 
translational  and  rotational  displacements  for  the  displacement-based  ele¬ 
ments  investigated.  Convergence  of  secondary  variable  fields,  such  as  stress 
and  strain  fields,  needs  to  be  addressed. 

2)  Higher-order  element  interpolation  fields  -  Only  2-node  one  dimensional 
elements  and  4-node  two  dimensional  element  discretizations  were  employed 
in  the  present  analysis.  While  these  represent  extremely  popular  element 
families  due  to  their  computational  efficiency,  higher-order  elements  also  need 
to  be  examined  for  two  primary  reasons:  a)  higher-order  elements  offer  a 
more  exact  geometric  model  description,  and  b)  in  some  applications  with 
rapid  spatial  loading  variations  or  geometric  discontinuities,  increased  solution 
accuracy  may  be  realized  by  employing  higher-order  element  interpolation 
fields. 

3)  Effect  of  mesh  distortion  -  Employing  distorted  meshes  is  an  unfortunate 
modeling  necessity  in  many  problems.  Eventhough  h-type  adaptive  mesh 
refinement  schemes  presently  under  development  will  mesh  a  model  to  the 
greatest  extent  possible  with  regular  element  geometries,  there  will  always  be 


regions  where  distorted  elements  will  be  used.  As  a  result,  the  effect  of  element 
distortion  on  the  interpretation  of  the  present  symbolic  analysis  results  needs 
to  be  investigated. 
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4)  Application  to  other  fields  -  This  last  item  represents  the  ideal  note  on 
which  to  conclude  this  investigation.  As  a  result  of  the  generality  of  the 
present  symbolic  element  evaluation  techniques,  there  would  appear  to  be  no 
reason  why  they  could  not  be  employed  in  other  fields  where  finite  elements 
are  being  used.  One  extremely  important  area  in  which  finite  elements  axe  just 
beginning  to  make  an  inroad  is  that  of  Computational  Fluid  Dynamics  (CFD). 
Many  of  the  problems  encountered  in  Structures  have  their  counterparts  in 
Fluids,  e.g.,  spurious  mechanisms  and  incompressibility,  so  that  extensions 
of  the  present  techniques  to  CFD  problems  would  appear  to  be  a  nature 
progression  of  this  research. 
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Appeudax  A 

MACSYMA  and  SMP  Runstreams 


The  different  MACSYMA  and  SMP  runstreams  referenced  in  this  investigation 
are  found  in  this  Appendix.  Initial  work  was  performed  using  MACSYMA  (actually, 
UC  Berkeley’s  VAXIMA  version  of  MACSYMA).  During  the  latter  stages  of  work, 
SMP  also  became  available.  While  not  as  user  friendly  or  mature  as  MACSYMA, 
SMP  was  in  general  able  to  run  similar  problems  faster  using  less  virtual  memory 
than  MACSYMA  would.  Initial  work  was  done  on  a  VAX  11/780  and  11/785. 
Limited  process  virtual  paging  resources  on  the  multi-user  VAXes  eventually  forced 
the  migration  of  all  work  to  a  SUN  3/160  with  a  40MB  swap  partition  allocation. 

While  syntax  of  the  different  commands  used  by  MACSYMA  and  SMP  are 
different  (see  [19]  and  [20]),  there  is  in  general  a  1  :  1  correspondence  between 
them.  Hopefully,  the  inline  comments  will  be  sufficient  to  indicate  what  operation(s) 
is  being  performed  at  each  step  of  the  symbolic  analysis.  If  not,  the  reader  is  refered 
to  the  appropriate  user’s  manual  for  a  complete  description. 


§A.l  Exactly  Integrated  Timoshenko  Beam  Discretization 


Vaxiaa  2.00 
(c8)  /* 

*********** *********************************  ************************* 
*  * 

*  2-Node  Timoshenko  Beam  * 

*  * 
********************************************************************* 


.  .  .  .  Defina  global  dot  numbering  */ 


NEL  :  2$ 

(c9)  NDOF  :  4$ 

(clO)  NEQ 

6$ 

(cl 1)  D0F[1]  : 

[1.2. 3.4]$ 

(cl2)  DOF [2]  : 

[3 , 4 ,  B ,  6]  $ 

(cl3)  /*  .  .  . 

Input  alaaant  lengths  */ 

LNGTH  :  [1.1]$ 

(cl4)  /*  .  .  . 

Determine  vhathar  raducad  integration  is  to  ba  used  on 

transverse  ahaar  stiffness  */ 


REDINT  :  READCUse  raducad  integration  for  ibaar  stiffness  (Y/N)?"); 
Use  raducad  integration  for  shear  stiffness  (Y/N)? 


(d!4) 


n 


(clS)  /* 

********************************************************************* 
*  * 

*  Calculate  alaaant  stiffness  matrices  * 

*  * 
********************************************************************* 


....  Loop  over  each  alaaant  */ 

FOR  IEL: 1  STEP  1  THRU  NEL  DO  ( 

f*  ...  .  Define  shape  functions  */ 


HI  :  1-X/LNGTH[IEL] . 
N2  :  X/LNGTH[IEL] , 


/*....  Calculate  B  matrix 


/ 


vr*V 


B  :  MATRIX ( [  0,  -DIFF(Nl.X).  0,  -DIFF(N2.X)] . 

[DIFF(Nl.X),  -Hi.  DIFF(N2.X),  -N2]). 


/*  .  . 

Form  B  transpose 

*/ 

BT  : 

:  TRANSPOSE (B) . 

/*  ■  • 

.  .  .  Calculate  axtsnsional  stiffness  matrix 

,/ 

KX  : 

:  EI*COL(BT.l) .ROV(B.l) , 

/*  • 

.  .  .  Calculate  transverse  shear  stiffness 

*/ 

KS 

:  GA*C0L(BT,2) .R0W(B,2) . 

/*  • 

.  .  .  Perform  volume  intagration 

*/ 

KE[IEL]  :  DIAGMATRIX(NDOF.O) , 


FOR  1:1  STEP  1  THRU  4  DO  ( 

FOR  J : 1  STEP  1  THRU  4  DO  ( 

IF  REDINT#Y  THEN  ( 

KE[IEL]  [I,  J]  :  KX[I , J] +KS [I ,  J] , 

KE[IEL]  [I. J]  :  INTEGRATE(KE[IELlCl,Jl.X.O.LNGTH[IEL])  ) 

/*....  Reduced  intagration  os  shear  tanas  */ 

ELSE  ( 

KX[I ,  J]  :  INTEGRATE(KX[I .  J]  ,X.O,LNGTH[IEL] ) , 

XS[I, J]  :  (LNGTH[IEL]/2)  *  2  *  EV(KS[I,J] ,X:LNGTH[IEL] /2) , 

KECIEL] [I.J]  :  KX[I.J]+KS[I.J]  )))  )$ 

(clfi)  /* 

********************************************************************* 


*  Perform  element  assembly  baaed  upon  prescribed  global  * 

*  degree- of -freedom  (dof)  number  * 

*  * 
********************************************************************* 

....  Loop  over  each  element  */ 

K  :  DIAGMATRIX(NEQ.O)$ 

(c!7)  FOR  IEL : 1  STEP  1  THRU  NEL  DO  ( 


/*....  Assemble  into  global  stiffness  matrix  */ 

FOR  1:1  STEP  1  THRU  NDOF  DO  ( 

FOR  J : 1  STEP  1  THRU  NDOF  DO  ( 


i  *  •  *'*♦**#» »ML,*  tf 


vjtawiTTWW  rj*  rat  vnx  rut  njr 


II  :  DOF  [IQ.]  [I]  .  JJ  :  D0F[IEL]  [J]  . 

KCII.JJ] :K[II ,  JJ]  *KE[IEL] [I.J]))  )| 

(cl8)  K; 

[  ga  ga  ga  ga 

[1  2  1  2 

[ 

[  2  2 
[  ga  ga  1  ♦  3  «i  ga  ga  1  -  8  ai 

[  2  3  1  2  6  1 

[ 

[  ga  ga  2  ga 

[ .  0 

[1  2  1 

(dl8)  [ 

[  2  2 
[ga  gal-6al  2  (ga  1  ♦  3  «i 

[  .  0  . 


2  (ga  1  ♦  3  ai)  ga  ga  1  -  6  ai  ] 


[  2  2] 
[  ga  ga  1  -  6  ai  ga  ga  1  O  ai  ] 

[0  0  . ] 

[  2  6  1  2  3  1  ] 

(clO)  /* 

********************************************************************* 

*  * 

*  EXPAND  nodal  do 1  about  eantar  noda  * 

*  * 
********************************************************************* 

....  Construct  1-D  Taylor  Sariat  expansion  function  */ 

TlDtf.DX.N.XL)  SUM(XL“I*(DX‘*I)‘F/I! .I.O.N) ; 


i  i 
xl  dx  f 

tld(f ,  dx.  n.  xl)  :»  sun( - ,  i.  0,  n) 

i! 


(d!9) 


(c20)  /*....  EXPAND  Vri.Rl.V3.R3  about  canter  noda  W.R 
VI  :  T1D(V.DX.8.-LNGTH[1])$ 

(c21)  R1  :  T1D(R,DX,8,-LNGTH[1] )$ 


SV 


jk 


{ft 

$$ 

sBfo 


§ 

1 

i 

R 


I 


W 

ps 


w 

ws* 

£»!»*»> 1 


MW 


tm 


(c22)  W3  :  T1D(W,DX.3.  LNGTH [2] ) $ 
(c23)  R3  :  T1D(R.DX,8.  LtJGTH[2])$ 


(c24)  /*....  Craata  symbolic  displacement  vector  */ 

D:  [W1,R1,W,R.V3,R3]$ 

(c25)  /*....  Obtain  "discrete"  Eular  aquations  */ 

AREA  :  (LKGTH[1] +LKGTH[2] )/2$ 

(c26)  VEQ  :  RATEXPAMD(  SUM(K[3. I] *D[I] .1 .1 ,NEQ)/AREA-Q  ); 


8  6  8  4  4  2  76 

dx  ga  1  v  dxgalv  dx  ga  1  v  2  dx  ga  1  r 

(d26)  - - - -  - - -  dx  gt  »  - - 

20160  360  12  5040 


6  4  3  2 

dx  ga  1  r  dx  ga  1  r 

+ - + - ♦  dx  ga  r  * 

120  6 

(c27)  REQ  :  RATEXPAND(  SUM(K[4,I]  *D[X]  .1.1  .NEQ) /AREA-0  ); 


766432  88 

dxgalv  dxgalv  dxgalv  dxgalr 

(d27)  - - - - - - -  dx  ga  v  - - 

6040  120  6  120060 


(e20)  DETCM  :  RATEXPAND (  DETERMINANT (CM)  )$ 
(c30)  /*....  Continuua  operator 
RATEXPAND (  EV(DETCM,L:0)  ); 


/ 


4 

(d30)  dx  ai  ga 

(c31)  /*....  Truncation  tarma 


RATEXPAND (  COEFF (DETCM , L , 1 )  ); 

(d31)  0 

(c32)  RATEXPAND (  COETF ( DETCM. L, 2)  ); 

4  2  0 

dx  ga  dz  ai  ga 

(d32)  . + . 

12  6 

(c33)  RATEXPAND (  COEFF (DETCM , L , 3)  ); 

(d33)  0 

(c34)  RATEXPAND (  COEFF ( DETCM .L. 4)  ); 

6  2  8 

dz  ga  dz  ai  ga 

(d34)  . ♦ . 

72  80 


(c35)  /*....  Continuua  loading  oparator 
CM[1 , 1]  :  Q$ 

(c36)  CM[2, 1]  :  0$ 

(c37)  DETCM  :  RATEXPAND (DETERMINANT ( CM) )$ 
(c38)  /*....  Continuua  oparator 
RATEXPAND (EV (DETCM . L : 0) ) ; 

2 

(d38)  ga  q  -  dz  ai  q 

(c30)  /*....  Truncation  taraa 
RATEXPAND (  COEFF (DETCM , L . 1 )  ); 

(d39)  0 

184 
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§A.2  Exactly  Integrated  Reissner-Mindlin  Plate  Discretization 

/*....  SMP  macros 

#I[2] : :  col [^matrix , feolnua] : :Ar[Dim[$matrix] [1] . $matrix[$l .tcolnum] ] ; 


#IC3] 


#IC4] 


#IC6] 


addcol [tmatrix.laddcola] : :Ar [Din [fnatrix] [1] ,Cat  [$matrix[fl] ,\ 

laddcols [$1] ]] ; 

eoef matrix [$aqns ,$rara] : : (Xrova :Dia[$aqna] [1] ;%cola :Dim[$vars] [l]  A 
Ar[{%rova ,%eola} ,Coaf [tvara [$2] ,Ex[|eqna [$1] ] ] ] ) ; 

rat subs t [$old,$na\r,$axpr,$baaa] : : (Xans:Pqr[$expr,$old,$base] A 

Ex[  tnav  %ans[l]  ♦  Xans[2]  ]); 


************************************************** **************^ 
* 

*  4 -Node  CO  Plata 


<  Degree- of -freedom  ordering:  (u.v.w)  ->  (rl,r2,w) 

t  * 

jt*^^***]^^*  *******  ************************************************* 

....  Define  global  aquation  nunbara  * 


«[«]::  aqnua  :  {13.14.1B>; 


#1  [7]  : 


/*....  Defina  element  global  DOF  numbering 

do 1  :  {  {1. 2. 3. 4. 5. 8. 13. 14. IB. 10. 11. 12} A 
{4, 5. 8.7. 3. 9, 16, 17. 18. 13, 14. 1S>,\ 

{10. 11. 12. 13, 14, IS. 22. 23. 24, 10,20,21} A 
{13. 14. IB, 10, 17. 18. 26, 26, 27, 22. 23, 24}  }; 

/*....  Define  shape  functions  in  local  R,S  coordinates 


#I[8]::  nl  :  (l-r)*(l-s)/4; 
#1 [0] : :  n2  :  (1t)*(1-s)/4; 
#1  [10]  :  :  n3  :  (l+r)*(l+a)/4 ; 


JP 

% 

ft 

svj* 

WJ. 

ViV 

I 

v.v 

V 


i*2. 
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m 

TO 


I 
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:  (l-r)*(l+a)/4; 

:  {  al ,  n2 ,  n3 .  n4  > 

(1  -  r)  (1  -  a)  (1  +  r)  (1  -  a)  (1  +  r)  (1  +  a)  (1  -  r)  (1  +  a) 


/*....  Dataraina  shape  function  derivatives 
nderiv  :  <  D[n.r],  D[n,a]  > 

-1+al-al+a-l-a  -1+r-l-rl+rl 


/*  ■ 

.  .  . 

Define  nodal  coordinataa 

#1 [14]  : 

:  xy  : 

{  <  o. 

0  }.\ 

{  1. 

0  >.\ 

{  1. 

1  >.\ 

{  0, 

l  >  >; 

/*  • 

.  .  . 

Define  2x2  Gauaa  integration  pointa 

*IC16]  : 

:  ar3 

:  Sqrt [3] ; 

•I [18]  : 

:  rint 

:  {  -1/arS.  l/ar3.  l/ar3,  -l/ar3  >; 

#1 [17]  : 

:  aint 

:  {  -1/arS,  -l/ar3.  l/ar3,  l/ar3  }; 

/*  . 

.  .  . 

Define  "pre-integrated"  DB  and  DS  material  matrices 

•I [18]  : 

:  db  : 

{  {  qll,  ql2,  0  }.\ 

{  q!2,  qll.  0  >.\ 

< 

0,  0.  q33  »; 

#I[1«] : 

:  da  : 

{  {  q44 ,  0  >.\ 

{ 

0.  q44  »; 

/*  • 

.  .  . 

Dataraina  integration  rule  to  be  uaed 

f  -  full  apatial  integration 
ar  -  reduced  integration  on  shear 
dar  -  directional  abaar  integration 
ur  -  uniformly  reduced  integration 

#1 [20]  : 

:  integrate  : 

Rd[" Integration  option  [f/sr/dar/ur]  ?  " ,"/dev/ttyM] 

Integration  option  [f/ar/dar/ur]  ? 

If 

ill 


m 

m 


[i] 


>  I 

'(■ 

■  .1 

V  I 


#I[27] 


#1 [28] 


#1 [29] 


*************************************************** ********X«KXX*X 
*  « 

*  Calculate  alaaant  stiffness  matrices  and  * 

*  assemble  into  global  stiffness  * 

*  * 
****************************************************************** 

....  Initialize  rova  of  global  atiffneaa  */ 


#1 [21] : :  k  :  Ar[{3.27}.0] ; 


/*....  Calculate  element  atiffneaa 


Calculata  inverse  Jacobian  and  Jacobian  determinant  */ 


#1 [22] : :  Jac  :  Ex[ndariv.xy] ; 

#1  [23]  :  :  datj  :  Ex[  jac [1 . 1] * jae[2,2]- jac[l  ,2]  *  jac[2.1]  ]; 

#1  [24]  : :  jinv  :  (l/datj)*«jac[2.2]  ,-jac[i.2]>,{-Jac[2.1]  .  jac[l.l]»; 

/* . Loop  ovar  each  nodal  group  to  calculata  element 

B  aatriz 

#1 [25] : :  Do[  inoda,  atart:l,  4,\ 

nix  :  JinrCl] .col [ndarir, inoda] ;\ 

niy  :  jinv[2] . col [ndariv , inoda] ;\ 

bbi  :  {{-nix.0.0}.{0.-niy.0>.{-niy.-aix.0»;\ 

bai  :  {{-n[inoda]  ,01nix}.{0,-n[inoda]  ,niy»;\ 

If C  Match [inoda, 1] ,  bb:bbi;  ba:bai,\ 

bb : addeol [bb , bbi ] ; ba : addcol [ba , ba i ]  ] \ 


/*  .  Calculata  BT*D*B 

#I[20]::  ka  :  det j*Trana [bb] .db.bb; 


If [  Match [iatagrata, dar] ,\ 

ka  :  datj*q44*ba[l]**ba[l] ;kay:det j*q44*ba [2j **ba [2] ,\ 
ka  :  datj*Trana[ba] .da.ba  ]; 

/*  .  Part ora  volume  integration  of  alanant  atiffneaa 

I t[  Match [intagrat e,f],\ 
ka  :  A r[  <12,12>,\ 

Ex[  Sua[  S[  ka[$l,$2]+ka[|l,$2] ,r->rint[%i] ,8->aint[%i]  ]  ,\ 
«i.l.4>  ]]]\ 


If [  Mat ch [intagrat a , ar] ,\ 
ka  :  Ar[  {12.12>.\ 

Ex[  Sua[  S[  ke[fl,$2] ,r->rint[%i] ,a->aint[%i]  ].  <Si,l,4>  ]  +\ 


I 


■  l  ?  '  ’  I 
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5MKW 


t  g  a  Jr"’ it  § ‘fe  I  f  a  <  ^  |  >.i  j 


4  *  S[  ks[$l.$2] ,r->0,s->0  ]]]\ 


#1 [30] : :  If [  Match [intagrata.dsr] ,\ 
ka  :  Ar[  {12.12>,\ 

Ex[  Sun[  S[ka[$l,$2] ,r->riat[%i] ,a->sint [%i] ] .  {%i,l,4>  ]  +\ 
2  *  Sua[  S[ks  [|1 ,$2]  ,r->0,s->rint  [%i] ]  ,{%i .1 .2}  ]  +  \ 

2  *  Sua[  S[kay[$l,$2] .r->rint[iU] ,a->0] ,{%i,l,2}  ]]]\ 


#1 [31] : :  If t  Match[intagrata,ur] ,\ 
ka  :  Art  {12.12}.\ 

Ext  4  *  S[  ka [$1 , $2] +ks [$1 , $2] , r->0 .  s->0  ]]]\ 


Updata  alaaaat  atiffaasa  with  hourglaaa  aoda 


hgl  :  {l.O.O.-l.O.O.l.O.O, -1.0,0}  /*  rl  aoda  */ 

Extka.hgl] 


hg2  :  {0,1,0, 0,-1. 0,0,1, 0,0, -1,0>  /*  r2  moda  */ 

Ex[ka.hg2] 


hg3  :  {0,0, 1.0. 0,-1. 0.0. 1,0.0,-1>  /*  w  aoda  */ 

Extka.hgS] 


ka  :  ka  ♦  gl*hgl**hgl*  g2*hg2**hg2*  g3*hgS**hg3; 


Parfora  alaaaat  aaaaably  baaad  upoa  praacribed 
global  dagraa-of-fraadoa  (dof)  auabar 


#1 [32] : :  Do  [  ial,  atart:l.  4,\ 

Do  [  i,  start: 1,  12, \ 

Do  [  j,  start: 1,  12. \ 

ii:dof [ial.i] ;  j j :dof [ial. j] ;\ 


If  [  Match [ii.aqauatl]] ,  k[l,jj] 
If  [  Match[ii,aqaua[2]3 .  k[2,jj] 
If  [  Match[ii.aqnua[3]3 .  k[3,jj] 


k[l , j j]+ka[i , j]  ];\ 
k[2,jj]+ks[i.j]  ] ;\ 
k  [3 ,  j  j  ]  +ke  [i .  j  ]  ];\ 


At***************************************************************** 


Expand  aodal  dof  about  csatar  aoda 


***************************************************  ******  ********* 


.  .  Construct  2-D  Taylor  Sarias  axpaasioa  function 


#1 [33] : 


t2d[$f ,$dx,$dy,$n,$xl,tyl] : :\ 

Sua[  Sua[  <$xl-i)*($yl-j)*<$dx-i)*($dy-])*tf/(i!*j !) ,\ 
{j ,0,|a-i>  ],  {i,0.$a>  ]; 
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/*....  Construct  1-D  Taylor  Series  expansion  function. 
#1 [34] : :  tld[$f ,$dx,$n.$xl] : :Sua[  ($xl“i)*($dx*i)*$f /i I .  {i.O.tn}  ]; 


/*....  Conatruct  ganaralizad  axpanaion  function 

#1 [35] : :  expn[$f ,$dx.$dy.tn.$xl.$yl] : :\ 

IfC  Match [1x1,0] ,  tidCIf .Idy.tn.tyl] ,\ 

If[  Match [fyl.O],  tld[8f .Idx.tn.lxl]  A 

t2d[*f .tdx.ldy.tn.lxl.tyl]  ]  ]; 

/*....  Expand  a lament  dof’a  about  rl,r2,v  at  global  node  6 

#1 [36] : :  xnoda  :  {  -1.  0,  1.  \ 

-1.  0,  1,  \ 

-1.  0.  1  >; 

#I[37]::  ynoda  :  {  -1.  -1.  -1.  \ 

0.  0,  0.  \ 

1.  l.  l  >; 

#1  [38] : :  Do  [  inoda,  atart:l,  9,\ 

If  [  Match[inoda,l] ,\ 

d  :  {  axpn[rl ,dx,dy ,0, xnoda [inoda] .ynoda [inode] ] ,\ 
axpn [r2.dx.dy, 6. xnoda [inode] .ynoda [inoda]] ,\ 
axpn [  v , dx , dy , 0 , xnoda [inoda] . ynoda [inoda] ]  > , \ 
d  :  Cat[  d,\ 

{  axpn [rl , dx , dy , 6 , xnoda [inoda] . ynoda [inoda] ] , \ 
axpn [r2.dx.dy, 8, xnoda [inoda] . ynoda [inode] ] ,\ 
axpn [  v.dx.dy, 6. xnoda [inoda] .ynoda [inode]]  >  ]  ]  ] 

/*....  Obtain  "discrete”  Euler  aquations 

#1 [39] : :  area  :  4*detJ 


«  [86] 


#1 [37] 


#1 [38] 


#0 [39] :  1 

#I[40]::  rlaq  :  ^Ex[  k[l] .d/area  ] 


#0 [40] 


2  2 
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4  2  4  4  6  4 

dy  1  qSS  rl  dy  1  q44  rl  dy  1  q33  rl 


6  6  2  2  3  2 

dy  1  q44  rl  dx  dy  1  q44  v  dx  dy  1  ql2  r2 
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6 
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****************************************************************** 
*  * 

*  Solve  for  limit  differential  equations  * 

*  * 
****************************************************************** 
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....  Extract  continuum  differential  operator  matrix 

#1 [43] : :  continuum  :  coef matrix [{Ex [  S[  rleq,  l->0  ]],\ 

Ex[  S[  r2eq,  l->0  ]],\ 

Ex[  S[  vaq.  l->0  ]]>.\ 

{rl ,r2,w>] ; 

/*....  Determine  continuum  operator 
#1 [44] : :  zerolhs  :  Ex[  Det [continuum]  /  q44  ]; 

#I[4B] : :  Ex[  S[  X.  ql2  ->  nu  mod,  q33  ->  (  1  -  nu  )  mod  /  2,  qll  ->  mod  ]] ; 

#1 [46] : :  rataubet[  1-nu,  2  q33  /  mod,  X,  nu  ] ; 

#I[47]::  continuum! he  :  Ex[  S[  X.  mod  ->  qli  ]] 

4  6  4  6 

#0 [47] :  dx  qil  q44  -  dx  qll  q33  ♦  dy  qll  q44  -  dy  qll  q33 

2  2  2  4  4  2 

♦  2  dx  dy  qll  q44  -  3  dx  dy  qll  q33  -  3  dx  dy  qll  q33 

/*....  Determine  loading  operator 

#1  [48] : :  continuum [1 ,3]  :  0; 

#1  [40] : :  continuum [2, 3]  :  0; 

#1  [50] :  :  continuum [3, 3]  :  1; 

#1  [51] : :  zerorha  :  Ex[  Det [continuum]  /  q44  ]; 

#I[62] : :  Ex[  S[  X.  ql2  ->  nu  mod,  q33  ->  (  1  -  nu  )  mod  /  2,  qll  ->  mod  ]] ; 

#I[53]::  ratsubet[  l-nu,  2  q33  /  mod,  X.  nu  J ; 

#1  [54] : :  continuumrhe  :  Ex[  S[  X.  mod  ->  qll  ]] 

4  4  2  2 

dx  qll  q33  dy  qll  q33  2  dx  dy  qll  q33  2 

#0[64]  ;  q44  ♦ - - - - - -  dx  qll 

q44  q44  q44 

2  2  2 
-  dx  q33  -  dy  qll  -  dy  qS3 

/*....  Extract  truncation  information  (2nd  order  terms  only): 

.  Differential  operator  first 

#1  [65]  :  :  discrete  :  coefmatrix[  {rleq,r2eq,\req> ,  {rl,r2,ilr>  ]; 


)tn  nrvi  v  v.  j 


#I[56] 
#1 [57] 
#1 [58] 
#1 [69] 


*0 [60] 


#1 [61] 
#I[62] 
#I[63] 
#1 [64] 
#1 [65] 


S[  Ex[  D«t[diacr#ta]  /  q44  ].  1‘ ($n_»$n>“4) -X)  ]; 

S[  Ex[  X  -  zaroLha  ],  1->1  ]; 

Ext  S[  X.  ql2  ->  nu  nod,  q33  ->  (  1  -  au  )  nod  /  2,  qll  ->  nod  ]] ; 

rataubat[l-nu,  2  q33  /  nod,\ 

r&taubat[  1-nu,  2  q33  /  nod,  X.  nu  ] ,  nu  ] ; 


#1 [60] : :  Ex[  S[  %,  nod  ->  qll  ]] 
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6  3 

/*....  Loading  operator 
:  diacrata[l ,3]  :  0; 

:  diaerata[2,3]  :  0; 

:  diacrata[3,3]  :  1; 

:  S[  Ex[  Dat[diacrata]  /  q44  ],  l"($n_a|n>»4)->0  ]; 
:  S[  Ex[  %  -  zarorha  ],  1->1  ]; 
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§A.3  Faceted  Hermitian  Beam  Discretization  of  the  Arch 


SMP  1.6.0  (Jun  24  1087) 

/* 

^**********:4^4^**********************************************xxxxx 
★  * 

*  Static  analysis  o f  2-Nods  cl  Baaa  discretization  of  arch  * 

*  * 

....  Global  element/nodal  numbering  counter  clock-vise  */ 

#I[6] ::  dof  :  {{  1.  2.  3,  4,  6,  6  >.\ 

{  4.  6.  6.  7,  8.  9  »; 

#I[7]::  eqnum  :  {  4,  6,  6  >; 

/*....  Input  appropriate  element  length  */ 

#I[8]::  la  :  Rd ["Effective  element  length  ?  ", "/dev/tty"] 

Effective  element  length  7 
#0  [8] :  le 


ffly 

*i'!v 

&rvf 

Erj|( 

jR? 


******************************************************************* 

*  * 

*  Assemble  global  stiffness  matrix  and  load  vector  * 

★  -  * 
J********************^***************.*^**************************,. 

....  Element  stiffness  matrix  and  load  vector  in  local 

beam  coordinates  -  dof  ordering  ■  {ul ,vl ,rl ,u2,v2,r2>  */ 


«[«]: 


#I[10] : 


<  sa/le. 

0. 

0,  -ea/le, 

0. 

0  >.\ 

i 

o. 

12*ei/le*3, 

6*ei/le“2, 

0. 

-12*ei/le*3. 

6*ei/le“2  >,\ 

{ 

0. 

6*ei/le*2, 

4*ei/le, 

0. 

-6*ei/le“2, 

2*ei/le  >,\ 

{-ea/le. 

0, 

0,  ea/le. 

0, 

0  >,\ 

{ 

0. 

-12*ei/le“3, 

-6*ei/le*2. 

0. 

12*ei/le“3, 

-6*ei/le"2  >,\ 

{ 

0. 

6*ei/le“2, 

2*ei/le. 

0, 

-6*ei/le-2, 

4*ei/le  »; 

/* 

.  .  .  Rotate  to  global  (shell) 

system 

*/ 

t  : 

{{ 

cab,  snb,  0. 

0.  0.  0  >.\ 

{ 

-snb,  esb,  0, 

0,  0.  0  >,\ 

{ 

0.  0.  1. 

0,  0.  0  },\ 

{ 

0.  0.  0. 

csb,  -snb,  0  >,\ 

{ 

0.  0.  0. 

snb,  csb,  0  >,\ 

{ 

0.  0.  0, 

0.  0,  1  }>; 

NVfj.vw^'.v.  »v-  v. 
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/* 


6ei  anb 


->. 


la 


2  2 

-cab  aa  anb  12cab  ai  anb  aa  anb  12  cab  ai  -6cab  ei 


la 


la 


la 


la 


la 


2  2 

cab  aa  anb  12cab  ai  anb  aa  anb  12  cab  ei 


la 


la 


-Scab  ai 


■>. 


la 


flat  anb  Scab  ai  2ai  6ai  anb  -Scab  ai  4ei 

{ . . . .  — . . . . » 

2  2  la  2  2  la 

la  la  la  la 


Parlors  atillnaaa  assembly  lor  both  elements 
1  and  2  baaed  upon  praacribad  global  degree-ol -freedom 
(dol)  number 


#I[12] :  :  k  :  Ar[  {3.0}.  0  ] 


k 


S3 


$1 


& 


V 


k 


$ 


y«, 

i 


•v 

•v" 


*************************************w******;^***x**x********xxxxXx 
*  « 

*  Solve  lor  tranalormed  limit  differential  equations  * 

*  * 
x*i,*****x******x********x************************x***x*******¥****x 

....  Craata  coefficient  aatrix  */ 

#I[10]::  ca  :  coafaa.trix[  {uaq,  vaq,  req>,  {u.ir.r}  ] 


*□[10] 


#1 [20] 


2  2  2  2 
24ai  anb  2  cab  aa  24caka  al  anb  2  cab  caka  aa 


-2cab  aa  1  anb  anka  24 cab  al  1  anb  anka 


12ai  anb  12eaka  al  anb 


2cab  aa  1  anb  anka  24cab  al  1  anb  anka 


2  2  2 
2aa  anb  24  cab  al  2caka  aa  anb 


24  cab  caka  ai  12cab  ai  1  anka 


12al  anb  12caka  ai  anb  -12eab  ai  i  anka  8ai  4caka  ai 

< . ♦ . . . ♦ . » 

2  2  2  la  la 

la  la  la 

Ex[  <{  ca[3,3]*ca[l,l]-ca[l,3]*ca[3,l]  ,\ 
ca[3,3]*ca[l,2]-ca[l,3]*ca[3,2]  },\ 

{  ca[3.3]*ca[2,l]-ca[2,3]*ca[3.1]  ,\ 
ca[3,3]*ca[2,2] -ca[2,3]*ca[3,2]  »  ] 


<T* 


Eft 


i*.V 


* 

$ 

$ 

s 


I 


$ 

Kg 

'm 


ks! 


48  ai  anb 

16  cab  aa  ai 

48  caka  ai 

anb 

4 

2 

4 

la 

la 

la 

2 

2  2 

8  cab 

caka  aa  ai  8 

cab  caka  aa  ai 

48cab  ai  i  anb  anka  48cab  caka  ai  i  anb  anka 


locab  aa  ai  i  anb  anka 
2 

la 

8c ab  caka  aa  ai  i  anb  anka 


2  2 
48cab  ai  i  anb  anka  48eab  caka  ai  i  anb  anka 


16cab  aa  ai  i  anb 

anka 

2 

la 

8cab  caka  aa  ai  i 

anb  anka 

2 

( 

la 

2  2  2 

2 

192  cab  ai  16aa  ai  anb 

96  cab  caka  ai 

96  cab  caka  ai 


la  rad 


1/2  3  3 

alpha 1  cab  aa  i  kbar  1  a 


8  la  rad 

1/2  3  3 

alphal  cab  ai  1  kbar  1  a 

♦ - . 

4 

la  rad 

2  2  2  2  4  2  4 

aa  1  5aa  kbar  la  aa  kbar  1  a 


2  2  2  2  2  2 
la  rad  12  la  rad  24  la  rad 

2  2  2 
12  cab  ai  kbar  a 


2  4  4 

2  cab  ai  kbar  a 


2  2  2 
12alphal  cab  ai  kbar  a 


,v 
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§A.4  Faceted  Reissner-Mindlin  Plate  Discretization  of  the 
Cylindrical  Shell 

SMP  1.6.0  (Jim  24  1087) 

Sat  Fab  13  16:16:29  1988 


/*....  SMP  macros  */ 

#I[l]  : :  col[|matrix,|eolnum] : :Ar [Dim[|aatrix] [1] ,|matrix[|l .Icolnum]] ; 

#I[2] : :  addeol [Imatrix, laddcols] : :Ar [Din [Imatrix] [1] .Cat [|matrix[|l] ,\ 

laddcola [|1]]  ] ; 

#1 [3] : :  coaf matrix [|aqns,|Tars] : : (Xroira :Dim[|aqna] [1] ;%cols :Dim[|Yars]  (1] ,\ 

Ar[{Xrowa,%cola>.Coaf  [|Yars[|2]  ,Ex[|eqna[|l]]]]) ; 

#1 [4] : :  ratsubst  [|old, Inair, laxpr.lbaaa] : : (Xans :Pqr[|axpr,|old,|basa] ;\ 

Ex[  Inair  Xana[l]  +  Xana[2]  ]); 

#1 [5] : :  subaatrlxadd [laatrix, laubmatrix, liloc , I jloc] : : \ 
(Xnroirsub:Dim[|aubaatrix] [1] ;\ 

Xncolaub: Dim [laubmatrix] [2] ;\ 

Xmat : Imatrix ;\ 

Do[  Xi.  0.  Xnrowaub-1 ,\ 

Do  [  Xj .  0,  Xncolaub-i.\ 

Xmat [|iloc+%i , ljloc+% j] :Xmat [|iloc+Xi .Ijloc+Xj]  +\ 

laubmatrix [Xi+l.Xj+l] ;\ 

]] ;Xmat) ; 


/* 

******************************************************************* 


* 

* 

* 

* 

* 

* 

* 

★ 

* 

* 

* 

* 

* 


Static  analysis  of  cO  cylindrical  shell 


4 . 3 

I  I  I 

j  * - 1._>  r 

I  I 

1 . 2 


* 


*  Degree-of -freedom  ordering:  (u,v,w,rx.ry ,rz)  * 

* 

******************************************************************* 


....  Global  alamant /nodal  numbering 

#1  [6]  : :  dof  :  {<  1,  2,  3.  4.  5.  6,  7.  8,  9.  10,  11,  12,  \ 
25,  26,  27.  28,  29,  30.  19.  20.  21.  22.  23.  24  >.\ 


-/ 
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y 


>.«  M  i.l  M 


#i Cio] 
#i[n] 
#1 C12] 


{  7.  8.  8,  10.  11.  12.  13.  14.  IB.  16.  17.  18.  \ 
31.  32.  33.  34.  35.  36.  25.  26,  27.  28.  29.  30  }.\ 
<  19.  20,  21.  22,  23.  24.  25.  26,  27.  28.  29.  30.  \ 

43.  44.  45.  46.  47,  48.  37.  38.  39.  40.  41.  42  }.\ 

{  25,  26,  27.  28.  29,  30,  31.  32.  33.  34,  35.  36.  \ 

49  ,  50  .  51.  52  .  63  ,  54  ,  43  .  44  .  45  .  46  .  47  .  48  »; 


#1 [7] : :  eqnua  :  {  25,  26.  27.  28.  29.  30  >; 


.  .  Dal in*  shape  functions  in  local  r.s  coordinates 


#I[8] ::  nl  :  (l-r)*(l-s)/4; 
#I[9]::  n2  :  (H-r)*(l-s)/4 ; 


(l+r)*(l+s)/4 ;  , 

(l-r)*(l+s)/4; 

{  nl.  n2,  n3,  n4  >; 

.  .  .  Determine  shape  function  deriYatives 


#1 [13] : :  nderiv  :  <  D[n,r],  D[n.s]  >; 


#I[14] 


#I[15] 

#I[16] 

#I[17] 


#I[18] 


/*....  Define  parent  element  nodal  coordinates 

:  xy  :  {  {  0.  0  },\ 

{  1.  0  >.\ 
i  1.  1  >.\ 
i  0.  1  >  }; 

/*....  Define  2x2  Gauss  integration  points 
:  sr3  :  Sqrt [3] ; 

:  rint  :  {  -l/sr3,  l/sr3.  1/srS,  -l/sr3  >; 

:  sint  :  {  -1/srS.  -1/srS,  l/sr3.  l/sr3  >; 

/*....  Define  "pre- integrated"  material  matrices 

:  dm  :  {  {  mil,  ml2  >,\ 

{  ml2,  all  >  >; 


#1  [19] : :  das  :  a33; 

#I[20] : :  db  :  {  {  qll.  ql2,  0  >.\ 
{  ql2,  qll.  0  }.\ 
{  0,  0.  q33  >  >; 

#1 [21] : :  ds  :  {  {  q44,  0  >.\ 

{  0,  q44  >  >; 
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/*....  Determine  integration  rules  to  be  used: 

f  -  lull  spatial  integration 
sr  -  reduced  integration  on  shear 
dsr  -  directional  shear  integration 

ur  -  uniformly  reduced  integration  */ 

#I[22]::  membranerule  :  Rd[" Integration  option  [f/sr/ur]  ?  " , " /dev/tty"] 
Integration  option  [f/sr/ur]  ? 

#0[22] :  sr 

#I[23]::  bendingrule  :  Rd["Integration  option  [f /sr/dsr/ur]  ?  " , M/dev/tty"] 
Integration  option  [f/sr/dsr/ur]  ? 

#□[23] :  ur 

/* 


★  * 

*  Calculate  element  stiffness  matrices  and  * 

*  assemble  into  global  stiffness  * 

*  * 


***  ***  *  *  **************  *****************  *******  *****★★**•*★**;*.*•*  ****  * 


.  Calculate  inverse  Jacobian  and  Jacobian  determinant  */ 

#I[24]::  jac  :  Ex [nderiv. xy] ; 

#1  [26]  :  :  datj  :  Ex[  Jac[l  .1] * jac[2.2] -Jac[l  .2]  *jac[2, 1]  ]; 

#1  [26] : :  jinv  :  (1/det j)*{{jac[2 .2] ,-jac[l .2] },{-Jac[2, 1]  .jac [1 . 1] » ; 

/*  .  Loop  over  each  nodal  group  to  calculate  different 

parts  of  element  B  matrix  vith  6  dof/noda  */ 

#1 [27] : :  Do[  inode,  start:l,  4,\ 

nix  :  Jinv[l] . col [nderiv, inode] ;\ 
niy  :  j inv [2] .col [nderiv, inode] ;\ 
bmi  :  {  {  nix,  0,  0.  0,  0,  0  >.  \ 

{  0,  niy.  0.  0,  0.  0  >  };\ 

bmai  :  {  niy,  nix,  0,  0,  0,  0  >;\ 
bbi  :  {  {  0.  0,  0.  -nix,  0,  0  >.  \ 

{  0,  0,  0.  0,  -niy.  0  },  \ 

•[  0,  0,  0,  -niy,  -nix,  0  >  };\ 

bsi  :  {  {  0,  0,  nix.  -n [inode] ,  0,  0  >,  \ 

•[  0,  0,  niy,  0,  -n [inode],  0  >  >;\ 

If [  Mat ch [inode, 1] ,  bm:bmi;  bms:bmsi;  bb:bbi;  bs:bsi,\ 
bm  :addcol[bm,bmi] ;  \ 

bms ;Cat [bms ,bmsi] ;  \ 
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bb  :  added  [bb.bbi]  ;  \ 

ba  :addeol[bs,bai]  ]  \ 


/*  .  Calculata  BT*D*B 

#I[28]::  ka  :  datj*Trana  [bb] .db.bb; 

#1 [20] : :  km  :  detj*Trana[bm] .dm.bm; 

#1 [30] : :  kma  :  dat j*dma*bma**bma ; 


#1 [31] : 


:  If [  Match[bendingrula,dar] ,\ 

ka  :  detj*q44*ba[l]**ba[l] ;kay :datj*q44*ba [2] **ba [2] ,\ 
ka  :  dat j*Traaa [ba] .da.ba  ]; 

/*  .  Parform  to luma  integration  of  membrane  atlffnesa  */ 


#1 [32]  : 


#1 [33] : 


#1 [34]  : 


:  If[  Match [mambranarula . f ] , \ 
km  :  Ar[  {24,24}.\ 

Ex[  Sum[  S[  km[$l.$2]+kma [$1.$2] A 

r->rint[Xi],a->aint[Xi]  ].  «i.l,4>  ]]]\ 


:  If [  Match [mambranarula , ar] , \ 
km  :  A r[  {24. 24} A 

Ex[  Sum[  S[  km[$l,$2] ,r->riat[%i] ,a->aint[%i]  ],\ 
{%i.l.4>  ]  +  4  *  S[  kma[$l.$2].r->0.a->0  ]]]\ 


:  If [  Match [mambranarula , ur] , \ 
km  :  Ar [  {24,24},\ 

Ex[  4  *  S[  km[|l,$2] +kaa [$1,$2] ,r->0,a->0  ]]]\ 


/*  .  . 


Parform  volume  Intagration  of  plate  atiffneaa 


#1 [36]  : 


#I[3«]  : 


#1 [37] : 


:  If [  Match [bandiagrula.f ]  ,\ 
ka  :  Ar[  {24.24},\ 

Ex[  Sum[  S[  ka[$l , $2] ♦ka [$1 ,$2] ,r->riat [%i] ,a->aint [%i]  ]  A 
OU.1.4}  ]]]\ 


:  If [  Match[bandingrula,ar] A 
ka  :  Ar[  {24, 24} A 

Ex[  Sum[  S[  ke[$l,|2] ,r->rint[%i] ,a->aint[%i]  ]A 
«i.l.4>  ]  ♦  4  *  S[  ka[$l,$2]  ,r->0,a->0  ]]]\ 


:  If [  Match[bandingrula,dar] A 
ka  :  Ar[  {24, 24} A 

Ex[  Sum[  3[ka[#l.t2].r->rint[Xi],a->aint[Xi]].  ]+\ 

2  *  Sum[  S[ka [$1 ,$2] ,r->0,a->rint [%i] ] ,{%i ,1,2}  ] +\ 


•!•»!* 

•»!W 

n 

m 

Wi‘« 

n 

M 

♦V,5 

W,\K\ 


fi'i 

Wii 

*.*« 

l»*!y 


]; 


2  *  Sum[  S[kay[$l,$2] ,r->rint[%i] ,a->0] ,{%i,l,2}  ]]]\ 


#1 [38]  : 

*1 [30] : 
#1 [40] : 

#1  [41] : 

#1  [42] : 

#I[43]  : 
#I[44] : 

#I[4B]  : 

#1  [48] : 
#1  [47]  : 

81  [48]  : 


If [  Match [bandingrula , ur] , \ 
ka  :  Ar[  {24.24}.\ 

Ex[  4  *  S[  ka[$l,$2]+ka[$l,$2] .r->0.  a->0  ]]]\ 

]; 

/*  .  Comp lata  alamant  atiffnasa  calculation  by  combining 

maabrnna  and  banding  contributions  */ 

:  ka  :  ka  +  km; 

:  Sat[{  bm,bms,bb,ba,km,ka,ksy,kma  >] ; 

/*  .  Rotata  to  global  (ahall)  ayataa 

.  Nodal  transformation  for  nodaa  142  */ 

:  t  ;  Ar [{24. 24}. 0]; 

/* 

cab  :  1 
anb  :  0 

/ 


/* . Tranalational  dof  */ 

:  lambda  :  {{  1.  0.  0  }.\ 

{  0.  cab.  anb  },\ 

{  0.  -anb,  cab  }}; 


:  t  :  aubmatrixadd [  t.  lambda,  1,  1  ]; 

:  t  ;  aubmatrixadd [  t,  lambda,  7,  7  ] ; 

/* . Rotational  dof  */ 


lambda  :  {{  cab, 

0, 

-anb  },\ 

{  o. 

1. 

0  }.\ 

{  anb. 

0. 

cab  }}; 

:  t  :  aubmatrixadd [  t ,  lambda ,  4 ,  4  ] ; 
:  t  :  aubmatrixadd [  t,  lambda,  10,  10  ] ; 


/*  .  Nodal  transformation  for  nodaa  344 

.  Tranalational  dof  */ 

:  lambda  :  {{  1,  0,  0  },\ 

{  0.  cab,  -anb  },\ 


A* I  l*k 


#1  [40]  :  :  t  :  aubmatrixadd  [  t,  lambda ,  13,  13  ] ; 

#1  [50]  :  :  t  :  8Ubma.trixa.dd [  t,  lambda,  19,  19  ] ; 

/* . Rotational  dof 

#I[6l]: :  lambda  :  {{  cab,  0,  anb  >,\ 

<  0.  1,  0  >,\ 

{  -anb,  0,  cab  »; 

#1 [52] : :  t  :  aubmatrixadd [  t,  lambda,  16,  16  ] ; 

#I[53]::  t  :  aubmatrixadd [  t,  lambda,  22,  22  ] ; 

#1 [54] : :  kar  :  Ex[  t.ka.Trana[t]  ]; 

/*  .  Parform  alamant  aaaambly  baaad  upon  preacribed 

global  dagraa-of-freadoa  (dof )  numbar 

#I[55]::  k  :  Ar[{6.64},0] ; 

#1  [66] : :  Do  [  ial,  atart:l,  4,\ 

Do  [  i,  atart:l,  24, \ 

Do  [  j.  atart : 1 ,  24, \ 

ii:dof[ial,i];  j j :dof [ial. j] A 

If  [  Match [ii,aqnum[l]] ,  k[l, jj] :k[l, jj]*kor[i, j]  ];\ 
If  [  Match[ii.aqnum[2]] ,  k[2. j j]  :k[2, j j]+kar[i, j]  ]A 
If  [  Match[ii.aqnua[3]] ,  k[3. j j] :k[3, j j]*kor[i, j]  ];\ 
If  [  Match[ii.aqnua[4]]  ,  k[4.  j  j]  :k[4,  j  j]+kor[i.  j]  ]A 
If  [  Match[ii,aqnua[6]3  .  k[5.  j  j]  :k[5,  j  j]+kar[i,  j]  ]A 
If  [  Match[ii,oqnua[6]]  ,  k[6. j j] :k[6, j j]+kar[i, j]  ];\ 
]]]; 


#1 [53] 


********4^*******************************************************;«x 
*  * 

*  Expand  nodal  dof  about  cantar  noda  in  tarns  of 

*  ahall  coordinataa/diaplacamanta  « 

*  * 
**********4^***:A***************:k*******;fc*********:fc*;fc*:fc*******:«:«:«:KXX 

....  Conatruct  ganaralizad  axpanaion  function  (assuming 

r octangular  alamant  gaomatry)  */ 

#1 [67] : :  Sat[  1  ];  i“2  :  -1;  i“4  :  1;  /*  Uso  "i"  for  imaginary  unit  -/ 


axpn[|f ,|x,|a] : A 

If [  Match[|a,0]*Match[|x,0] .  tf,\ 

12  C  Match[|a,0],  If  (  cakx  ♦  Nc[|x]  i  snkx  ),\ 

12  C  MatchClx.O],  If  (  caka  *  Nc[|a]  i  anks  ),\ 

If  (  cakx  ♦  Nc[|x]  i  snkx  )(  caka  +  Nc[|a]  i  anks  )  ]]] ; 
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/*....  Expand  dof ’■  about  global  noda  5 


r  V 


#I[B9] : :  Sat [{  r.  a  >] ; 

#1 [60] : :  xaoda  :  {  -1.  0,  l.\ 

-1.  0.  l.\ 

-1.  o.  1  >; 

#I[01]::  ynoda  :  {  -a,  -a,  -a,\ 

0.  0.  0.\ 

«.  «.  a  >; 

#1  [62] : :  Do  [  inoda,  atart:l,  9,\ 

If  [  Mate* [inode, 1],\ 

d  :  {  axpn[  u.xnode [inoda] .ynoda [inoda] ] ,\ 
axpn[  T.xnoda [inoda] , ynoda [inode] ] ,\ 
axpn  [  v , xnoda [inoda] , ynoda [inoda] ] , \ 
axpn[rx,xnoda [inoda] , ynoda [inode] J ,\ 
axpn [ry, xnoda [inoda] . ynoda [inoda] ] .\ 
axpn [rz, xnoda [inoda] , ynoda [inoda]]  >,\ 
d  :  Cat [  d,\ 

<  axpn[  u. xnoda [inode] , ynoda [inoda] ] ,\ 
axpn[  T.xnoda  [inode] ,  ynoda  [inode]  ]  ,\ 
axpn[  w. xnoda  [inode]  .ynoda [inode]]  ,\ 
axpn  [rx.  xnoda  [inoda]  .ynoda  [inoda]]  A 
axpn  [ry,  xnoda  [inode] ,  ynoda  [inoda]  ]  ,\ 
axpn  [rz,  xnoda  [inoda]  .ynoda  [inoda]]  >  ]  ]  ] 


******************************************************************* 
*  * 

*  Obtain  "discrete"  Euler  equations  and  differential  » 

*  operator  matrix  * 

*  * 
ft***************************************************************,** 


#I[63]::  area  :  4*det]; 

#1 [64] : :  eaka  :  1  -  8*2  kbara*2/2; 

#1 [66] : :  cakx  :  1  -  1*2  kbarx*2/2; 

*1 [66] : :  anka  :  a  kbara  Sqrt [  as4  ] ; 
#1 [67] : :  ankx  :  1  kbarx  Sqrt [  ax4  ] ; 
#1 [68] : :  anb  :  1  /  (2*r) ; 

#1 [60] : :  ueq  Ex[  k[l] .d/araa  ]; 

#I[70] : :  Teq  Ex[  k[2] .d/araa  ] ; 
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ABSTRACT 

A  formulation  for  the  equations  of  motion  for  shells  is  presented,  which  is  intended  to 
provide  a  theoretical  foundation  for  shell  elements  based  on  the  assumed  natural-coordinate 
strain  (ANS-)  interpolations.  The  present  formulation  can  be  hierarchically  specialized  to 
shells  that  admit  normal  loads  and  changes  in  the  normal  thickness,  to  shells  exhibiting 
transverse  shear  deformations  and  to  thin  shells.  In  order  to  facilitate  coordinate-invariant 
interpolations  of  variables,  the  formulation  adopts  an  inertially  fixed  coordinate  system 
for  translational  displacements  and  a  shell  coordinate  system  for  changes  in  the  normal 
vector.  The  central  aspect  of  the  present  formulation  is  a  general  set  of  incremental  strain- 
displacement  relations  that  are  valid  for  large  strain  and  finite  rotations.  Hence,  the  present 
strain-displacement  relations  effectively  replace  the  prevalent  usage  of  the  linear  plate 
strain-displacement  relations  for  constructing  C°-shell  elements.  An  attractive  feature  of 
the  present  thin  shell  equations  is  that  the  in-plane  bending  strain  is  akin  to  Sanders’ 
correction  term,  hence  alleviating  slow  convergence  difficulty  in  doubly  curved  shell  cases. 


1.  INTRODUCTION 


A  major  motivation  in  the  pioneering  work  on  the  finite  element  method  (Turner,  Clough, 
Martin  and  Topp,  1956)  was  to  provide  a  shell  analysis  capability.  During  the  ensuing  three 
decades,  several  noteworthy  developments  have  taken  place  in  order  to  provide  reliable  and 
general  shell  analysis  procedures  in  many  of  the  existing  general  finite  element  analysis 
programs.  Broadly  speaking,  these  developments  may  be  grouped  into  four  schools  of  shell 
analysis  approaches.  In  the  early  days  of  finite  element  applications  to  shell  analysis,  a 
patch  of  a  plane  stress  and  a  plate  bending  element  was  formed  and  used  to  discretize 
the  shell  surface.  While  such  elements  are  still  in  use  today  (Taig,  1961;  Argyris,  1965; 
Klein,  1967;  Albasiny  and  Martin,  1967;  Connor  and  Brebbia,  1967;  Greene,  Strome  and 
Weikel,  1971;  Cowper,  Lindberg  and  Olson,  1970),  it  is  generally  agreed  that  they  can 
suffer  from  non-convergence,  especially  when  membrane-bending  coupling  dominates  the 
shell  behavior. 

The  second  approach  has  been  to  discretize  the  equations  of  motion  based  on  classical 
shell  theories  (Kraus,  1967).  This  approach  was  extensively  studied  prior  to  the  age  of 
isoparametric  shape  functions  (Zienkiewicz  and  Cheung,  1964,  1965;  Haisler  and  Stricklin, 
1967;  Strickland  and  Loden,  1968;  Cantin  and  Clough,  1968;  Clough  and  Johnson,  1968; 
Fonder  and  Clough,  1973;  Morris,  1976;  Ashwell,  1976).  A  common  difficulty  with  this 
approach  is  that  the  resulting  discrete  shell  equations  suffer  from  artificial  strain  states 
when  the  element  undergoes  arbitrarily  large  rigid  motions  (Cantin,  1970;  Darve,  1972). 

With  the  introduction  of  isoparametric  shape  functions  (Irons,  1966;  Ergatoudis,  Irons  and 
Zienkiewicz,  1968),  many  element  developers  adopted  the  isoparametric  mapping  in  the 
transformation  of  the  natural-coordinate  basis  into  the  inertially  fixed  orthogonal  basis. 
An  important  consequence  of  this  adoption  in  the  context  of  shell  elements  was  to  implic¬ 
itly  abandon  the  metric  of  the  shell  curvature-i.e.,  a  scalar-invariant  quadratic  form-in  the 
strain-displacement  representations.  Instead,  the  second-order  covariant  tensor  transfor¬ 
mations  that  are  needed  in  the  formulation  of  shell  elements  were  accomplished  through 
the  repeated  use  of  the  isoparametric  Jacobian  matrix  which  relates  the  parameterized 
natural-coordinate  derivatives  to  the  inertially  fixed  spatial  derivatives.  To  a  great  ex¬ 
tent,  from  a  theoretical  point  of  view,  deficiencies  in  some  of  the  existing  shell  elements 
can  be  traced  to  the  inadequacy  of  the  isoparametric  Jacobian  matrix  to  approximate  the 
scalar-invariant  metric  of  the  space  for  representing  the  differential  element  of  arc  length 
for  shell  surfaces.  This  inadequacy,  coupled  with  a  set  of  inconsistent  strain  interpolations 
(Fraeijs  de  Veubeke,  1965),  has  been  shown  to  cause  element  locking  (Ahmad,  Irons  and 
Zienkiewicz,  1970).  Reduced  integration  (Zienkiewicz,  Taylor  and  Too,  1971;  Pawsey  and 
Clough,  1971)  to  alleviate  such  locking  phenomena  has  in  turn  led  to  spurious  mechanisms 
(Kosloff  and  Frazer,  1978;  Flanagan  and  Belytschko,  1981).  Details  in  the  preceding  three 
approaches  can  be  found  in  the  text  of  Zienkiewicz  (1971),  Ashwell  and  Gallagher  (1976), 
Irons  (1980)  and  Hughes  (1986). 

The  fourth  approach  has  been  to  combine  two  salient  features  into  element  construction: 


isoparametric  interpolations  of  strain  fields  and  second-order  tensor  transformations  to 
transform  the  natural-coordinate  strains  into  the  strains  in  an  inertially  fixed  orthogonal 
coordinate  system,  and  vice  versa.  Shell  elements  (Dvorkin  and  Bathe,  1984;  Park  and 
Stanley,  1986;  Pinsky  and  Jang,  1986)  baaed  on  this  approach  have  shown  potential  for 
more  reliable  shell  analysis.  A  common  variational  framework  employed  in  the  implemen¬ 
tation  of  these  shell  elements  may  be  viewed  as  the  one  that  bypasses  classical  shell  theories 
and  resorts  to  the  basic  equations  of  state  and  motion  of  continuum  mechanics  (Hughes  and 
Liu,  1981).  However,  the  strain-displacement  relations  used  in  the  element  formulations 
have  been  limited  to  those  of  plate  theories  due  to  Re  issuer  (1945)  and  Mindlin  (1951) 
that  are  generally  considered  to  be  valid  for  linear  small  strains  only.  Consequently,  in 
order  to  properly  capture  shell  behavior  such  as  inextensional  bending,  membrane-bending 
coupling  for  thin  shells  and  in-plane  shear  deformations  within  the  context  of  continuum 
mechanics-based  variational  equations,  the  resulting  elements  have  to  be  considerably  em¬ 
bellished.  In  other  words,  many  of  the  shell  assumptions-i.e.,  Kirchhoff-Love’s  postulates 
(Love,  1927)-must  be  invoked  in  an  element-level  strain  interpolation.  It  should  be  noted 
that,  except  in  Park  and  Stanley  (1986),  element  developers  adopting  this  approach  have 
not  incorporated  the  two  fundamental  differential  lengths  of  arc  along  the  element  edges 
in  the  strain-displacement  relations. 

In  essence,  the  present  paper  is  a  first  revised  series  of  our  effort  on  shell  elements  based 
on  the  assumed  natural-coordinate  strain  (or  ANS-)  formulation.  The  basic  philosophy 
we  advocate  here  can  be  summarised  as  follows.  First,  we  incorporate  as  much  shell  be¬ 
havior  as  possible  into  the  variational  equations  of  motion  while,  in  principle,  we  maintain 
some  of  the  advantageous  features  in  the  continuum-based  formulation-particularly  the 
constitutive  relations  and  large  rotation  algorithms.  For  this  reason,  we  employ  stresses 
as  the  conjugate  variables  to  strain  increments  in  our  formulation  rather  than  the  resul¬ 
tant  forces  and  moments  that  are  used  in  most  classical  theories.  In  this  way  we  hope 
to  minimize  the  element  embellishments  referred  to  in  the  preceding  paragraph.  Second, 
we  adhere  to  a  set  of  physical  covariant  strains  as  our  basis  of  strain  interpolations  along 
the  natural-coordinate  lines.  It  will  be  shown  that  these  two  aspects,  together  with  an 
objective  set  of  strain  increments  and  nonlinear  constitutive  relations,  effectively  provide  a 
general  shell  analysis  capability  that  replaces  the  presently  prevalent  usage  of  the  strains 
that  were  originally  developed  for  linear  plate  bending  theories.  Third,  we  propose  to 
employ  the  isoparametric  shape  functions  both  for  shell  surface  geometries  and  displace¬ 
ments.  However,  we  will  abandon  the  isoparametric  Jacobian  matrix  in  the  derivation  of 
strains.  Instead,  we  will  employ  appropriate  second-order  tensor  transformations  to  ob¬ 
tain  the  orthogonal  shell-surface  strains  from  the  natural-coordinate  strains.  It  has  been 
found  that  the  resulting  element  strain  states  become  invariant  with  respect  to  an  arbi¬ 
trary  choice  of  the  shell-coordinate  system  (Park  and  Stanley,  1986).  Fourth,  the  present 
formulation  starts  with  D’Alembert’s  principle  from  which  the  variational  equations  of  mo¬ 
tion  are  derived,  which  are  valid  for  shell  dynamics.  This  is  in  contrast  with  most  existing 
shell  formulations  wherein  the  inertia  force  terms  are  retrofitted  into  the  quasi-static  shell 
equations,  thus  often  leading  to  an  inconsistent  set  of  dynamical  equations. 


Hence,  Part  1  of  the  present  paper  can  be  viewed  as  a  theoretical  foundation  on  the  shell 
elements  based  on  assumed  natural-coordinate  strain  (ANS— )  elements  that  began  with 
the  linear  interpolation  of  membrane  strains  in  Park  (1985),  the  9- ANS  shell  element  by 
Park  and  Stanley  (1985),  Park,  Stanley  and  Cabiness  (1986),  Stanley  (1985),  and  Stanley, 
Park  and  Hughes  (1986).  We  now  summarize  the  present  Part. 

Section  2  describes  the  kinematics  of  the  shell  element  for  which  a  set  of  triad  coordinate 
systems  are  chosen:  an  inertially  fixed  coordinate  system  for  translational  motions,  an 
orthogonal  shell-surface  coordinate  system  for  rotational  motions  and  a  natural-coordinate 
system  for  strains.  The  present  choice  of  such  triad  coordinate  systems  has  been  shown 
to  play  a  fundamental  role  in  mitigating  several  element  deficiencies  heretofore  present 
in  many  of  the  existing  shell  elements.  Specifically,  the  translational  displacements  and 
the  rotations  become  uncoupled  in  the  resulting  inertia  force  expression.  Shell  surface 
geometries  are  characterized  in  terms  of  the  parameterized  natural  coordinates  for  general 
shells  in  Section  3.  The  natural  covariant  unit  basis  vectors  and  the  two  fundamental 
differential  magnitudes  along  the  natural  coordinates  are  derived.  These  two  are  then 
used  to  obtain  natural-coordinate  derivatives  that  are  to  be  employed  in  the  derivation  of 
the  present  variational  strain-displacement  relations. 

The  variational  equations  of  motion  for  general  shells  are  derived  in  Section  4,  starting 
with  D’Alembert’s  principle.  The  acceleration  vector  that  was  obtained  in  Section  2  in 
terms  of  the  inertial  displacements  and  the  corotational  pseudo-vectors  and  a  contravariant 
stress  dyadic  tensor,  are  introduced  to  express  Cauchy’s  equations  of  motion.  The  product 
of  the  variational  position  vector  and  Cauchy’s  equations  of  motion  yields  the  D  ’Alembert 
equation.  A  variational  manipulation  of  the  D’Alembert  equation  leads  us  to  identify  the 
present  form  of  virtual  strain-displacement  relations.  The  resulting  variational  equations  of 
motion,  if  discretized  properly,  should  yield  a  consistent  set  of  their  discrete  counterparts 
for  general  shells. 

In  order  to  derive  the  desired  incremental  strain-displacement  relations  from  the  virtual 
strain-displacement  relations,  we  offer  the  essential  difference  between  the  infinitesimal  vir¬ 
tual  variation  (6-process)  and  the  finite  incremental  changes  (A-process).  This  is  discussed 
in  Section  5.  Recognition  of  this  difference  enables  us  to  obtain  the  incremental  strain- 
displacement  relations  from  the  virtual  strain-displacement  relations.  It  is  shown  that  the 
resulting  incremental  strain-displacement  relations  remain  objective  for  arbitrarily  large 
rigid  motions  and  accurate  for  up  to  moderate  strain  increments.  Computations  of  the 
shell-coordinate  strain  increments  are  then  covered  in  Section  6.  This  is  accomplished  by 
the  pointwise  second-order  tensor  transformation.  These  strain  increments  sire  then  used 
to  compute  the  corresponding  stress  increments.  With  a  suitable  stress  update  algorithm, 
one  can  compute  internal  force. 

Thin  shell  approximations  of  the  present  formulation  are  discussed  in  Section  7  and  the 
present  Part  concludes  with  a  discussion  on  classical  shell  theories.  It  is  shown  that,  when 
the  transverse  shear  strains  are  negligible,  the  present  equations  appear  to  yield  an  incre¬ 
mental  form  of  the  nonlinear  shell  equations  given  by  Sanders  (1963).  A  major  difference 
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for  this  special  case  of  the  present  shell  equations  is  that  they  are  presented  in  terms  of 
the  inertial  displacements  and  the  finite  pseudo-rotations  instead  of  the  covariant  shell- 
surface  displacements  and  the  infinitesimal  rotations.  Thus,  the  present  shell  equations 
may  implicitly  have  incorporated  the  finite  rotation  effects  discussed  in  Reissner(1963, 
1969,  1972),  and  Simmonds  and  Danielson  (1972). 


2.  Kinematics  of  Shell 

We  consider  here  a  shell  element  undergoing  large  motions  and  deformations  as  shown  in 
Fig.  1.  The  position  vector  of  the  particle  point  P  from  the  initial  time  to  to  a  later  time 
t  can  be  expressed  as 


T  a*  ( X  +  u)ei  +  (y  +  v)e2  4*  [Z  +  tu)e3  -j-  £3b3 


(2-1) 


where  (u  v  to)  are  displacements  measured  in  the  inertial  system  e  =  (si  e^  e3),  the  unit 
triads  b  =  (bi  b?  b3)  are  attached  on  the  deformed  cross-section  of  the  shell,  and  l3  is 
the  distance  of  the  material  point  P  on  the  deformed  cross  section  from  the  shell  neutral 
surface.  Therefore,  we  have  the  following  unique  transformation  from  the  inertially  fixed 


The  velocity  of  the  particle  point  P  can  be  obtained  from  (2.1) 

r  =  ure  4-  tT b  4-  £rb  =  ure  4-  tT b  4-  lTujT b 

in  which  the  relations  of  (2.2)  and  (2.3)  have  been  used  and 

ur  =  (u  v  w  )  and  tT  =  (0  0  f3) 


(2-5) 
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frame,  e,  to  the  body-fixed  frame,  b: 
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where  R  is  a  (3  x  3)  transformation  matrix. 
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The  angular  velocity  of  a  particle  point,  P,  on  the  shell  cross  section  is  thus  obtained  from 
(2.2)  as 

b  as 

wrb,  dr  =  -RRr 

(2-3) 
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Time  differentiation  of  r  then  yields  the  acceleration  of  the  particle  point  P : 


f  =  uTe  +  £Tb3  +  2t£  £>3  +  lTuT b  +  iTuTuT b 


(2-7) 


Finally,  the  variation  of  the  position  vector  r  can  be  obtained  from  (2.5) 

Sr  =  SuTe  +  d£b3  4-  SaTl b 

where  da  is  a  pseudo-vector  that  is  conjugate  with  u>  such  that 

SaT  =  <5RRr,  u>=La;i  w3JT,  da=[dai  6a 2  da3  J" 


(2-8) 


(2-9) 


and  1  is  given  by 


l  = 


0  -d3  0 

+£3  0  0 

0  0  0 


(2-10) 


Remark  2.1:  In  most  shell  theories  the  following  approximations  are  widely  accepted: 

£j«0,  Sll  -  0  (2-11) 

These  approximations,  however,  preclude  applications  of  the  resulting  equations  of  motion 
to  large  membrane  deformations  such  as  balloons  and  rubber  materials  under  extensive 
stretching. 

It  should  be  noted  that  6a  should  not  be  confused  with  the  variation  of  angles  in  classi¬ 
cal  mechanics.  Only  for  the  variation  of  infinitesimal  angles,  their  components  approach 
infinitesimal  variations  of  angles. 


3.  Shell  Geometries 

To  describe  the  shell  geometries,  we  employ  two  coordinate  systems:  an  orthogonal  shell- 
surface  coordinate  system  (  the  s-system)  and  a  natural  coordinate  system,  (£  tj  f), 
that  is  not  in  general  orthogonal  as  shown  in  Fig.  1.  In  order  to  streamline  our  subsequent 
derivations  of  shell  geometries,  we  need  to  express  the  position  vector  (r)  to  the  particle 
point,  P,  on  the  deformed  shell  cross  section  given  by  (2.1)  in  the  shell-coordinate  system. 
To  this  end,  we  observe  that  there  exists  a  unique  relation  between  the  b-system  and 
s-system: 


b  =  Sb,3, 


s  —  T,„e,  t  —  Sf,*£ 


(3-1) 
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where 

£T  =  [0  0  ?J  ,  f  =  i(h(S,T))  +  j(€,!7))  (3-2) 

in  which  h(£,  rj)  is  the  initial  shell  thickness  and  g(£,ij)  is  the  change  in  the  shell  thickness. 
Using  the  above  relations  we  have  for  the  second  term  in  (2.1)  as 

iTb  =  =  £rT,0e  (3  •  3) 

Substituting  (3.3)  into  (2.1),  the  position  vector,  r,  of  an  arbitrary  point  in  the  deformed 
shell  is  then  given  by 


r  =  r°  +  ft(f)4fle,  r°  =  xet  +  ye2  +  ze3  (3-4) 

where  (x,  y,  z)  refer  to  a  current  position  in  the  neutral  line  of  the  parameterized  shell 
surface: 

l  *(£>>7)  V^rj)  *({,»?)  J  =  [(*  +  u)  [Y  +  v)  (Z  +  u»)J  (3-5) 

and  t(f)Jff  is  the  third  row  of  TJfl  given  by 

=  lf3l  *32  *33  j  (3-6) 


If  the  shell  is  sufficiently  thin,  a  natural  coordinate  system  whose  basis  vectors  are  attached 
along  the  neutral  shell  surface  is  adequate  for  the  derivation  of  the  governing  equations  of 
motion  and  the  associated  incremental  strain-displacement  relations.  However,  for  general 
shells  the  natural-coordinate  basis  vectors  and/or  the  differential  lengths  of  arc  may  vary 
across  the  shell  cross  sections.  Hence,  we  re-express  r  as 

r=[2  g  i\  =  1(2(4,17)  +  f*si)  (y(£,»j)  +  ?*32)  (*(£, n)  +  ft33)  J  (3-7) 


The  two  fundamental  magnitudes  along  the  parameterized  curves,  (<,  77 ,  $■),  away  from 
the  neutral  shell  surface  (f  =  0)  are  obtained  (e.g.,  Kraus,  1967)  as 


dr  dr 


dr  dr 


9ii  dt'  df  drj  drj 

and  the  covariant  natural-coordinate  unit  vectors,  a  =  [a{  a,,  af  _Jr,  are  defined 

_ 1  dr 

*'  ~  3ti  gt 

s  -  ~— 


ja<  x  a„| 


(3-S) 


as 


r^(x,^  ei  4-  e2  +  x^) 

(3-9) 
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- — (x,„  et  4-  e3  -f-  z,n  e3) 

9nri 

(3  •  10) 

~  (x,f  Qi  —  y,f  e2  —  e3) 

(3-11) 
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or  in  a  compact  form 


5  =  fnoe 


(3-12) 


where  (  ),$  denotes  parametric  differentiation  with  respect  to  £. 


Note  that  the  position  vector  for  the  neutral  shell  surface,  r°(£,  tj),  is  expressed  in  an 
inertial  coordinate  system,  (ei  63),  whereas  the  shell  thickness  vector  away  from  the 
neutral  surface  is  given  in  the  natural-coordinate  system.  This  is  consistent  with  our  choice 
of  dual  coordinate  systems,  viz,  the  e-system  for  translational  motions  and  the  5-system 
for  rotational  motions. 

Remark  3.1:  If,  however,  the  shell  is  sufficiently  thin,  the  preceding  relations  can  be 

considerably  simplified  by  replacing  r  by  r°  in  the  preceding  fundamental  magnitudes  and 
covariant  unit  vectors. 

The  differential  lengths  of  the  edges  along  the  natural-coordinate  lines,  dS^  and  dSn,  are 
thus  given  by 


dSi  =  9ztdZ,  '  ~df 


dsn  =  gnr,dn,  g2„  =  K  +  (£e)2  +  2fA,an  '  ^  ^ 

dSt  =  g„dg,  + 

in  which  we  used  the  following  definitions: 

2  dr°  dr°  2  dr°  dr°  l2  1.  .  .  .  ..2 

A^~dT'W  ^-4  (*(&•?)+*(*.*)) 


(3-13) 


(3  •  14) 


(3  •  15) 


(3  •  16) 


Equations  (3.12)  -  (3.14)  imply 


d  _  j__a_ 
gu  di 

d  _  1  d 
dSr,  gnn  drj 

d  _  J__d 
dS(  g((  a? 


(3-17) 


(3  •  18) 


(3  •  19) 


Equations  (3.8)-(3.1l)  and  (3.16)-(3.18)  will  be  extensively  utilized  in  the  subsequent 
description  of  the  present  formulation. 
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4.  Variational  Equations  of  Motion  for  General  Shells 

As  stated  in  the  Introduction,  we  begin  the  derivation  of  the  present  incremental  strain- 
displacement  relations  from  the  D'Alembert  principle  (Lanczos,  1970).  We  then  cast  it 
into  a  variational  form  in  the  inertial  reference  frame,  which  is  then  subsequently  trans¬ 
formed  via  the  necessary  tensor  transformations  into  another  variational  equation  of  mo¬ 
tion  expressed  in  a  non-orthogonal  natural-coordinate  system.  From  this  equation,  we 
then  identify  variational  strain-displacement  relations.  The  physical  incremental  strain- 
displacement  relations  are  then  obtained  directly  from  the  variational  strain-displacement 
relations  simply  by  changing  the  infinitesimal  variation,  6,  by  the  finite  increment,  A, 
provided  certain  consistency  requirements  are  observed. 

In  order  to  effect  the  derivation  of  the  variational  equations  of  motion,  we  begin  with  the 
well-known  Cauchy  equations  of  motion  written  in  vector  form  in  the  inertial  coordinate 
frame: 


pi  =  Ve-  ~oe  +f 


in  which  p  is  the  density,  the  gradient  vector  operator  V  is  given  by 

„  d  d  d 

v* =  3T‘  +  +  Si*3’ 

the  Cauchy  stress  tensor  in  dyadic  form,  <re,  is  given  by 

{&t£e ie*  -b  <72yeie2  4-  crIse ie$ 

4*  <7yye2e2  T  O , 

3®i  ■+■  <7 *56362  4“ 

and  f  is  an  applied  force  vector. 


The  variational  equations  of  motion  is  given  by 


(4-1) 


(4-2) 


(4-3) 


y  8r  ■  ( pr  —  a e  -f)dV  =  0 


(4  •  4) 


Equation  (4.4)  is  re-expressed  as 

SF1  +  6FS  -  SFT  =  SFE  (4  •  5) 

in  which  ST1 ,  SFs ,  SFT  and  6FE  are  referred  to  as  the  inertia  force,  the  stiffness  force, 
the  traction  boundary  force  and  the  external  force  operators,  respectively,  and  are  given 
|  by 

I 

I 

SF1  = 

6FS  +  6Ft  = 


Sr-fdV  (4-8) 

We  will  now  treat  the  above  three  variational  operators  separately. 


J  pSr  •  idV  (4  •  6) 

- 1  St-  Ve-  ae  dV  (4  •  7) 


4.1  The  Inertia  Force  Operator,  6F 1 

The  dot  product  of  St  •  r  from  (2.7)  and  (2.8)  yields 

f  duT(u  -h  e  •  b Jf3  +  2e  ■  b3 t3  +  RTtTu)  +  RT<I>£ru>) 

5r-r=<  +5£3(b3  •  eTu  +  23 b3  •  bT£rw  +  b3  •  br<I>£ru/)  (4  •  9) 

+(JaT£(Ru  +  bT  •  bj"^  +  2b  ■  bj  £3  +  t? ui  +  ui) 

If  we  choose  the  origin  of  the  (£,  rj,  ^-coordinate  system  to  be  the  center  of  the  cross- 
sectional  area  of  the  shell  element,  we  have 


[  IdV  =  [  FdV  =  0 


(4  •  10) 


Substituting  (4.9)  into  (4.6)  and  making  use  of  (4.10),  we  obtain  for  tbe  inertia  force 


operator: 


ST1  = 


Jv  p(duru  +  6tzl 3  +  SaTUTCi  +  6ccT£u£Tu)dV 
+  fv  p(SuTe  ^3/3  +  <5£3b3  •  eru  +  2due  •  b3  i3)dV 


(4-11) 


Note  that  the  second  row  of  (4.11)  gives  rise  to  off-block  diagonal  contributions  to  the  mass 
matrix.  In  other  words,  they  represent  the  cross  coupling  between  the  u-components  and 
£3.  We  will  assume  that  the  inertia  force  due  to  the  through-the-thickness  relative  motion 
is  small  compared  to  the  inertial  motions.  However,  in  order  to  prevent  rank-deficiency  in 
the  resulting  mass  matrix,  we  will  retain  S£3£3.  We  thus  simplify  (4.11)  to 


ST1  =  f  p(6uTu  +  6£3£3-{-6aT££r<j  +  6aT£Q£ruj)dV  (4-12) 

Jv 


Remark  4.1:  It  is  noted  that  the  translational  displacements  u  are  measured  in  e,  whereas 
the  pseudo-rotations  Sa  are  measured  in  b.  It  is  the  dual  choices  that  result  in  the  simple 
decoupled  inertia  expressions  as  given  in  (4.12). 

Remark  4.2:  Although  the  preceding  inertia  force  operator  has  been  derived  for  a  gen¬ 
eral  three-dimensional  continuum,  there  exists  no  contribution  due  to  u/3-term.  In  other 
words,  the  inertia  force  due  to  the  normal  rotation  is  assumed  to  be  negligible,  as  a  direct 
consequence  of  the  admissible  displacement  adopted  in  (2.1).  This  is  somewhat  akin  to 
Naghdi’s  adaptation  (1972)  of  a  director  vector  concept  of  the  Cosserat  brothers  (1909). 

4.2  The  Stiffness  Force  Operator,  ST5 

Computations  of  the  stiffness  force  operator  terms  as  given  by  (4.7)  are  not  convenient 
since  the  stresses  are  measured  in  the  inertial  coordinate  systems.  A  convenient  coordinate 
system  to  facilitate  computations  of  the  stiffness  force  is  an  orthogonal  corotational  system 


(or  the  shell  coordinate  system).  However,  as  the  element  meshes  are  in  general  irregular, 
a  more  suitable  system  is  the  non-orthogonal  natural-coordinate  system  defined  on  the 
deformed  shell  element,  i.e.,  the  a-system,  as  introduced  in  Section  3.  This  is  particularly 
attractive  when  the  element  is  based  on  the  assumed  strain  states. 


Of  several  possible  approaches,  the  one  we  will  employ  is  based  on  the  invariance  property 
of  the  variational  form  of  the  stiffness  force  operator  under  am  arbitrary  choice  of  coordinate 
system.  Note  that  (4.7)  contains  terms  expressed  in  both  the  e  and  a-coordinate  systems. 
Instead,  it  can  be  expressed  in  the  S-system  only.  To  this  end,  first  we  re-express  6 r  in  the 
e-system: 

Sre  —  (SuT  +  St^  +  l^S0T)e  (4-13) 

where 

t  =  R4,  60  =  Rr  -Sa-R  (4  •  14) 

It  should  be  noted  that  the  presence  of  6t%  admits  normal  loads  on  the  shell  surface. 


Since  our  objective  here  is  to  obtain  the  variational  expression  for  6"FS  in  the  natural- 
coordinate  system,  a,  we  first  observe  that  the  spatial  derivatives  in  the  e-system  are 
related  to  the  corresponding  ones  in  the  a-system  according  to 


f  J-  > 

(  -2- 

dX 

3S( 

JL 
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3 

3s  J 

3St  / 

(4  •  15) 


Second,  the  contravariant  stress  tensor  in  the  a-system  is  related  to  that  in  the  e-system 
by  the  following  tensorial  transformation: 


=  T. 


ng 
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■  n<7 
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(4  •  16) 


Finally,  by  substituting  (4.15)  and  (4.16)  into  the  the  expression,  6r  •  Va-  <r  e,  in  (4.7)  and 
performing  spatial  integration  by  parts,  we  obtain  the  desired  stiffness  force  operator: 


=  +  +  ^  )Tr  |  |  dV 


+  Jv  +  Si*  +  *■* **  \ci*  |  dv 


+  fv  JfVZ  +  tl60T}T?  i  *„  >  dV 


and  the  traction  force  operator: 


(4-17) 


=  [  (*U 

Js 


T  ,K,T  . 


+  sex  +  %60  )T  {  <72  >  dS 


(4  •  18) 


where  (<rt  <Ti  <73)  are  the  surface  tractions  along  the  (<f  7  ^-coordinates  around  the 
shell  element  boundaries. 

It  should  be  noted  that,  in  the  above  relation,  we  have  made  use  of  the  following  intrinsic 


shell  assumption: 


W*uT)  =  0 


(4  •  19) 


which  means  that  the  translational  displacements,  u,  are  independent  of  the  corotational 
axis,  f. 


4.3  The  External  Force  Operator,  5Fl 


The  external  force  can  be  expressed  in  the  inertial  system  as 


f=/fe,  fj  =  [A  h  fz\ 


(4  •  20) 


so  that  from  (4.8)  we  have 


1  «a»  M  ».»  M  I 


h*  (>'  i>  i.«  I 


sfe  =  I  {SuT  +  stl  +  iTx  seT}fedv 


(4-21) 


It  should  be  noted  that  the  gravitational  force  and  the  thermal  loads  may  be  effectively 
accounted  for  by  (4.21)  if  appropriate  accommodations  are  made  into  /„. 

5.  Natural— Coordinate  Strain— Displacement  Relations 

In  conventional  derivations  of  various  strain-displacement  relations,  a  specific  form  of 
stresses  is  first  adopted.  Then,  one  employs  either  the  Green  strain  for  the  Piola-Kirchhoff 
second  stress  tensor  or  the  Euler  strain  when  the  Cauchy  stress  tensor  is  adopted.  In 
the  present  formulation,  we  will  first  express  the  stiffness  force  operator,  6FS ,  derived  in 
the  preceding  section  in  a  variational  form.  From  the  resulting  variational  form  we  will 
then  identify  the  variational  strains.  Finally,  by  simply  exchanging  the  infinitesimal  varia¬ 
tional  process,  6,  with  the  finite  incremental  process,  A,  we  obtain  the  present  incremental 
strain-displacement  relations.  It  has  been  shown  that  the  incremental  strain-displacement 
relations  derived  for  flexible  beams  by  a  similar  approach  remain  objective  under  arbitrarily 
large  rigid  motions  and  large  transverse  shear  deformations  (Park,  1987). 

We  rewrite  the  variational  stiffness  operator,  6FS ,  from  (4.17)  in  the  following  form: 

6YS  =  /  +  6en(0r)(  +  6e{(a(()dV  (5-1) 

Jv 


In  order  to  obtain  the  natural-coordinate  strain-displacement  relations  expressed  in  the 
natural-coordinate  system,  we  recall  from  (4.13) 


<?tl  =  {Su  6v  6v)}t  =  Su  +  6tx  +  60la 


(5-2) 


where  the  subscript  x  denotes  that  the  quantities  are  expressed  in  the  inertial  coordinate 
system.  Eventually,  we  would  like  to  compute  the  strains  and  stresses  in  an  orthogonal 
shell  coordinate  system.  To  this  end  we  recall  (3.1)  to  express  ix  by 

lx  =  RTl  =  TjgSZsbt£  =  TjgZ,  £r  =  |0  0  fj  (5-3) 

Therefore,  6lx  can  be  expressed  as 

6tx  =  $6qtJ  (5  •  4) 

where  tj  is  the  same  as  the  third  row  vector  of  TJ(J. 


(5-3) 
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Similarly,  for  the  third  term  in  (5.2)  we  obtain 


in  which 


II 

•«a 

(5-5) 
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l*9 

0 

(5-6) 

Finally,  by  substituting  8lx  and  SOI*  into  <5x1  we  obtain  for  the  virtual  displacements 

5tl  =  {5ii  Si}  SiD}7  =  $u  +  fSqt*  +  ftftf50  (5  •  7) 


We  will  now  derive  the  desired,  natural-coordinate  strain-displacement  relations  in  the 
next  section. 

5.1  Virtual  Strain-Displacement  Relations 

Equation  (5.1)  suggests  that,  by  rearranging  (4.17),  comparing  term  by  term  between  the 
two  equations  and  making  use  of  (5.7),  one  can  identify  the  variational  natural-coordinate 
strain-displacement  relations  as: 


in  which 


-T 


-t  dsn 

=  t<  "571 

(5-8) 

-t  -r  dSi 1 

'  ~  < ds^  +  ^diTc 

(5-9) 

-t  d6a 

6tr"  -  ’  dS„ 

(5  •  10) 

-rdSa  -t  dSn 

'  ~ as7  'r t?  as7 

(5-11) 

_-rdSa  -t  dSu 
~t(dS^~tr,'dS^ 

(5  •  12) 

~r  dsa 

Si "  =  as; 

(5  •  13) 
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1  du 

dv 

du). 

d?j 

dS( 

dt 

and  similarly  for  other  expressions. 


(5  •  16) 
(5  •  17) 


Remark  5.1:  and  tf  are  the  directional  cosines  that  project  the  derivatives  or  the 

changes  in  the  normals  onto  the  natural-coordinate  lines.  It  is  this  feature  that  makes 
the  ANS  shell  elements  simple,  robust,  easy-to-incorporate,  while  being  able  to  preserve 
physically-relevant  shell  behavior. 


It  is  critical  to  note  that  the  pseudo- rotation  vector,  60,  are  expressed  in  the  e-system; 
hence,  they  are  inertially-based  quantities  and  linearly  dependent.  This  linear  dependency 
can  be  observed  as  follows.  First,  we  note  that  60 can  be  expressed  from  (3.1)  and  (4.14) 
as 


60la  =  RT$aR*x  =  =  T  Ttg60i 


(5  •  18) 


sg~ tos"  ~~ o*  —  sg  —  —  sg 

where  the  skew  symmetric  matrix  60  consists  of  the  pseudo-rotation  vector  components  in 
the  shell-coordinate  ?ystem: 

60  =  Sl8aSb.  (5-19) 

Multiplying  out  60£,  we  obtain 


m  =  f 


f  m  ) 
-60 1 
0 


In  other  words,  both  6a  and  60  are  related  to  60  by 


'0  0  602 

60=  0  0  -60i 

—60 2  60i  0 

so  that  we  have  the  following  linear  dependency  for  60: 


=  Tag60T.„  =  Sbs6aS 


•Q 


’b. 


(5  •  20) 


(5-21) 


(*13*22  —  *12*23)^1  +  (*11*23  —  * 13*2l)^2  +  (*12*21  ~  *11*22)<503  —  0 


(5  •  22) 


Notice  that  the  purpose  of  introducing  60  is  only  for  strain  interpolations.  As  they  are  not 
independent  variables,  one  must  transform  them  at  each  node  into  60  and  then  perform 
the  necessary  variations.  This  is  accomplished  by  the  following  explicit  relation: 


60x 


602 ; 

60 3  J 


>  =  Td0 


(*33*22  “  *23*32) 
(*23*31  “  *21*33) 
(*32*21  ~  *22*3l) 


(*13*32  ~  *33*12) 
(*11*33  ~  * I3*3l) 
(*12*31  ~  *32* l l) 


(5-23) 
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Alternatively,  one  may  wish  to  eliminate  one  of  them  (say,  503),  and  then  perform  varia¬ 
tions  with  (50i,  50j)  only. 

Remark  5.2:  When  the  element  nodal  points  are  placed  on  a  skewed  plane  as  is  often 
the  case  for  distorted  elements  on  a  shell  surface,  the  present  ANS  formulation  effectively 
overcomes  locking  difficulty  as  the  normal  vector  components,  t^,  can  properly  project  the 
displacement  derivatives  on  the  parametrically  determined  skewed  surface.  This  capability 
plays  a  key  role  for  the  modeling  of  the  transverse  shear  strains,  ejf  and  enf,  as  derived  in 
(5.11)  and  (5.12).  Hence,  the  present  formulation  faithfully  adopts  the  shell  geometry  and 
the  corresponding  strain-displacement  relations. 


/• 


§ 


5.2  Derivation  of  Incremental  Strain-Displacement  Relations 

As  stated  in  Introduction,  we  do  not  rely  on  any  predefined  strain-displacement  formula  to 
derive  the  present  incremental  strain-displacement  relations.  Instead,  we  derive  the  desired 
incremental  strain-displacement  relations  from  the  virtual  strain-displacement  relations  in 
Section  5.1.  It  is  emphasized  that  those  relations  are  derived  solely  from  a  variational 
transformation  of  the  D’Alembert  principle  starting  from  the  Cauchy  equations  of  motion. 

A  prerequisite  for  deriving  the  incremental  strain-displacement  relations  from  the  virtual 
strain-displacement  relations  is  to  observe  the  difference  between  the  infinitesimal  vari¬ 
ation  process,  5,  and  the  finite  increment  process,  A.  This  is  dealt  with  first.  Second, 
except  thetrain-displacement  relations,  (5.8)-(5.13),  involve  the  spatial  derivatives  of  S/3. 
A  computationally  tractable  approximation  of  these  derivatives  is  discussed  in  detail  in 
Section  5.2.2.  Finally,  the  desired  incremental  strain-displacement  relations  are  derived  in 
Section  5.2.3. 


5.2.1  The  5-  and  A-Processes 

In  order  to  delineate  the  difference  between  the  6  and  A  processes,  let  us  consider  the 
two-dimensional  rotational  matrix: 


R  = 


cos  0  sin  0 
—  sin  0  cos  0 


(5  ■  24) 


The  variational  pseudo-vector  operator,  6a  ,  for  this  case  is  obtained  by 


6hr  =  5RRr  = 


0 

00(3 

—6a  3 

0 

L 

5  cos  0 
— 5sin0 


5  sin0 

6  cos  0 


from  which  one  obtains 


cos0  —  sin0 
sin  0  cos  0 


5c*3  =  5(sin  0)  ■  cos  0  —  6(cos  0)  •  sin  0 


13 


(5  •  25) 


(5  •  26) 
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If  one  performs  the  required  infinitesimal  variation  of  the  above  expression,  the  resulting 
expression  becomes 


5o£3  =  {69  •  cos  9)  cos  9  —  {—69  •  sin  9)  •  sin  9  =  69  (5  •  27) 

On  the  other  hand,  for  the  finite  incremental  process  we  have 


Aa$  =  A  (sin  5)  -cos  9  —  A(cos0)  -sintf,  Asinfl  =  sin0^n+1^  —  sin0n  (5-28) 

for  the  incremental  step  from  n  to  (n  +  l)-step.  Clearly,  one  observes 

6a$  ^  Aaj  (5  •  29) 

We  will  now  extensively  use  the  A-process  in  order  to  derive  the  desired  incremental 
strain-displacement  relations  from  the  virtual  strain-displacement  relations,  (5.8)~(5.13). 


5.2.2  Approximation  of  Incremental  Pseudo- Vector,  A/3 


The  incremental  counterpart  of  the  virtual  pseudo-vector  employed  in  (5.3b)  is  not  com¬ 
putationally  tractable  in  that  form.  First,  we  note  from  Remark  4.3  that  the  matrix,  S, 
is  associated  with  the  point  transformation;  it  is  a  constant  matrix.  Hence,  we  have  from 
(4.14)  and  (5.19) 


dSi  **  dSt  R6"’ 


d6~0T  oX  d6  aT 
dS„  ~  bs'  dS„ 


(5  •  30) 


The  A-transformation  of  the  above  equation,  provided  one  meticulously  observes  the  il¬ 
lustration  given  in  Section  5.2.1,  yields: 
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(5  •  31) 


Note  that  the  matrix,  S&«,  relates  from  the  s-system  to  the  b-system  solely  due  to  trans¬ 
verse  shear  deformations.  This  means  that,  when  the  incremental  transverse  shear  defor¬ 
mations  become  large,  one  must  adhere  to  the  above  equations  to  update  A/3.  However,  if 
the  incremental  transverse  deformations  are  small,  a  reasonable  approximation  would  be 


dAQ  dAa  dA/3  _  dA a  tB 

aspasT'  as7*as7  (5'32) 

Physically,  the  above  approximation  corresponds  to  remeshing  of  the  deformed  element 
cross  sections  to  be  normal  with  respect  to  the  two  natural  coordinates,  (£,  77)  at  the  end 
of  each  increment. 


5.2.3  Incremental  Strain-Displacement  Relations 


£ 


We  now  derive  the  increment  ad  strain-displacement  relations  from  (5.8)-(5.13),  (5.23), 
(5.28)  and  (5.31)  with  the  A-process  delineated  in  Section  5.2.1.  The  resulting  relations 
are  as  follows: 


in  which 


Remark  5.3: 


_r  dAH 

Ae“  =  ti  "5sT 

(5  •  33) 

,  -r  dAfl  -rdAfl 

Aet<-  =  t«asr  +  t”a5r 

(5-34) 

T  dAH 
^  ~  **  *  dSn 

(5  •  35) 

~T  d  Atl  -t  dAtl 

A£«=t'isr+t<iisr 

(5  •  36) 

-T  d  Atl  -T  dAH 

A‘nf  ” dsn  +  ase 

(5-37) 

-T  dAU 

5S7 

(5  •  38) 

Au  =  (Au  Aff  Au)}r  =  Au  -1-  ?Aqtfg  +  ftJff  A0 

(5  •  39) 

When  one  can  ignore  the  changes  in  the  shell  thickness,  one  can  set 


Aq  =  0 


(5  •  40) 


which  reduces  to  a  classical  shell  assumption. 


0.  Computations  of  Incremental  Stresses 


The  variational  stiffness  operator  expressed  in  the  natural-coordinate  system  (5.1),  even 
though  it  is  natural  for  constructing  the  assumed  strain  fields  that  are  aligned  along  the 
shell  element  mesh  shapes,  presents  difficulties  when  faced  with  computing  the  natural- 
coordinate  stresses.  This  is  because  most  constitutive  relations  are  defined  in  an  orthogonal 
coordinate  system.  Since  a  constitutive  matrix  is  a  fourth-order  tensor,  one  must  perform 
a  fourth  order  point-by-point  tensor  transformation  of  each  orthogonally-based  constitu¬ 
tive  matrix  to  obtain  its  counterpart  in  the  natural  coordinate-based  constitutive  matrix. 
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This  conversion  procedure  can  not  only  be  cumbersome  but  also  can  destroy  in  effect  the 
assumed  constant  or  linear  strain  fields  to  non-uniform  strain  fields. 

In  the  present  formulation,  we  transform  the  natural-coordinate  strain  increments  into  a 
shell  surface-based  orthogonal  system.  In  this  way  one  not  only  performs  a  second-order 
tensor  transformation  but  also  obtains  the  stress  increments  for  widely  preferred  shell- 
coordinate  quantities.  To  compute  the  stresses  in  terms  of  the  orthogonal  shell-surface 
coordinate  system,  s,  one  needs  to  transform  the  natural-coordinate  strain  increments 
into  the  shell-coordinate  strain  increments.  The  required  transformation  is  realized  from: 

S  —  Tfig  •  TtgS  —  Tn jS,  or  s  =  Ttn a  (6  •  1) 

where  s  is  defined  as 

s  =  (s,  s*  sn),  sn  =  af  (6-2) 

so  that  not  only  (s,  st)  are  chosen  to  form  an  orthogonal  system  that  is  tangent  to  the  shell 
surface,  but  also  the  third  unit  vector,  sn,  coincides  with  the  natural-coordinate  vector, 
af. 

The  variational  stiffness  force  operator  (5.1)  in  the  shell-surface  coordinate  system,  i.e., 
s-system,  can  be  written  as 

SFs  =  /  +  6ett<r,t  +  6e,notn  +  Settctt  +  Setnatn  +  6enncrnn)dV  (6  •  3) 

Jv 

in  which  the  shell-surface  strain  increments  are  obtained  by  the  following  tensor  transfor¬ 
mation  of  the  natural-coordinate  strain  increments: 

'  Ac,,  |Ae,t  |Ae,nl  _  f  Ae((  ±Ae(n  |AeJf] 

2^£|(  Ae«  2  Attn  =  T»n  2  A^nri  ^sn 

_  2  A€nn  *  _^A££f 

These  strains  are  then  used  to  compute  the  shell-coordinate  stress  increments 

A  a,  -  [  Aa„  A aat  A a,„  A ctt  A otn  Acnn  JT  (6  •  5) 

by  adopting  a  suitable  constitutive  relation  (e.g.,  see  [Stanley,  1985]) 

A  a,  =  C  Ac,  (6  •  6) 

where 

At,  =  [  Ac,,  A e,t  AeJrt  Ac«  Aet„  Aen„Jr  (6-7) 


Once  the  stress  increments  are  calculated,  the  total  stresses  are  updated  by 


i».  jjwjvtj  w  wror:  fwyj .» g»  v»  v.  vv 


& 


<r(»+1)  =  *[n)  +  A<rin+l)  (6  •  8) 

Finally,  the  virtual  shell-surface  strain-displacement  relations  are  obtained  from  the  virtual 
natural-coordinate  strain-displacement  relations  by  replacing  A  by  5.  Specifically,  for  the 
present  choice  of  the  normal  vector  (6.2b),  we  have 
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Expanding  (6.9)  while  employing  (6.10),  we  obtain  the  following  explicit  relations: 
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Substitutions  of  (6.8)  and  (6.11)  into  (6.3)  and  evaluation  of  the  resulting  variational  oper¬ 
ator  then  yield  the  desired  internal  force  vector  in  terms  of  the  shell-coordinate  quantities. 

Remark  6.1:  The  strains,  Ac,,  are  equivalent  to  classical  strain-displacement  relations 
for  an  orthogonal  shell-surface  coordinate  system,  with  one  major  difference.  In  classical 
shell  theories,  the  unknowns  are  the  covariant  displacements  (a  •  Au  and  A (3),  and  their 
covariant  derivatives.  In  the  present  formulation,  the  unknowns  are  the  inertially-based 
displacements  (Au  and  A 0  ) ,  and  their  covariant  derivatives.  This  difference  plays  a  crucial 
role  in  the  finite  element  discretization  of  the  resulting  variational  equations. 
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7.  Thin  Shell  Approximations  >„-■ 

xA 

As  in  classical  shell  theories,  care  must  be  exercised  in  approximating  (5.  ?)  -(5.13)  in  order 
to  obtain  a  consistent  set  of  virtual  (or  incremental,  for  that  matter)  strain-displacement  v£ 

relations  for  thin  shells.  The  most  widely  accepted  approximation  starts  with  (see  Sanders 
(1959)  and  Budiansky  and  Sanders  (1963)): 

S 

9‘‘  CS  At,  gr,n  An  ("  •  1) 


which  leads  to  the  following  approximations  for  the  covariant  derivatives  defined  in  (3.18) 
-  (3.20): 

=  JL  =  ±.±  = 

dSt  A*dZ  dSr,  An  drf  dS<  dg 
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The  second  approximation  is  to  employ 


(7-3) 

which  means  that  the  shell  normals  remain  straight  after  deformations,  and  the  changes 
in  the  shell  thickness  are  negligible.  We  now  simplify  the  virtual  and  incremental  strain- 
displacement  relations  for  thin  shells. 

With  the  preceding  approximations,  we  can  specialize  the  virtual  strain-displacements  for 
general  shells,  (5.8)  -  (5.13),  to  thin  shells  as  follows: 
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(7-12) 


In  the  above  equations  we  have  used  <5u  for 


5u  =  t *8  •  9 

(7-13) 

v: 

together  with  the  following  definitions: 

I 

*1  =  y>t  *»<) 

(7-14) 
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=  Vm  z'*\ ) 

(7-15) 

§ 

tf  =  (*31  *31  .  *33)  =  (S,f  y,(  Z,<  ) 

(7-16) 

■V 

dll  1  iti  dv  dw.T 

dsl~  At'ae  J£  d?' 

(7  •  17) 

$ 

and  similarly  for  other  expressions. 

The  strain-displacement  relations  that  are  valid  for  finite  displacement  and  finite  rotations 
can  be  obtained  simply  by  substituting  A  in  place  of  6  in  the  preceding  equations  with 
the  understanding  delineated  in  Sections  5.2.2  and  5.2.3. 

Remark  7.1:  Note  the  modification  of  the  in-plane  bending  term  in  (7.11)  denoted  by 
(  )§.  This  modification  in  the  in-plane  bending  is  equivalent  to  retaining  the  ^-dependent 
term  in  tn^f)  and  t ng(rj)  in  (3.12),  and  is  akin  to  Sanders’  modification  (1959)  to  improve 
the  in-plane  bending  behavior  for  normal  torsional  rigid  rotations.  Specifically,  its  first 
expression  represents  the  vector  cross-product  of  the  rate  of  change  of  the  normal  vector 
(ac)  along  the  £-line  and  the  membrane  strain  component  along  7- line.  Similarly,  the 
second  term  represents  the  vector  product  of  the  change  of  the  normal  vector  along  the 
7-line  and  the  membrane  strain  component  along  the  £-iine.  Hence,  taken  together  the 
modification  represents  a  torsional  behavior.  It  can  be  shown,  though  not  elaborated 
here,  that  the  present  strain-displacement  relations  satisfy  the  small  rigid  motion  relations 
delineated  in  Appendix  A  of  Sanders  (1959). 

Remark  7.2:  It  is  noteworthy  to  point  out  the  consistent  rotational  kinematics  in  the 
present  trnasverse  shear  strains  given  by  (7.9)  and  (7.10).  To  appreciate  this  important 
feature,  we  substitute  (5.23)  into  (7.13)  to  obtain 
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where  t(i)J9  are  the  t-th  row  of  Ttg  that  is  defined  l>y  (3.1b).  This  relation  constitutes 
one  of  the  key  results  of  the  present  formulation.  For  moderate  transverse  shear  one  needs 
to  update  first  A  a  from 

Aa  =  ARRr  (7  •  19) 

and  update  f3  by  (5.31b). 


8.  Discussion 

In  this  Part,  we  have  derived  the  variational  equations  of  motion  for  general  shells  based 

on  the  natural-coordinate  system  that  is  in  general  not  orthogonal.  Several  features  of  the 

present  formulation  are  worth  mentioning: 

•  The  present  formulation  has  been  motivated  by  the  desire  to  incorporate  as  much 
shell  behavior  as  possible  into  the  basic  variational  equations  of  motion,  which  will  be 
discretized  subsequently  by  the  finite  element  procedures. 

•  The  translational  motions  are  fixed  on  an  inertial  orthogonal  coordinate  system, 
whereas  the  rotational  motions  are  fixed  on  a  corotational  coordinate  system.  This 
choice  is  in  contrast  with  classical  shell  theories  wherein  the  covariant  displacements 
are  the  primary  variables.  Hence,  many  difficulties  associated  with  the  finite  element 
discretization  of  the  classical  shell  equations-i.e.,  preservation  of  rigid  motions,  finite 
rotations,  etc.-are  circumvented. 

•  The  virtual  strain-displacement  relations  have  been  derived  from  a  variational  trans¬ 
formation  of  the  D’Alembert  principle  in  which  the  Cauchy  contravariant  stress  tensor 
is  used  in  the  equilibrium  equations  for  continuum.  A  pointwise  tensor  transformation 
is  then  employed  to  obtain  the  virtual  strain-displacement  relations  from  the  varia¬ 
tional  equations  of  motion.  The  incremental  strain-displacement  relations  that  are 
needed  to  compute  the  incremental  stresses  are  obtained  by  exchanging  the  infinites¬ 
imal  variational  process  ( S )  with  the  finite  incremental  process  (A).  The  resulting 
incremental  strains  remain  valid  for  arbitrarily  large  rigid  translational  and  rotational 
motions. 

•  In  the  present  formulation,  the  strain  increments  are  interpolated  first  on  the  natural 
coordinates.  The  shell-coordinate  strain  increments  are  then  obtained  by  pointwise 
tensor  tranformation.  These  shell-coordinate  strain  increments  are  used  to  compute 
stress  increments  in  the  shell-surface  coordinates.  On  the  other  hand,  the  inertia 
terms  are  computed  in  terms  of  the  fixed  coordinate  system  for  translations  and  the 
corotational  system  for  rotations. 

•  After  completing  the  present  formulation  for  general  shells,  the  strain-displacement 
relations  are  specialized  to  thin  shells.  The  resulting  equations  of  motion  for  thin 
shells  will  be  subject  to  finite  element  discretizations  in  Part  II.  A  more  concrete  form 
of  the  equations  of  motion  for  thick  shells  will  then  be  discretized. 
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ABSTRACT 

Thin  shell  elements  whose  formulation  is  based  on  the  assumed  natural-coordinate 
strain(ANS)  fields  derived  in  Part  I  are  presented.  The  present  shell  element  construc¬ 
tion  offers  several  improvements  over  the  ANS  elements  previously  presented,  particularly 
regarding  the  inplane  shear  strain,  twist  and  transverse  shear  due  to  changes  in  the  shell 
normals.  These  improvements  have  been  made  possible  by  adopting  the  new  formulation 
presented  in  Part  I  and  by  introducing  new  ways  of  interpolating  assumed  strain  fields. 
The  elements  thus  constructed  correctly  preserve  rigid  motions,  exhibiting  no  locking  for 
skewed  element  shapes  such  as  hemispherical  geometries.  In  particular,  the  new  9- ANS  el¬ 
ement  resulting  from  the  present  construction  possesses  a  significantly  improved  modeling 
of  transverse  shear  strains,  which  may  be  important  for  composite  analysis. 
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1.  INTRODUCTION 

The  present  paper  is  to  serve  as  a  definitive  exposition  on  the  construction  of  the  shell 
elements  based  on  assumed  natural-coordinate  strains  (ANS)  that  began  with  the  linear 
interpolation  of  membrane  strains  in  Park  (1985),  the  9-ANS  shell  element  by  Park  and 
Stanley  (1986),  Park,  Stanley  and  Cabiness  (1986),  Stanley  (1985),  and  Stanley,  Park  and 
Hughes  (1986).  In  doing  so,  we  rely  on  several  important  corrections  brought  on  by  the 
theoretical  formulation  presented  in  Part  I  (Park  and  Stanley,  1987).  The  corrections  were 
motivated  by  our  desire  to  base  our  element  construction  on  the  formulation  that  incorpo¬ 
rates  as  much  shell  behavior  as  possible  from  the  outset  into  the  variational  equations  of 
motion  to  be  discretized,  to  improve  the  curvature  effects,  and  to  directly  incorporate  into 
the  assumed  strain-displacement  relations  a  thick-shell  capability.  The  present  exposition 
may  therefore  be  regarded  as  our  earnest  effort  to  effect  a  “marriage  a  la  mode”  between 
the  finite  element  method  and  shell  theories. 


The  impetus  for  developing  the  previous  ANS  shell  elements  was  to  improve  the  element 
performance  when  the  elements  become  progressively  distorted.  This  was  in  essence  ac¬ 
complished  by  abandoning  the  standard  isoparametric  mapping  that  is  used  to  transform 
the  natural-coordinate  derivatives  into  their  inertially  fixed  Cartesian  counterparts.  In 
addition,  concepts  such  as  the  Hrennikoff  grid  (1941),  a  series  of  consistent  interpolations 
on  the  natural-coordinate  strain  terms  (Park,  1985),  a  tensorial  transformation  of  the 
natural-coordinate  strains  into  the  corresponding  Cartesian  strains  and  directionally  selec¬ 
tive  reduced-integration  were  blended  to  avoid  element  locking  and  spurious  mechanisms. 
The  resulting  elements  thus  have  acquired  one  important  theoretical  property:  the  strains 
remain  invariant  for  an  arbitrary  choice  of  the  local  coordinate  system,  hence  improving 
the  element  performance  for  distorted  grids.  Subsequent  numerical  evaluations  of  the  ANS 
elements  indicated  that  the  9-noded  ANS  element  (or  9-ANS  element)  manifested  no  os¬ 
tensible  deficiency  for  production-level  applications.  The  9-ANS  element  then  was  used 
to  analyze  the  post-buckling  problem  of  a  curved  composite  panel  with  a  cutout  (Stanley, 
1985),  which  increased  our  confidence  in  the  element. 


As  we  turned  our  attention  to  more  rigorous  theoretical  aspects  of  both  the  9-ANS  and 
4- ANS  elements,  there  emerged  two  hard  evidences.  First,  the  4-ANS  element  almost  locks 
the  solution  for  a  pinched  hemispherical  problem  unless  the  reduced  one-point  integration 
is  invoked  instead  of  the  full  four-point  integration.  Second,  the  9-ANS  element,  when  put 
to  the  patch  test,  exhibited  an  oscillation  on  the  constant  strain  state  with  an  amplitude  of 
about  one-tenth  of  a  percent  of  the  constant  strains.  While  the  first  pathology  is  avoidable 
and  the  second  is  harmless  in  practice,  these  two  pathologies  motivated  us  to  reconstruct 
the  ANS  elements  to  eradicate  such  isolated  pathologies  (Salmon,  1987),  thus  making  the 
ANS  shell  elements  free  from  “exceptions”  in  performance.  In  what  follows  we  will  refer  to 
the  original  ANS  element  construction  as  “the  old  construction”  and  to  the  present  ANS 
element  construction  as  the  “the  new  construction.” 


In  the  old  construction  of  the  ANS  shell  elements,  the  Hrennikoff  lattice  lines  were  chosen. 


In  the  4-ANS  element,  the  four  grid  edges  were  chosen  to  be  the  Hrennikoff  lines.  In  the 
9-ANS  element,  the  four  edge  lines  and  the  two  natural-coordinate  lines,  £  =  0  and  r?  =  0, 
were  chosen  to  be  the  Hrennikoff  lines.  Then  the  derivatives  of  the  covariant  displacements 
along  the  Hrennikoff  lines  were  interpolated,  which  were  termed  as  the  covariant  strains 
along  the  Hjennikoff  lines.  The  natural-coordinate  strains  in  the  element  interior  were 
then  obtained  by  interpolating  the  appropriate  covariant  displacement  derivatives  along 
the  Hrennikoff  lines  according  to  the  isoparametric  interpolation  weights.  The  orthogonal 
shell-coordinate  or  inertial-coordinate  strains  at  any  point  in  the  element  were  finally 
obtained  by  tensorial  transformation  of  the  natural-coordinate  strains.  This  meant  two 
consequences.  First,  there  must  be  a  congruency  between  the  directions  of  the  natural- 
coordinate  strains  and  those  of  the  natural-coordinate  basis  vectors.  Second,  we  had  to 
abandon  the  isoparametric  transformation  of  the  natural-coordinate  derivatives  (Irons, 
1966)  into  the  Cartesian  ones. 

A  closer  examination  of  the  interpolated  natural-coordinate  strains  has  revealed  that  the 
above  congruency  requirements  are  met  only  “in  the  large,"  even  though  the  level  of  the 
incongruency  quickly  diminished  as  the  grids  were  refined.  A  pathology  of  the  4-ANS 
element  manifested  for  skewed  grids,  because  the  errors  committed  in  interpolating  the 
normal  vectors  become  significant  enough  to  lock  the  solution.  Of  several  avenues  we  have 
explored  to  mitigate  this  incongruency,  we  have  chosen  the  following  as  the  basis  for  the 
new  ANS  element  construction. 

The  most  fundamental  aspect  of  the  new  formulation  presented  in  Part  I  (Park  and  Stanley, 
1987)  is  in  the  choice  of  its  coordinate  system:  an  inertially  fixed  coordinate  system  for 
translational  motions,  an  orthogonal  shell-surface  coordinate  system  for  rotational  motions 
and  a  natural-coordinate  system  for  strains.  The  proper  use  of  such  triad  coordinate 
systems  has  led  to  the  mitigation  of  several  element  deficiencies  heretofore  present  in 
many  of  the  existing  shell  elements. 

The  incremental  strain-displacement  relations  we  will  employ  are  expressed  on  the  de¬ 
formed  shell  geometries.  However,  they  remain  valid  for  finite-strain  and  finite-rotation 
increments,  and  hence  they  can  be  used  both  for  linearized  and  nonlinear  analyses.  In 
particular,  the  present  element  construction  based  on  the  strain  increments  can  be  easily 
interfaced  with  an  element-independent  corotational  procedure  (Rankin  and  Brogan,  1984) 
to  effect  an  efficient  nonlinear  analysis  procedure. 

In  the  construction  of  the  new  ANS  shell  elements,  we  preserve  the  two  essential  ingre¬ 
dients  in  the  old  ones:  the  natural-coordinate  strains  and  the  tensorial  transformation  of 
the  natural-coordinate  strains  into  any  desirable  orthogonal  components.  However,  in  con¬ 
structing  the  natural-coordinate  strains,  we  have  abandoned  the  old  way  of  interpolating 
the  covariant  displacements  that  vary  their  directions  along  the  natural-coordinate  lines. 
Instead,  we  have  chosen  to  interpolate  the  inertial  Cartesian  displacement  components  to 
obtain  the  natural-coordinate  covariant  strains,  since  the  displacements  expressed  in  the 
inertial  coordinate  system  do  not  vary  their  directions  along  the  natural-coordinate  lines. 


In  other  words,  the  covariant  strains  are  expressed  directly  in  terms  of  the  inertial  dis¬ 
placement  components  and  their  derivatives  along  the  natural-coordinate  lines.  Finally, 
the  locking-free  and  mechanism-free  measures  adopted  in  the  old  construction  are  carried 
over  almost  intact  into  the  new  construction.  We  will  now  describe  the  new  construction 
of  ANS-shell  elements  in  full  detail. 

2.  Theoretical  Preliminaries  for  Thin  Shells 

We  summarize  the  equations  of  motion  for  thin  shells  derived  in  Part  I  (Park  and  Stanley, 
1987)  and  the  associated  strain-displacement  relations. 

2.1  Kinematics  and  Shell  Geometries 

The  position  vector  of  the  particle  point  P  (see  Fig.  1)  on  the  deformed  shell  is  given  by 

r  =  r°  +  i3 b3  (2  •  1) 

where 

r°  =  ze!  +  ye2  +  ze3,  (x  y  z)  =  {(X  -I-  u)  (Y  +  v)  [Z  +  w)}  (2-2) 

in  which  (x  y  z)  are  the  deformed  neutral  shell  surface  position  coordinates,  (u  v  w)  are  the 
displacements  measured  in  the  inertial  e-system,  t3  is  the  distance  of  the  material  point  P 
from  the  shell  neutral  surface  measured  in  the  b-system  that  is  attached  on  the  deformed 
cross-section  of  the  shell,  and  the  vector  b  is  related  to  the  vector  e  by 

b  =  Re  (2-3) 

The  angular  velocity  of  a  particle  point,  P,  on  the  shell  cross  section  is  thus  given  as 

0  —  U/3  U>2 

w  =  — RRr  =  u/3  0  —wi  (2  •  4) 

— u/2  u/i  0 

The  variational  pseudo-vector,  6  a,  that  is  conjugate  with  u,  is  given  by 

6aT  —  5RR7",  u/=[u/i  u/2  0/3  J7” ,  <Ja  =  [  6ai  6  a  o  £0:3  |r  (2  -  5) 

The  displacement  variational  quantities  have  been  derived  in  Part  I  in  the  form: 

6r  =  <5ure  +  f<5u  (2  •  6) 

where  the  pseudo-rotation  vector,  6u,  is  related  to  the  shell-surface  pseudo-rotation  quan¬ 
tities,  6/3  according  to 


2.2  Variational  Equations  of  Motion  for  Thin  Shells 


The  variational  equations  of  motion  derived  in  Section  4  of  Part  I  are  recalled  for  conve¬ 


nience: 


67:  +  67s  =  S?T  +  87E 


(2  •  16) 


in  which  S71 ,  67s ,  S7T  and  S7E  are  referred  to  as  the  inertia  force,  the  stiffness  force, 
the  traction  boundary  force  and  the  external  force  operators,  respectively,  given  by 


671  =  f  p(SuTn  +  6aTHFijj  +  SaTiuiTu;)dV 
Jv 


(2  •  17) 


67s  —  [  +  6e(noifl  +  Se^o^,,  +  6et(oi(  +  8en(on{)dV  (2-18) 

Jv 


=  /  {6utt‘ T  +  SaTiS)  o2  >  dS 

S  *3  J 


(2  •  19) 


67e  =  J ( 6uTfe  +  6uTRT/a  -l-  8qTRT  fe  +  6qT  fa  +  8aT£Rfe  +  8aTLfa)dV  (2  •  20) 


f=  f?*  +  fZ* 


(2  •  21) 


where  (o i  02  03)  are  the  surface  tractions  along  the  (£  rj  ^-coordinates  around  the  shell 
element  boundaries,  and  fe  are  the  inertially  applied  load  and  fa  are  the  follow-on  force, 
respectively. 


2.3  Variational  Natural-Coordinate  Strains 

The  variational  natural-coordinate  strains  specialized  for  thin  shells  from  Section  7  of  Part 
I  are  recalled: 
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,r^U  .j., 

,  =  t?55-  +  t> 
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u  =  (u  v  w)x 


r  f  6p' 

6<i  =  T,g  {  -60. 


(2  ■  29) 
(2  ■  30) 


(2  •  33) 


It  should  be  noted  that  the  incremental  strain-displacement  relations  are  obtained  by 
replacing  6  simply  by  A  in  the  preceding  equations.  The  terms  designated  by  (  )  and  (  )  + 
in  the  bending  strains  of  6k i(  and  <5/c„  usually  remain  small  for  thin  shells,  and  they  may 
be  neglected  in  most  applications.  However,  as  noted  in  Part  I,  the  term  designated  by 
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(  )§  in  the  in-plane  bending  term,  SK(n,  must  be  retained  to  satisfy  rigid-body  motions 
as  discussed  in  Sanders  (1959). 


2.4  Shell-Coordinate  Strains  and  Stress  Increments 

The  shell-surface  coordinate  system,  s,  is  related  to  the  inertial  system,  e,  by 

s  =  T,fle  (2  •  35) 

Hence,  the  natural-coordinate  system,  a,  is  related  to  the  shell-coordinate  system,  s,  by 

a  =  TV  T*s  =  T„,s,  or  s  =  T,na  (2-36) 

where  s  is  defined  as 

s  =  (s,  St  sn),  sn  —  af  (2  •  37) 

so  that  not  only  (s,  st)  are  chosen  to  form  an  orthogonal  system  that  is  tangent  to  the 
shell  surface  but  also  the  normal  shell-surface  vector,  sn,  coincides  with  that  of  the  natural- 
coordinate  vector,  af. 

The  variational  stiffness  force  operator  (2.16)  in  the  shell-surface  coordinate  system-i.e., 
s-system-can  be  written  as 

6 7s  =  /  (Se  »s0i4  +  Se,t<Ttt  +  ^€,n<7,n  +  6ett<rtt  +  Setn(rtn)dV  (2  •  38) 

Jv 

in  which  the  variational  shell-surface  strains  are  obtained  by  the  following  tensor  transfor¬ 
mation  of  the  variational  natural-coordinate  strains: 

Sett  6ctn  =  T,  J  6eir,  S€r,n  Sen<  Tjn  (2  39) 

Je,n  6etn  0  0 

These  strains  are  then  used  to  compute  the  shell-coordinate  stress  increments 

A<r,  =  [  Ao,,  A a,t  Acr,n  Aatt  Acrtn  JT  (2  •  40) 

by  adopting  a  suitable  constitutive  relation  (e.g.,  see  [Stanley,  1985]) 

A<r,  =  C  Ac,  (?  •  41) 

where 

Ac,  =  [_Ae„  Ac,t  Ae,„  Actt  Aet„Jr  (2-42) 

Once  the  stress  increments  are  calculated,  the  total  stresses  are  updated  by 
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a(n+l)  _  ff(n)  + 


(2-43) 


The  incremental  shell-surface  strain-displacement  relations  are  obtained  from  the  incre¬ 
mental  natural-coordinate  strain-displacement  relations  by  the  same  tensor  transforma¬ 
tion. 


Specifically,  for  the  present  choice  of  the  normal  vector  (2.34),  we  have 
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Expanding  (2.42)  while  employing  (2.36),  we  obtain  the  following  explicit  relation: 


(2-44) 
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(2-45) 


Substitutions  of  (2.43)  and  (2.45)  into  (2.38)  and  evaluation  of  the  resulting  variational  op¬ 
erator  then  yield  the  desired  internal  force  vector  in  terms  of  the  shell-coordinate  quantities. 
It  should  be  noted  that  the  strains,  Ac,,  are  equivalent  to  classical  strain-displacement 
relations  for  an  orthogonal  shell-surface  coordinate  system,  with  one  major  difference.  In 
classical  shell  theories,  the  unknowns  are  the  covariant  displacements  (  a-Au  and  A/3  ),  and 
their  covariant  derivatives.  In  the  present  formulation,  the  unknowns  are  the  inertially- 
based  displacements  (Au  and  Au  ),  and  their  covariant  derivatives.  This  difference  plays 
a  crucial  role  in  the  finite  element  discretization  of  the  resulting  variational  equations. 

2.5  Resultant  Form  of  Stiffness  Force  Operator 

Using  the  above  strain-displacement  relations,  the  thin-shell  counterpart  to  the  stiffness 
force  operator  (2.38)  can  be  expressed  in  a  resultant-force  form: 


67s  =  J  6eJrff,dS 


(2  •  46) 


and  the  strain  and  stress  resultant  “vectors’’*,  5e,v  and  fy,  expressed  in  the  natural 


*  We  will  continue  to  use  the  term  “vector"  for  one-dimensional  arrays,  but  note  that  the 
components  of  vectors  such  as  £e,v  and  fy  actually  transform  as  2nd  rank  tensors. 
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(curvilinear)  coordinate  system,  JV,  are  defined  as: 


Sen  =  s 
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S^nn 

&etv 
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(2-47) 


While  the  covariant  strain  measures  in  Sen  were  defined  in  (2.46),  the  corresponding 
membrane,  bending  and  transverse-shear  contravariant  stress  resultants,  in  f^,  are  defined 
by  pre-integration  of  (2.38)  through  the  thickness,  as  follows: 


na&  =  J 


a**  <Ls, 


m 


a/9 


=  j  qa  =  J> 


rf“ 


(2-48) 


where  again  a  and  0  range  from  1-2. 

The  last  quantity  to  be  explained  in  (2.46)  is  the  differential  reference  surface  area,  dS.  It 
arises  by  employing  the  thin-shell  hypothesis  to  the  volume  integral  in  (2.38),  i.e., 

Indv  -  IL  ()dS(f)d?  »  J  J()d<dS  (2-49) 


5  f 


3.  Strain  Interpolations 

In  Park  and  Stanley  (1986)  and  Stanley(1985),  a  procedure  for  constructing  shell  elements 
whose  strains  were  approximated  along  the  natural-coordinate  strain  lines  were  presented. 
We  shall  refer  to  it  as  the  old  construction  procedure.  Our  motivation  for  developing  the 
old  shell  element  procedure  was  to  render  the  locking-free  and  mechanism-free  features 
into  the  resulting  shell  elements. 

In  the  old  procedure,  first,  we  projected  the  displacements  and  unit  normals  onto  the 
natural-coordinate  lines  to  obtain  their  covariant  natural-coordinate  quantities.  Second,  we 
interpolated  the  resulting  covariant  displacements  and  covariant  unit  normals.  Third,  we 
obtained  the  natural-coordinate  derivatives  of  these  covariant  quantities  along  the  element 
edges  and  the  two  natural-coordinate  lines  (or  along  the  Hrennikoff  lines).  Finally,  the 
strains  in  the  interior  of  the  element  were  obtained  by  interpolating  the  quantities  along 
the  Hrennikoff  lines.  It  is  important  to  note  that  the  nodal  displacements  in  the  old 
construction  were  expressed  in  the  covariant  system,  whereas  they  are  expressed  in  the 
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inertial  system  in  the  new  element  construction.  This  difference  plays  a  key  role  in  the 
subsequent  element  construction. 

The  first  key  feature  of  the  present  construction  is  the  way  in  which  we  obtain  the  product 
form  of  the  strain-displacement  relations,  viz,  along  any  £-line  from  (2.23) 


e 


(t 


du 

dSt 


(3-1) 


in  which  the  variational  operator,  6,  and  the  finite  incremental  operator,  A,  are  omitted 
for  presentation  clarity,  and  t?  and  are  recalled  from  (2.10)  and  (2.32): 
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(3-2) 
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dv 
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(3-3) 

Hence,  in  the  new  construction,  first  we  interpolate  the  displacements  that  are  fixed  in  the 
inertial  coordinate  system  and  the  unit  normals,  t£ ,  that  vary  along  the  $  and  rj-lines. 
We  then  obtain  their  derivatives  along  the  natural-coordinate  lines.  Third,  we  project  the 
interpolated  quantities  and  the  derivatives  onto  the  appropriate  natural-coordinate  lines 
to  yield  the  necessary  covariant  derivatives.  By  combining  them,  we  obtain  the  desired 
covariant  natural-coordinate  strains. 


The  second  key  feature  is  the  way  in  which  we  represent  the  natural-coordinate  strains 
at  any  interior  point  of  the  element.  In  the  old  construction,  we  obtained  the  natural- 
coordinate  strains  along  the  Hrennikoff  reference  lines.  The  natural-coordinate  strains  at 
an  interior  of  the  element  were  then  obtained  by  interpolating  these  reference-line  strains. 
In  the  new  construction,  we  do  not  make  use  of  the  Hrennikoff  reference-line  strains. 
Instead,  at  each  integration  point  the  necessary  interpolations  are  performed  along  the 
two  natural-coordinate  lines  that  pass  through  the  integration  point. 

The  third  key  feature  -  perhaps  the  most  significant  of  all  -  of  the  present  procedure  is 
the  way  the  natural-coordinate  inplane  strain  and  twist,  e(n  and  are  interpolated. 
We  have  abandoned  the  directionally  reduced  integration  approach  that  was  adopted  in 
the  old  procedure.  Instead,  we  sample  these  strains  at  the  Barlow  points,  which  are  then 
tensorially  transformed  and  interpolated  at  each  integration  point.  We  believe  that  this 
enhanced  interpolations  of  and  K(n  are  largely  responsible  for  overcoming  pathological 
4-ANS  element  behavior  for  doubly  curved  shell  surfaces.  We  now  describe  the  present 
construction  of  the  assumed  natural-coordinate  strains  for  both  4-node  and  9-node  ANS 
shell  elements. 


3.1.  Natural-Coordinate  Strains  for  4-ANS  Element 
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The  incremental  forms  of  the  natural-coordinate  strains  derived  in  (2.23)-(2.31)  are  to 
be  implemented  with  care  if  the  resulting  element  is  to  be  free  from  locking  and  mecha¬ 
nisms.  For  4-node  elements  (see  Fig.  2  for  its  nodal  designations) ,  we  have  the  following 
interpolation  function: 


=  4 


NEN 

2  2 

JVM.i)  =  E£iv.(f)A(?) 


Wi(D 

mn 


r=I  <s=i 

ft1-**) 

5(1 + n 


a  =  2(s  —  1)  +  r 


iVB 

•an 

a 


a  _ 


l 

i 

o. 


(3-4) 


Full  integration  for  this  element  corresponds  to  a  2x2  Gauss  quadrature  rule. 

We  now  describe  the  interpolation  procedures  for  the  natural-coordinate  strains,  (2.23)- 
(2.31)  for  4-ANS  shell  elements. 


3.1.1  Interpolations  of  /c„,  and 

membrane  strain 


=t  7 


■(( 


du 

dsl 


Let  us  recall  from  (2.23)  the 

(3-5) 


Observe  that,  along  an  ri- constant  line,  u,$  and  x,(  remain  constant  whereas,  along  a  £- 
constant  line,  u,n  and  x,n  remain  constant.  Therefore,  and  t^  remain  constant  along 
any  ^-constant  line  whereas  An  and  t,,  remain  constant  along  any  ^-constant  line.  These 
simple  observations  provide  basic  properties  of  the  product  form  of  the  natural-coordinate 
strains  (2.23)-(2.3l). 

Hence,  the  axial  membrane  strain,  e«’  remains  constant  along  any  £-line,  since  t?,  At 
and  u,5f  are  constant  along  any  £-line.  Similarly,  c°^  remains  constant  along  any  rj-line. 
Hence,  the  two  membrane  strains  maintain  a  constant  strain  state  along  the  two  natural- 
coordinate  lines,  thereby  satisfying  the  patch  test  requirement. 

Interpolations  of  /cnn  and  are  thus  constructed  in  the  same  way  as  in  the  case  of  (it 
and 


m 


13 


In  other  words,  these  four  strains  are  obtained  in  a  straightforward  manner  by  substi¬ 
tuting  into  (2.23),  (2.25),  (2.28)  and  (2.31)  the  standard  isoparametric  coordinates  and 
displacements,  and  their  derivatives  via  the  shape  functions  given  in  (3.4). 


3.1.2  Interpolation  of  Transverse  Shear  Strains,  and 

Since  there  are  several  important  features  associated  with  the  present  interpolations  of 
these  two  strains,  we  recall  the  two  strains  from  (2.26)  and  (2.27): 

=  +  (2'26) 


7*  ■  tf- 


+  t£u 


(2.27) 


In  the  above  equations,  the  variational  operator,  5,  or  the  finite  incremental  operator,  A, 
has  been  omitted  for  presentation  clarity. 


First,  let  us  address  the  well-known  transverse  shear  locking  problem  (Zienkiewicz,  Taylor 
and  Too,  1971;  Pawsey  and  Clough,  1971;  MacNeal,  1978):  that  is,  the  interpolation  of 
the  second  terms,  and  t^fi,  that  appear  in  the  above  two  transverse  shear  strains.  In 
the  context  of  the  present  construction,  in  order  for  the  term,  t^u,  to  be  constant  along 
the  £-line,  we  must  have  d  constant  since  tj  remains  constant  along  the  £-line.  This  can 
be  accomplished  by  adopting  the  following  interpolation  for  u: 


.2  2 

U  =  H  *r(0)  JV.(»7)  •  fi(r.,) 


r=l  tsl 


(3-6) 


Similarly,  we  adopt  for  interpolation  of  t^u: 

2  2 

“=Ei^)^(°)-uM  (3-) 

r=l J=L 

so  that  it  remains  constant  along  the  7-line. 

The  net  effect  of  the  above  two  modifications  is  the  same  as  the  widely  adopted  reduced 
integration  procedure  used  to  avoid  the  transverse  shear  locking  phenonenon  which  is  dis¬ 
cussed  in  (Hughes,  Taylor  and  Kanoknukulchai,  1977;  MacNeal,  1978;  Lee  and  Pian,  1973; 
Pugh,  Hinton  and  Zienkiewicz,  1978;  Hughes  and  Tedzduyar,  1981;  Wempner,  Talasiidis 
and  Huang,  1982;  Crisfield,  1983;  Park  and  Flaggs,  1985;  Park,  Stanley  and  Flaggs,  1985; 
Park,  1984),  among  others.  However,  no  rank  deficiency  is  introduced  as  a  consequence 
of  the  present  modifications  in  u  for  both  7*  and  7,,.  This  is  because  the  7-dependency 
in  u  for  7*  and  and  the  dependency  in  u  for  7n  are  not  compromised  as  a  result  of  the 


foregoing  modifications.  Further  discussions  on  rank  deficiency  vs  (4>  ^-dependency  may 
be  found  in  Park  (1984). 

Second,  we  will  address  the  first  term  in  -74,  viz,  tj  Since  we  must  have,  for  consistency, 
a  constant  value  for  this  term  along  the  4-line,  the  unit  normal,  tj,  must  remain  constant 
along  the  4-line. 

Observe  that,  if  is  to  remain  constant  along  the  4-line,  {x!f|  y,n  ,  z,n  }  and  An  must 
be  evaluated  at  4  =  0  for  each  integration  point  while  still  substituting  the  appropriate 
value  for  r/.  To  be  specific,  we  evaluate 

tf  («  =  0,  ,,)  ■  Vi)  (3  •  8) 

where  the  coordinates,  (4»,  f?y),  denote  spatial  (2  x  2)-integration  points. 

For  7^,  we  evaluate  in  the  opposite  way,  viz, 

tj (4i,  V  =  0)  •  J“jr(&,  Vj)  (3  •  9) 

3.1.3  Interpolations  of  and  K£r, 

The  derivatives  in  the  inplane  bending  strain,  and  the  twist,  k £r?,  must  be  evaluated 
to  preserve  constant  strain  states  along  each  of  the  natural-coordinate  lines.  It  is  noted 
that  consists  of  two  product  terms:  tj  •  and  t£  •  The  first  term  implies  that 

the  parameteric  derivative,  is  projected  on  the  vector  component,  tj,  that  is  parallel 
to  the  4-line.  In  the  first  term,  J-g*-  remains  a  constant  along  77-line.  Hence,  if  the  first 
term  is  to  maintain  a  constant  strain  state,  so  must  t$. 

To  maintain  such  constant  strain  states  with  minimum  mesh  sensitivity,  we  introduce 
the  following  approximations.  We  sample  ej0j0,  e(0n0  €rt0n0  at  t^ie  element  centroid 
( 4o>  Vo)-  At  each  integration  point  (4,  7),  we  introduce  a  rotation  vector,  n,  such  that 

n  =  (afo  x  af)/iafo  x  af|  (3-10) 

which  rotates  the  normal  vector  afg  at  the  centroid  to  coincide  with  the  normal  vector  af 
at  the  integration  point.  The  projection  of  (afo,  ang)  at  the  centroid  onto  the  shell  surface 
at  the  integration  point  is  thus  obtained  by  (Gibbs,  1960): 

=  (a?o  •  af)a<o  +(1~  afo  •  af)(n  '  a«0)n  “  (ar  •  a«o)afo  (3  •  U) 

a<  =  K  •  afK0  +  (!  -  af0  •  arMn  •  a*o)n  "  (ac  •  aOafo  (3 ' 12) 

where  (a^,  a,^)  represent  the  projection  of  {a^0,  ano)  on  the  shell  surface  at  the  integra¬ 
tion  point  (4,  v)- 


*t.*  *:.-*-*.  at. 


'  iHV  i  ‘  >*4"**^'  «*#'<*<  — <>*  it*  l|*  |»1  4.c| 


i><j>*:hU.t  •.(  •.<  ■>.*  i.i’L 


LlViVl>.'lt.'iL'iL' 


Hence,  from  (3.10)-  (3.12)  and  (2.14)  one  obtains 
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(3  •  13) 


The  inplane  bending  strain  at  the  integration  point  is  obtained  via  the  following  tensorial 
transformation: 


C<*»  =  2*11*21  £j  i  +  2*i2*22€n  „  +  (*11*22  +  *12*2l)e« 


(3  •  14) 


The  projected  inplane  strain,  given  by  (3.14),  thus  maintains  a  constant  strain  state 
at  each  integration  point. 

Remark  8.1:  When  the  shell  surface  is  flat,  the  preceding  treatment  of  the  inplane  strain 
interpolation  appears  to  be  akin  to  the  Pian  and  Sumihara  transformation  (1984)  of  the 
tensor  stress  ru  to  the  physical  stress  component  a'3  for  which  they  used  the  isoparametric 
Jacobian  matrix  evaluated  at  the  element  centroid.  For  the  finite  element  discretization 
based  on  the  natural-coordinate  system,  the  present  interpolation  of  as  given  by  (3.14) 
and  the  assumed  stress  interpolation  of  a(n  as  given  by  Eq.  (34)  of  Pian  and  Sumihara 
(1984)  are  different.  The  present  interpolation  replaces  the  inplane  bending  strain  at  each 
integration  point  with  the  one  at  the  centroid  via  the  centroid-to-integration  point  shell 
surface  coordinate  transformation.  On  the  other  hand,  a  straightforward  application  of 
the  Pian  and  Sumihara  transformation  would  require  that  the  strains  at  each  integration 
point  are  first  transformed  to  the  corresponding  ones  in  terms  of  the  centroid  natural- 
coordinate  system.  The  transformed  inplane  bending  component  at  the  integration  point 
is  then  replaced  by  the  centroidal  one.  Both  approaches  are  easily  implementable  for  4- 
node  elements.  However,  for  9-node  elements,  extension  of  the  present  interpolation  for 
9-node  becomes  easier  than  the  Pian  and  Sumihara  approach  as  we  will  discuss  in  Section 
3.2.3. 

3.2  Strain  Interpolation  for  Nine-Noded  ANS  Element 

When  the  shell  surfaces  are  approximated  by  the  isoparametric  curved  shape  functions 
(see,  e.g.,  Zienkiewicz,  1971  or  Irons  and  Ahmad,  1980),  the  limitation  principle  (Fraejis 
de  Veubeke,  1965)  states  that  the  strains  should  vary  linearly  for  9-node  elements.  From 
the  theoretical  viewpoints,  the  mitigation  of  element  locking  and  spurious  mechanisms 
resulting  from  reduced  integration  can  be  considered  as  efforts  to  adhere  to  Fraejis  de 
Veubeke’s  limitation  principle.  Efforts  to  mitigate  both  locking  and  spurious  mechanisms 
for  9-node  elements  can  be  found  in  Wempner,  Oden  and  Kross  (1968),  Ergatoudis,  Irons 
and  Zienkiewicz  (1968),  Ahmad,  Irons  and  Zienkiewicz  (1970),  Irons  (1976),  MacNeal 
(1982),  Parisch  (1979),  Park  (1985),  Park  and  Stanley  (1986),  Bathe  (1987),  Salmon(1987) 
and  Juang  (1987). 

In  essence,  the  new  9-ANS  shell  element  is  based  on  the  independent  approximations  of 
the  two  fields  in  terms  of  the  nodal  variables:  the  displacement  and  the  strain  field  within 
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an  element  interior.  The  choice  of  the  nodal  displacements  and  rotations  as  the  nodal 
variables  for  the  present  9-ANS  shell  element  presents  only  a  special  case;  they  can  be 
stresses  or  strains,  as  well.  Thus,  it  is  this  philosophy  that  is  adopted  in  the  discrete  (finite 
element)  version  of  the  thin  shell  equations  (2.23)-(2.31)  for  a  9-node  shell  element. 

However,  while  those  two  fields  are  interdependent  (through  the  strain-displacement  re¬ 
lations),  the  assumed  strain  approach  takes  the  liberty  of  selecting  the  approximations 
independently  —  each  in  terms  of  the  nodal  displacement  variables.  This  is  similar  to 
what  is  done  for  “hybrid”  elements  via  a  mixed  variational  principle,  except  that  there  an 
element-level  matrix  inversion  is  required  to  achieve  the  linkage  between  strains  and  nodal 
displacements,  while  in  the  assumed-strain  approach  this  linkage  is  made  explicit. 

This  allows  most  of  the  usual  element  requirements  (e.g.,  continuity  of  the  displacement 
field,  completeness  of  the  strain  field,  convergence,  locking-free  behavior,  etc.)  to  be  met 
a  priori.  However,  in  particular,  the  assumed  natural-coordinate  strain  (ANS)  approach 
focuses  on  the  physical  covariant  components  of  the  strain  field  to  reduce  element  sensitivity 
to  mesh  distortion.  We  will  now  describe  the  construction  of  a  new  9-ANS  shell  element 
in  detail. 


3.2.1  Interpolation  of 

In  the  old  construction,  the  curvilinear  membrane  strain  along  the  £-line  for  a  fixed  >7- line 
employed  the  formula 


-O  _  dui  _  1 

(e  dS(  A( 

wherein  is  the  covariant  displacement  defined  by: 


U(  =  ^(£  -  1)ul  +  (1  -  £2)u2  + 


(3  •  15) 


(3  •  16) 


in  which  u,-  are  the  covariant  components  at  the  nodal  points,  i,  that  are  tangent  along 
the  £-line.  Substituting  (3.16)  into  (3.14)  and  making  use  of  the  relations  (2.13),  one 
can  derive  an  explicit  form  for  ezv  It  was  shown  in  Park  and  Stanley  (1986)  that  the 
strain  thus  derived,  introduces  inconsistencies.  The  complicated  interpolations  offered 
therein  can  thus  be  viewed  as  corrective  measures  to  improve  ««■ 


To  illustrate  the  the  present  membrane-strain  construction,  let  us  consider  a  9-node  shell 
surface  as  shown  in  Fig.  3.  Both  the  coordinates  and  the  displacements  are  interpolated 
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by  the  bi-quadratic  Lagrange  shape  functions  as  given  by 
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It  is  noted  that  the  most  one  can  realize  for  the  covariant  natural-coordinate  strain,  e°e, 
when  interpolated  by  (3.1),  is  a  linearly  varying  field  along  the  £-line.  It  was  shown  in 
Park  (1985)  that  the  strains  based  on  the  quadratic  polynomials  yields  an  equivalent  of 
the  desired  linearly  varying  field  only  if  sampled  at  the  two  Barlow  points,  =  ±1/V3. 
Hence,  a  linearly  varying  strain  field  along  the  ^-coordinate  line  can  be  constructed  by  the 
following  strain  interpolation: 

£‘i  =  +  ««(“&)}  +  2^{£S«(^  “  c«i(-&)}>  si>  =  1/ v7^  (3-18) 

which  was  extensively  used  in  Park  and  Stanley  (1986). 

We  now  come  to  the  second  key  aspect  of  the  present  construction:  that  is,  the  way  we 
obtain  the  natural-coordinate  strains  at  any  point  in  the  element  interior.  Notice  that 
the  covariant  membrane  strain,  €**,  given  by  (3.18)  can  directly  represent  the  natural- 
coordinate  strain  at  any  point  in  the  element  since  the  directional  derivatives  with  respect 
to  £,  i.e.,  Xt  and  u «,  represent  its  values  at  any  rj-line.  This  is  an  important  improvement 
over  the  old  construction  wherein  the  strains  in  the  element  interior  were  obtained  by 
interpolating  the  strains  along  the  six  Hrennikoff  lines. 

For  computer  implementation  ease,  we  reexpress  (3.18)  in  the  following  form: 
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where 

b£<  -£>,(«)  (^ ({)  (3  •  20) 

isl 

where  u\(£)  are  the  weighting  functions  as  give  in  (3.17). 

Remark  3.2:  The  above  explicit  form  for  £j{  given  in  (3.19)  constitutes  a  key  contribution 
of  the  present  9-ANS  construction  as  it  is  valid  everywhere  in  the  element;  it  is  linearly 
varying  along  the  £-line.  Hence,  we  have  circumvented  the  strain  interpolation  of  eh  by 
utilizing  the  strains  along  the  three  Hrennikoff  lines,  viz,  rj  =  (—1,  0,  +1),  as  previously 
employed  in  Park  and  Stanley  (1986). 


Remark  3.3:  The  strain  interpolation  along  the  £-Iine  for  ejj,  as  derived  in  (3.18),  does  not 
require  reduced  integration  as  it  exactly  satisfies  the  constant  and  linearly  varying  strain 
states,  thus  causing  no  element  locking.  A  similar  approach  was  adopted  in  Crisfield 
(1984),  Stolarski  and  Belytschko  (1982,  1983)  and  Huang  and  Hinton  (1986).  It  is  this 
locking-free  property  of  the  present  element  construction  that  is  distinct  from  the  family 
of  curved  shell  elements  based  on  the  standard  isoparametric  construction.  In  addition,  as 
long  as  one  invokes  9-point  integration,  the  resulting  element  possesses  its  full  rank,  thus 
no  spurious  mechanism  occurs.  A  symbolic  analysis  that  illuminates  this  characteristic  is 
given  in  Park  (1984). 


Reamrk  S.J:  In  the  assumed  covariant  strain  approach  (Juang  and  Pinsky,  1987),  one 
interpolate  a  nonphysical  strain 


‘COT  - 1 T 
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(3-21) 


Hence,  the  difference  between  the  present  physical-component  strain  (3.1)  and  the  covari¬ 
ant  strain  is  the  absence  of  Aj  in  its  denominator.  If  is  interpolated  to  vary  linearly 
along  the  {-line,  then  the  two  formulations  coinside  only  if  Ac  is  constant  along  the  £-line. 
This  happens  only  for  a  constant  curvature,  viz,  when  the  £-lines  lie  on  a  circle.  For  dis¬ 
torted  meshes,  even  though  the  elements  may  lie  on  a  cylinder  or  sphere,  the  £-line  does 
not  necessarily  lie  on  a  constant  curvature  trajectory.  This  difference  may  play  a  crucial 
role  on  element  performance  for  distorted  meshes. 

Interpolations  of  and  follow  a  similar  procedure  for  interpolating  as 

described  above. 


3.2.2  Interpolation  of  Transverse  Shear  Strains,  and  e 
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We  recall  again  the  two  strains  from  (2.26)  and  (2.27) : 


~  .  j.T.\ 

~  acT  +  t«u 


—  aT  ju  +3\ 


7.=t^  +  ,J4 


(2.26) 

(2.27) 


In  order  to  avoid  locking  due  to  inconsistent  interpolations  of  the  transverse  shear  strains, 
one  must  employ  the  same  interpolation  procedure  adopted  for  e^*  in  the  preceding  section. 
The  resulting  expression  for  the  two  interpolated  transverse  shear  strains  become: 


*  5{7«(&)  +7«(“&)}+  &  =  l/\/3  (3-22) 


^  =  5{^(&)+nr,(-&)}  +  ~{7n(&)-1fe(-&)}.  &  =  1/V3  (3-23) 

For  computer  implementation  ease,  we  reexpress  the  above  equations  in  the  following  form: 

NEN  NBN 
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in  -  E  b»?«°+  E  b£*a 

sal  a=l 


where 


NB 

K(:  =  E  w*(0  *?]  fi  f?  (3  •  25) 

NB 

bi‘  =  E  W<  ( 0  [^a  tf ]  (3-26) 

Similarly,  an  explicit  implementable  expression  for  can  be  obtained  by  interchanging 
n)  with  (£,  qj  into  the  preceding  equation. 

3.2.3  Interpolations  of  and 

Essentially,  we  extend  the  procedure  outlined  for  the  4-ANS  case  to  the  9-ANS  element  as 
follows.  We  sample  e«n  and  at  the  four  Barlow  points,  (£  =  ±l/y/3,  r\  —  ±l/v'"3). 
At  each  integration  point  (£,  q),  we  transform  the  four  inplane  bending  strains  evaluated 
at  the  four  Barlow  points  via  the  same  tensorial  transformation  as  was  done  for  the  4-ANS 
case  (3.14): 

An  ~  ^nAiiibi„  ~  2f  i2£oc€'7bf»6  ~  (£u£co  ~  (3  ■  27) 
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where  the  superscript  and  the  subscript,  6,  refers  to  one  of  the  four  Bariow  points  and 
the  matrtix  components,  have  the  same  geometrical  meaning  as  the  one  derived  in 
(3.13)  accept  they  relate  the  projection  on  the  shell  surface  from  a  Barlow  point  to  the 
integration  point. 

The  inplane  strain,  e^n,  at  the  integration  point  is  then  obtained  by  interpolating  as 
follows: 


where 


b=l 


Similarly,  the  twist,  /c4„,  are  obtained  by  interchaning  e^. 


(3  •  28) 


(3  •  29) 


4.  Preliminary  Evaluation  of  Present  ANS  Shell  Elements 


We  present  a  theoretical  analysis  of  9- ANS  element  for  an  inextensional  bending  case,  for 
a  cylinder  subjected  to  uniform  pressure,  and  a  comparison  of  the  present  9- ANS  element 
with  the  so-called  covariant-strain  elements  (Dvorkin  and  Bathe,  1984;  Pinsky  and  Jang, 
1986).  We  will  then  give  a  priliminary  performance  of  both  the  present  4- ANS  and  9- ANS 
elements  for  two  simple  shell  problems:  a  pinched  cylinder  and  a  pinched  sphere. 

4.1.  Inextensional  Bending  of  Arch 

The  linearly  varying  strains  derived  in  the  preceding  section  should  yield  a  locking-free 
and  mechanism-free  curved  shell  element  for  most  applications.  For  thin  shells,  however, 
accurate  solution  of  inextensional  bending  problems  remains  an  important  part  of  shell 
analysis  for  many  applications  such  as  sheet  metal  forming.  For  an  arch  in  Fig.  3,  the 
present  strain-displacement  interpolations  for  the  membrane  strain  (3.19),  the  bending 
strain  that  is  obtained  by  replacing  (u  v  w)  in  (3.19)  with  (u,  v,  w),  and  the  transverse 
shear  strain  (3.24),  respectively,  yield  the  following  results: 


1  4 

e44  =  -^{-Rsin<t>  u0  +  -£(1  ~  cos4>)  wo) 


(4-1) 
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The  theoretical  solutions  for  the  above  inextensional  bending  case  are 


£<«  “ 


=  °  .  =  (^7  ~  ^)  » 


(4-5) 


It  is  easily  verified  that  the  membrane  strain  (4.1)  remains  zero  due  to  the  small  strain- 
increment  assumption  invoked  in  the  present  formulation.  Hence,  the  two  remaining  mea¬ 
sures  of  accuracy  for  the  present  strain  approximations  for  this  inextensional  bending  case 
are:  the  error  in  the  curvature  itself,  ebmding,  and  the  error  in  the  transverse  shear  relative 
to  the  curvature  change,  e,/,„r: 


^bending  =  1  *“ 
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{i  +  |(1S4)3}  •{!  +  «(■ ^l2}* 


h\ d* 


1* 


=  £  m 


(4-6) 
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Figure  4  shows  the  errors  in  the  present  approximation  of  the  bending  strain  in  terms  of 
the  element  size,  4>.  For  <£  =  60°  which  corresponds  to  the  element  arc  length  of  2 R6,  the 
error  remains  within  one  percent.  In  Fig.  5,  the  errors  in  the  relative  transverse  shear  as 
defined  in  (4.7)  are  plotted  against  the  shell  parameter  R/h  for  one-tenth  of  a  percent  and 
one  percent  error.  Only  for  extremely  thin  shells-for  example,  R/h  ~  1000,  which  is  not 
shown  in  the  figure-one  needs  <j>  <  20°  if  the  ratio  in  the  two  energy  components,  e^ear2 
is  tc  remain  less  than  one  percent.  Hence,  we  conclude  that  the  present  formulation  can 
capture  inextensional  bending  deformations  with  adequate  accuracy,  provided  the  element 
size  is  not  too  large. 

4.2  Cylinder  under  Uniform  Internal  Pressure 

For  the  case  of  a  cylinder  subjected  to  uniform  internal  pressure,  we  obtain  from  (3.19) 
and  (3.24) 
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which  is  exact.  Hence,  the  present  formulation  yields  the  exact  solution  for  this  classical 
problem. 


4.3  Comparison  with  Covariant-Strain  Formulations 

As  an  additional  error  analysis,  it  is  noteworthy  to  compare  the  present  formulation  with 
the  so-called  covariant-strain  formulation  (Dvorkin  and  Bathe,  1984;  Pinsky  and  Jang, 
1986).  For  this  purpose  we  recall  the  physical  membrane  strain  by  the  present  formulation 
from  (3.23): 


=  ^2  (x«<  u«<  v<(  +z't  w'( ) 


The  membrane  stress  is  then  computed  by 


C( 


(4-9) 


(4-10) 


which  varies  linearly  along  the  arch. 


In  contrast,  in  the  covariant-strain  formulation  one  must  obtain  the  following  non-physical 
quantity 

*17  ~  (x»<  +V>«  v>(  +*><  w*€ )  (4  • n) 


Notice  that  the  above  interpolated  covariant  strain  is  nothing  but  the  denominator  of  the 
present  interpolated  form  of  the  assumed  natural-coordinate  strain  (4.9).  The  computation 
of  stress  based  on  the  covariant  strains  for  the  arch,  however,  must  adopt  the  following 
non-physical  constitutive  matrix: 


where 


—  _  Tpcov  -COV  _  sycov  cov 
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in  which  is  the  non-physical  material  tensor  that  corresponds  to  the  covariant  strain 
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and 


{dSi  dS2  dSz}  =  dSn  dS c},  (xt  x2  x3)  =  {x  y  z} 


(4  •  14) 


The  expression  for  C^l6  shows  that  it  is  a  complex  function  of  the  appropriate  components 
of  the  Jacobian  matrix: 
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(4-15) 


Hence,  even  though  the  covariant  strains  are  interpolated  to  vary  linearly,  the  cor¬ 
responding  non-physical  contravariant  stresses  for  the  covariant-strain  formulation  will  in 
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general  not  be  the  case.  For  example,  the  covariant  membrane  stress  for  the  arch  case 
is  seen  to  destroy  the  linearly  varying  stress  field  unless  E°°*  is  forced  to  be  a  constant 
(see  (4.13)).  For  general  applications,  such  arbitrary  adjustments  of  the  covariant  material 
tensor  so  that  its  components  become  constant,  present  themselves  as  a  task. 

4.4  Preliminary  Numerical  Results 

The  present  four  and  nine-node  ANS-shell  elements  have  been  implemented  and  tested  for 
two  simple  shell  cases,  viz.,  cylinder  under  a  concentrated  load  and  a  pinched  hemisphere. 
Figure  6  shows  the  performance  of  both  4-ANS  and  9-ANS  elements  for  the  pinched  cylin¬ 
der  problem  which  was  also  studied  in  Park  and  Stanley  (1986).  The  present  4-ANS  and 
9-ANS  elements  are  designated  as  4-ANSn  and  9-ANS*.  We  note  that  the  new  9-ANS 
element  (9  —  ANSn)  element  overshoots  the  solution.  For  the  4-ANS  element,  both  the 
old  and  new  4-ANS  manifest  about  the  same  convergence  rate.  This,  however,  is  not  the 
case  for  the  hemisphere  problem.  As  shown  in  Fig.  7,  the  new  9-ANS  shell  element  (des¬ 
ignated  as  9  —  AN 5*)  converges  at  the  second  grid  (9  x  9)  whereas  the  old  9-ANS  element 
converges  at  the  refined  grid  (17  x  17).  As  for  the  new  4-ANS  element,  the  new  element 
maintains  the  performance  as  the  one  obtained  by  the  old  4-ANS  element  in  conjunction 
with  a  rigid-mode  projection  designated  as  4  —  ANS/P.  This  is  a  signigicant  improvement 
over  the  old  4-ANS  element  and  over  the  4-STG/P  element  that  is  also  compared  in  Park 
and  Stanley  (1986)  and  Stanley  (1985). 

It  should  be  noted  that  a  significant  change  in  the  construction  of  the  new  family  ANS 
elements  has  been  in  the  way  the  inplane  bending  strain  and  twist  (e(r),K(ri)  are  interpo¬ 
lated  even  though  interpolations  of  the  rest  of  the  strain  compoments  have  been  somewhat 
improved  from  the  old  construction.  We  will  report  in  the  coming  months  on  the  improved 
performance  of  the  new  4-ANS  and  9-ANS  elements  via  production-level  shell  analysis. 


5.  Discussion 

In  this  Part,  we  have  presented  in  detail  the  construction  of  both  4-ANS  and  9-ANS  shell 
elements  based  upon  the  formulation  presented  in  Part  I  (Park  and  Stanley,  1987)  that  is 
suitable  for  assumed-strain  shell  elements.  Major  emphasis  of  that  formulation  has  been  to 
incorporate  as  much  shell  behavior  as  possible  into  the  basic  formulation.  One  important 
consequence  of  this  emphasis  is  the  modification  of  the  in-plane  bending  strain  in  the  spirit 
of  Sanders  (1959).  Other  possibilities  exist  in  the  basic  formulation,  which  may  be  further 
improved  to  better  capture  shell  behavior,  as  a  complete  hierarchical  approximation  of  the 
basic  formulation  has  not  yet  been  carried  out. 

It  should  be  noted  that,  while  we  have  endeavored  to  preserve  the  well-known  first-order 
thin  shell  theory  with  transverse  shear  effects,  the  present  element  construction  has  avoided 
two  related  difficulties  that  stem  from  a  direct  application  of  the  classical  thin  shell  equa¬ 
tions:  rigid-body  motions  and  the  derivatives  of  the  two  fundamental  surface  coefficients, 
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A(  and  A,,.  Avoidance  of  these  two  deleterious  effects  by  the  present  element  construction 
has  been  accomplished  by  the  use  of  the  inertiaily  fixed  translational  displacements  and  of 
the  corotationally  based  two-rotational  variables. 

Even  though  we  construct  the  basic  element  attributes-the  strain-displacement  matrix 
(known  in  the  literature  as  B- matrix) -based  on  the  natural-coordinate  system,  we  pro¬ 
ceed  the  evaluation  of  the  internal  stiffness  force  based  on  the  orthogonal  shell-surface 
coordinates.  Hence,  the  present  element  can  be  easily  plugged  into  any  existing  shell  an¬ 
alyzer  for  both  geometrical  and  material  nonlinear  problems.  This  is  in  contrast  with 
the  so-called  covariant  shell  elements  (Dvorkin  and  Bathe,  1984;  Pinsky  and  Jang,  1986) 
wherein  one  works  with  a  set  of  non-physical  strains,  which  amounts  to  embedding  the 
fundamental  shell-surface  coefficients  into  their  corresponding  constitutive  matrix.  For 
example,  years  of  experience  in  the  solution  procedures  for  plasticity  analysis  based  essen¬ 
tially  on  the  amount  of  physical  strain  increments  may  not  be  of  use  in  the  solution  of 
plasticity  problems  based  on  the  covaraint  strain  elements,  since  the  amount  of  covariant 
strain  increments  is  dependent  on  the  element  size. 

Although  not  elaborated  in  this  Part,  the  strain  increments  need  not  be  infinitesimal.  In 
particular,  the  displacement  and  rotation  increments  for  large  rigid  motions  can  be  arbi¬ 
trarily  large.  This  will  be  corroborated  in  Part  HI,  which  will  report  on  the  performance 
of  the  present  elements.  Specifically,  for  nonlinear  elasticity  problems  without  bifurcation 
possibility,  the  present  element  together  with  an  element-independent  corotational  algo¬ 
rithm  need  not  accumulate  stresses,  since  the  displacement  and  rotation  increments  can 
be  measured  from  the  initial  state  to  the  current  state. 

An  error  analysis  of  the  present  element  for  uniform  membrane  strain  state  and  inexten- 
sional  bending  state  (Fig.  5)  illustrates  that  the  present  9-ANS  element  possesses  improved 
transverse  shear  modeling  and  membrane  modeling  compared  with  the  old  9-ANS  element. 
For  example,  in  no  case  does  the  error  in  the  computed  inextensional  bending  exceed  one 
percent,  for  up  to  a  90°-span.  This  is  reported  in  Fig.  6.  The  mean  square  error  in  the 
transverse  shear  energy,  though,  restricts  the  allowable  element  size  as  the  shell  becomes 
thinner  as  illustrated  in  Fig.  7.  A  preliminary  numerical  test  of  the  new  4-ANS  and  9-ANS 
shell  elements  on  the  pinched  cylinder  and  pinched  hemisphere  indicates  that  the  new  el¬ 
ements  improve  significantly  for  shell  surfaces  with  double  curvature.  We  will  examine  in 
more  detail  their  potential  improvements  through  production-level  computations. 

As  for  improving  the  accuracy  of  the  transverse  shear  strains,  this  is  where  a  rigorous  three- 
dimensional  analysis  should  shed  light  on  the  reliability  of  C°-type  thin  shell  elements. 
We  intend  to  follow  up  this  aspect  in  Part  III.  It  should  be  noted,  however,  that  such  errors 
are  consistent  with  the  bounds  of  errors  in  most  thin  shell  theories. 
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SUMMARY 

A  one-parameter  family  of  mixed  variational  principles  for  linear  elasticity  is  constructed.  This 
family  includes  the  generalized  He  Dinger- Re  issuer  and  total  potential  energy  principles  as  special 
cases.  The  presence  of  the  free  parameter  offers  an  opportunity  for  the  systematic  derivation  of 
energy-balanced  finite  elements  that  combine  displacement  and  stress  assumptions.  It  is  shown 
that  Fraeijs  de  Veubeke’s  stress-assumption  limitation  principle  takes  a  particularly  elegant  ex¬ 
pression  in  terms  of  the  parametrized  discrete  form.  Other  possible  parametrizations  are  briefly 
discussed. 

GOVERNING  EQUATIONS 

Consider  a  linearly  elastic  body  under  static  loading  that  occupies  the  volume  V.  The  body 
is  bounded  by  the  surface  5,  which  is  decomposed  into  S  :  SjU  St.  Displacements  axe 
prescribed  on  Sj  while  surface  tractions  are  prescribed  on  St.  The  outward  unit  normal 
on  5  is  denoted  by  n  =  The  presence  of  internal  natural  or  artificial  interfaces  is  not 
treated  in  this  paper. 

The  three  unknown  volume  fields  are  displacements  u  =  u<,  infinitesimal  strains  e  =  e<y, 
and  stresses  a  =  c,y.  The  problem  data  include:  the  body  force  field  b  =  6,  in  V, 

"  A  A  A 

prescribed  displacements  d  on  S4,  and  prescribed  surface  tractions  t  =  U  on  St. 

The  relations  between  the  volume  fields  are  the  strain-displacement  equations 

e  =  §(Vu  +  VTu)  =  Du  or  e<y  =  ^(u»,y  +  uy,,)  in  V,  (l) 

the  constitutive  equations 

9  =  Ee  or  Oij  =  Ei]kleki  in  V,  (2) 

and  the  equilibrium  (balance)  equations 

— div  <r  =  D*<r  =  b  or  <r»yfy  +  =  0  in  V, 

in  which  D*  =  —div  denotes  the  adjoint  operator  of  D  =  ^(V  +  VT). 


(3) 


The  stress  vector  with  respect  to  a  direction  defined  by  the  unit  vector  v  is  denoted  as 
<r„  =  <r.v,  or  <x„,-  =  <rtJvy.  On  S  the  surface-traction  stress  vector  is  defined  as 


on  —  <r.n,  or  —  Oxjnj. 

With  this  definition  the  traction  boundary  conditions  may  be  stated  as 

A  A 

an  =  t  or  0ijni  —  U  on  St, 
and  the  displacement  boundary  conditions  as 

A  A 

u  =  d  or  u i  =  di  on  S<*. 


NOTATION 

Field  Dependency.  In  variational  methods  of  approximation  we  do  not  work  of  course 
with  the  exact  fields  that  satisfy  the  governing  equations  (1-3, 5-6),  but  with  independent 
(primary)  fields,  which  are  subject  to  variations,  and  dependent  (secondary,  associated, 
derived)  fields,  which  are  not.  The  approximation  is  determined  by  taking  variations  with 
respect  to  the  independent  fields. 

An  independently  varied  field  will  be  identified  by  a  superposed  tilde,  for  example  u.  A 
dependent  field  is  identified  by  writing  the  independent  field  symbol  as  superscript.  For 
example,  if  the  displacements  are  independently  varied,  the  derived  strain  and  stress  fields 
are 

ett  =  i(V  +  VT)u  =  Du,  <ru  =  Ee“  =  EDu.  (7) 

An  advantage  of  this  convention  is  that  u,  e  and  a  may  be  reserved  for  the  exact  fields. 

Integral  Abbreviations.  Volume  and  surface  integrals  will  be  abbreviated  by  placing 
domain-subscripted  parentheses  and  square  brackets,  respectively,  around  the  integrand. 
For  example: 

( f)v  =  [  fdV,  [f]s  [  fdS,  [/}5i  d=  f  fdS,  [/Is,  d=  f  fdS.  (8) 

Jv  Js  JSi  JSt 

If  f  and  g  axe  vector  functions,  and  p  and  q  tensor  functions,  their  inner  product  over  V 
is  denoted  in  the  usual  manner 

(f,g)v  d=  /  f.gdV=  [  fi9idV ,  (P>  q)v  d=  [  P-q  dV=  f  pijqij  dV,  (9) 

Jv  Jv  Jv  Jv 

and  similarly  for  surface  integrals,  in  which  case  square  brackets  are  used. 

Domain  Assertions.  Finally,  the  notation 

(<X  =  6)y,  [a  =  6js,  [«  =  *]$,.  [a  =  &)5,,  (10) 

is  used  to  assert  that  the  relation  a  =  6  is  valid  at  each  point  of  V,  S,  Sd  and  St,  respectively. 


THE  HU-WASHIZU  PRINCIPLE 


There  are  several  essentially  equivalent  statements  of  the  Hu-Washizu  functional  of  linear 
elasticity.  The  starting  form  used  in  this  paper  is  the  four-field  functional  presented  in 
Washizu1 

n^(u,e,  o,t)  =  ^(<re,e)v  +  (*,eu-e)v  -  P*  (11) 

where  P*  is  the  “forcing”  potential 

P*(u,t)  =  (b,u)v  4-  (t,u  -  d\Si  +  [t,u]st-  (12) 

The  functional  (11)  will  be  called  t-generalized  (traction-generalized)  in  the  sense  that  the 
volume  fields  u,  e,  a  and  the  surface  field  t  are  subject  to  independent  variations,  whereas 
in  the  conventional  form  of  the  principle  the  relation  [t  =  vn]st  is  enforced  a  priori.  The 
superscript  t  is  used  to  distinguish  it  from  the  d-generalized  variant 

n&(u,e,M)  (13) 

in  which  the  surface  displacements  d  are  varied  independently  from  the  volume  displace¬ 
ment  field  u.  Functionals  of  the  form  (13)  require  the  introduction  of  internal  interfaces 
and  are  studied  more  extensively  in  a  sequel  paper.2 
Application  of  the  divergence  theorem 

(<r,e“)v  =  —  (div  <r,u)y  +  [<rn,uj5 

to  transform  the  (<r,6e“)  term  yields  the  first  variation  of  (11) 

511^  =  (ffe  —  d,  6e)v  +  (e“  -  e,  6<r) y  -  (div  a  -t-  b,  6u) v 
-  [t  -  -  [ix  -  d,5t]Si  -  [t  -  *„,<Su]5<i. 

Setting  6Tl\v  =  0  yields  the  Euler  field  equations  and  boundary  conditions  satisfied  by  the 
exact  solution: 

[a  =  Ee)v,  (e  =  eu)v,  (div<r  +  b  =  0)v,  [<rn  -  t]s«,  [*n  =  t]s4,  (u  =  dj5<. 

(16) 

A  PARAMETRIZED  MIXED  VARIATIONAL  PRINCIPLE 

Constraining  the  Hu-Washizu  functional  by  selectively  enforcing  field  equations  and 
boundary  conditions  o  priori  yields  six  functionals  listed  in  Ch.  4  of  Oden  and  Reddy’s 
monograph3.  Of  particular  interest  for  the  present  study  are  the  t-generalized  Hellinger- 
Reissner  functional 

Ilk(u,*,t)  =  +  (*,eu)v  -  P4,  (17) 

the  t-generalized  potential  energy  functional 

nj>(u,t)  =  ^(<r“,e")v  -  P4,  (18) 


(14) 

(15) 
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In  addition,  Oden  and  Reddy3  list  an  “unnamed”  functional  whose  (-generalized  version 
is 

=  (<r“,e“)v  -  J(*,e')v  -  (*,e“)v  -  P*.  (19) 

These  three  functionals  are  special  cases  of  the  following  parametrized  form 

II*(u,*,t)  =  i(l-7)(<ru,ett)v  -  +  7(*,e“)v  -  Pt,  (20) 

where  7  is  a  scalar.  If  7  =  1,0,  —1  we  obtain  the  functionals  11^,  Tip  and  11^,  respectively. 
The  first  variation  of  (20)  is 

$11*  =  7  (e“  -  e<r,  6a)v  -  (div  a7  +  b,  <5u) v 

-  [I  -  <r7 ,  £n]  5t  -  [t  -  <r7,  Su)]  5<t  -  [u  -  d,  <5t]  ^  ,  (21) 

in  which  <r7  and  <r7  denote  the  7-weighted  stresses 

<r7  =f  7*  +  (1  -  7)*“,  a\  d=  7ff„  +  (1  -  7)*“.  (22) 

If  7  ^  0,  the  Euler  equations  and  natural  boundary  conditions  are 

(eu  =  e°V,  (div<r7+b  =  0)v,  *  i]s„  [«r7=t]5<l,  [u  =  d]5<.  (23) 

The  constitutive  equations  do  not  appear  since  they  are  enforced  a  priori  in  IT* .  If  7  =  0, 
the  first  Euler  equation  drops  out. 


ENERGY  BALANCING 

Distances.  Let  U(e)  =  ^(Ee,  «)v  denote  the  strain  energy  associated  with  field  e.  We  may 
rewrite  (20)  as  a  potential-energy  deviator 


n«  =nj,-7tf(e"-e"), 


because 


— 7/2-  •*) 

(<r“  -  51,  eu  —  e<T)  v  =  (Ee“  - 
If  E  is  positive  definite,  C/(eu  —  e*7)  >  0  and  consequently 

n*  <  n*p  if  7  >  0. 


Ee',  e" 


(24) 


(25) 


(26) 


If  u  is  kinematically  admissible,  lip  exceeds  the  exact  potential  energy  as  shown  below. 
It  follows  that  to  improve  solutions  in  energy  we  expect  to  take  7  >  0.  Thus  principles 
associated  with  7  <  0  have  limited  practical  interest. 


*1* 
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Let  II(u)  denote  the  exact  potential  energy 


n(u)  =  i(<r,e)v  -  (b,u)y  -  [t,u]St  (27) 

where  a  and  e  denotes  the  exact  stress  and  strain  field,  respectively.  If  u  is  kinematically 
admissible  and  thus  satisfies  [u  =  d]^,  then  the  energy  distance  from  IIp(u)  to  the  exact 
functional  (27)  is  (see  e.g.  §34  of  Gurtin4) 

n*P  -  n  =  i(<r“  -  (r,  e“  -  e)v  =  C7(e“  -  e)  (28) 

Optimal  Approximation.  To  derive  an  “energy  balanced”  approximation  we  impose  the 
condition  II*  =  II,  winch  yields 


_  tf(e“  -  e)  («r“  -  <r,e“  -  e) 
7op*  “  t/T(e“  -  e*)  “  (<r“  -  e“  -  e*) ' 


(29) 


For  example,  if  we  assume  that  the  exact  stresses  and  strains  lie  halfway  between  the 
approximate  fields, 


o=\{o*  +  o),  e  =  |(e<r  +  e“), 


(30) 


then  rfopt  =  £• 


THREE-FIELD  FINITE  ELEMENT  DISCRETIZATION 
To  construct  a  3-field  finite  element  approximation  based  on  II* ,  globally  assume* 

(u  =  Nq)y,  (5  =  Aa)v,  [t  =  Ss]5<i  (31) 

Here  matrices  N,  A  and  S  collect  generalized  displacement  shape  functions,  internal  stress 
modes  and  boundary  traction  modes,  respectively,  whereas  column  vectors  q,  a  and  s  col¬ 
lect  generalized  displacements!,  stress  mode  amplitudes,  and  surface  traction  amplitudes, 
respectively.  The  derived  fields  are 

(eu  =  DNq  =  Bq)v,  (<r“  =  EBq)v,  (e*  =  E~l<r  =  E~lAa)y.  (32) 
Inserting  these  expressions  into  II*  we  obtain  the  algebraic  form 

II*  (a,q, s)  =  £(1  —  7)qTKuq-  |«7arCa  +  7qTQa  -  qTfa  -  sTRq  -  sTf4.  (33) 


*  Following  usual  practice  in  finite  element  work,  the  components  of  o  and  e  will  be  arranged 
as  column  vectors  whereas  the  moduli  in  E  will  be  arranged  as  a  square  symmetric  matrix. 

f  If  q  are  nodal  displacements,  N  contains  conventional  shape  functions.  But  for  the  present 
study  we  need  not  specialize  to  that  level. 


The  matrices  Ku,  C,  Q  and  R  that  appear  in  (31)  are  called  displacement-stiffness,  com¬ 
pliance,  leverage  and  boundary-dislocation  matrices,  respectively,  and  are  given  by 

Ku  =  (BrEB)v,  C  =  (ArE“1A)v,  Q  =  (BrA)v,  R  =  [STN]5,  (34) 


Both  Ktt  and  C  axe  symmetric.  The  forcing  vectors  are 

f,  =  (Nrb)v  4-  [NTt]St,  f.  =  -{STd}Si  ‘  (35) 


Vector  f,  contains  generalized  forces  (conjugate  to  q)  whereas  f,  contains  generalized 
displacements.  Making  (33)  stationary  yields  the  linear  system 


‘-TfC  TfQr 

'rQ  (1~7)Ku 
0  -R 


(36) 


The  first  matrix  equation  is  the  discrete  analog  of  (e“  =  e<T)v  in  (23)  and  expresses 
internal  compatibility.  The  second  one  is  the  discrete  analog  of  the  next  three  relations, 
and  expresses  equilibrium.  The  last  relation  is  the  discrete  analog  of  [u  =  tl]sd  and  enforces 
boundary  compatibility. 

Since  there  is  no  force  term  on  the  first  matrix  equation,  the  stress  amplitude  vector  a  can 
be  readily  condensed  out  if  C  is  nonsingular,  and  we  get 


(-« -;']{:)■{?)  <*’> 

where 

K  =  (1  -  7)Ktt  +  7QC-lQr  =  (1  -  7)Ku  +  (38) 

is  the  effective  stiffness  matrix.  This  is  a  7-weighted  combination  of  the  displacement- 
assumed  stiffness  matrix  Ku  and  the  stress-assumed  stiffness  matrix  K„  =  QC-1Qr.  If 
the  assumed  displacements  satisfy  [u  =  d]s4,  the  contribution  from  (t,u  —  d)  drops  out 
and  we  simply  have  the  conventional  stiffness  equations 


Kq  =  f, 


(39) 


LIMITATION  PRINCIPLE 

The  famous  limitation  principle  of  Fraeijs  de  Veubeke5  takes  on  a  particularly  striking 
algebraic  representation  in  terms  of  the  parametrized  matrix  system  (36).  This  principle 
applies  when  the  derived  stress  field  c"  is  contained  in  the  assumed  stress  field  a: 

a  9  =  EDu  (40) 


This  inclusion  can  be  expressed  in  matrix  form  as 


Here  a„  contains  the  same  number  of  entries  as  q  whereas  A*  contains  “excess”  stress 


modes.  Inserting  (41)  into  (36)  and  calling  Qa  =  (BrAx)y  and  CZI  =  (A^E“  Ax)v  we 
get 


(42) 


-7Ku 

-7Qx 

7K„ 

0 

f 

a. 

'  0  • 

7Ku 

lCxx 

iQx 

(1-7)Ku 

0 

— Rr 

< 

a* 

q 

‘  =  < 

0 

f. 

0 

0 

-R 

0 

.  8  , 

UJ 

The  first  two  matrix  equations  give  a,  =  q  and  a3 
with  the  extra  stress  modes  reduces  (42)  to 


'-7K* 

7Ku 

0 

f q) 

f  °] 

7Ku 

(l-7)Ktt 

— Rt 

1  q 

►  =  l 

0 

-R 

0 

UJ 

UJ 

=  0.  Dropping  the  equations  associated 


(43) 


which  obviously  condenses  to  (37)  with  K  =  Ku  for  any  7.  The  solution  (q,  a,  s)  becomes 
independent  of  7.  In  other  words,  it  is  useless  to  inject  additional  degrees  of  freedom  in  the 
stresses  beyond  <r“  if  the  three-field  variational  principle  is  used.  Furthermore,  if  <ru  =  a 
there  is  no  point  in  using  anything  else  than  the  potential  energy  principle  7  =  0. 

In  fact  the  limitation  principle  expresses  nothing  more  than  the  algebraic  identity,  valid 
for  any  7, 

f  -7X  -7Y  7X  Ifx)  f  0  1 

(44) 


■  -tX 

— 7Y 

nfX  ‘ 

fxl 

f 0 

-7Yt 

-7Z 

7YT 

< 

0 

1  =  < 

0 

.  tX 

7Y 

(l-T)X. 

UJ 

1 

l  Xx 

where  X  is  symmetric  and  Y,  Z  arbitrary. 


Constant  Stress  Assumption.  If  the  derived  field  «ru  varies  over  V,  assuming  a  constant 
stress  field  a  for  a  is  a  safe  way  to  get  around  the  limitation  principle.  In  this  case  it  is 
convenient  to  take  a  =  9  and  A  =  I  (the  identity  matrix)  in  (31)  so  that  (<r  =  &)v .  Then 
the  stress-assumed  stiffness  matrix  is 

K„  =  vBTEB  (45) 

where  v  denotes  the  total  volume  v  =  (l)v,  and  B  and  E  axe  the  over-th  wolume  averages 

B  =  (B)v/u,  E_1  =  (E-l)y/v  (46) 

The  effective  stiffness  matrix  (38)  is  a  weighted  average  of  and  K^.  Since  is 
typically  rank  deficient,  7  =  1  is  excluded. 


TWO-FIELD  FINITE  ELEMENT  DISCRETIZATION 

If  the  relation  [t  =  *n]$  is  imposed  a  priori  as  an  essential  boundary  condition,  t  is  no 
longer  an  independently  varied  field,  and  II*  becomes  a  two-field  functional.  The  last  finite 
element  assumption  of  (31)  is  replaced  by 

[t*  =  <rn  =  Ana)5i,  (47) 
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where  An  denotes  the  normal  projection  of  A  on  5<j,  and  the  finite  element  equations 
become 

,l(Q  +  P)  II - l)K .]  {  q  }  =  {  f“  }  ’  (48) 


P  =  INtA„]s.  U  =  lNTd]Sl.  (49) 

A  range  analysis  such  as  performed  in  the  previous  subsection  reveals  that  the  limitation 
principle  does  not  generally  apply  if  [u  ^  djs^.  The  effect  of  the  additional  stress  modes 
is  to  improve  somewhat  the  satisfaction  of  boundary  compatibility.  But  if  the  assumed 
displacements  satisfy  [u  ^  djs^,  P  and  fa  drop  out  and  the  limitation  principle  again 
holds. 


TRACTION-CONNECTED  ELEMENTS 

The  preceding  results  axe  relevant  to  the  construction  of  conventional  mixed  elements, 
simply  by  treating  each  element  as  a  body  of  volume  V,  and  the  element  boundary 
as  5.  Continuity  of  displacements  across  interfaces  is  still  required  and  results  in  trac¬ 
tion/displacement  element  connectors  s  and  qbold.  If  this  continuity  is  relaxed  by  adding 
an  additional  boundary  term,  traction-connected  mixed-hybrid  elements  result,  for  which 
displacement  connectors  (or  simply  generalized  displacement  amplitudes)  q  can  be  elim¬ 
inated  at  the  element  level.  As  this  type  of  hybrid  elements  is  not  so  interesting  as  the 
displacement-connected  ones,  the  topic  is  not  pursued  here. 


OTHER  PARAMETRIZATIONS 

A  one-parameter  family  of  strain-displacement  mixed  variational  principles  derived  from 
the  Hu-Washizu  functional  (11)  by  eliminating  the  stress  field  can  be  represented  as 

nj(4,e,t)  =  4(1  -/?)(*“, eu)  -  4/?(<rf,e)v  +/?(*“, e>  -  P‘,  (50) 

where  0  is  a  scalar.  For  /3  =  0  we  recover  again  lip  whereas  if  /?  =  1  we  obtain  the 
Reissner-type  strain-displacement  principle  listed  in  Oden  and  Reddy3  generalized  with 
an  independent  t: 

n‘5(u,e,t)  =  -4(<rf,e)y  +  (*u,e>  -  P‘.  (51) 

Continuing  along  this  path,  a  two-parameter,  four-field  family  that  embeds  both  II*  and 
%  is  easily  constructed  as 

n£,(u,e,*,t)  =  1(1  -/?-nf)(<rt\e“)v  +  (1 -0fr{(*,e“)v  -  4(«r.«<'M  ,  ^ 

+  (1  -7MKe>-i(<r',e)v}-?‘. 

This  functional  yields  stress-displacement  principles  for  0  =  0  and  strain-displacement 
principles  for  7  =  0.  Finally,  the  Hu-Washizu  principle  itself  may  be  embedded  in  a 
three-parameter  form 


^007  —  (i —  +  an*,7 


(53) 


which  obviously  reduces  to  IT^,  for  a  =  1  and  to  IT^  for  a  =  0. 

The  superiority  of  one  parametrized  form  variational  principle  over  another  as  regards  the 
construction  of  energy-balanced  finite  elements  is  not  clear  at  this  time. 

CONCLUDING  REMARKS 

The  parametrization  (20)  of  the  stress-displacement  variational  principles  provide  a  uni¬ 
fying  framework  for  the  development  of  finite  elements.  This  framework  embodies  the  po¬ 
tential  energy  and  Hellinger-Reissner  principles,  and  encompasses  displacement-assumed 
elements,  conventional  mixed  elements  and  traction-connected  hybrid  elements.  But  it 
does  not  cover  developments  such  as  displacement-connected  hybrid  finite  elements,  in¬ 
compatible  elements  and  the  free  formulation6  To  accomplish  that  one  has  to  continue 
the  process  by  introducing  a  d-generalized  version  of  (20),  internal  boundaries,  internal- 
field  energy-orthogonal  splitting,  and  selective  kinematic  constraints.  These  extensions  are 
covered  in  a  sequel  paper.2 
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PARAMETRIZED  MULTIFIELD  VARIATIONAL  PRINCIPLES  IN  ELASTICITY: 
II.  HYBRID  FUNCTIONALS  AND  THE  FREE  FORMULATION 


CARLOS  A.  FELIPPA 

Department  of  Aerospace  Engineering  Sciences 
and  Center  for  Space  Structures  and  Controls 
University  of  Colorado 
Boulder,  Colorado  80809-0429,  USA 

SUMMARY 

A  one-parameter  family  of  J-generalized  hybrid /mixed  variational  principles  for  linear  elasticity 
is  constructed  following  a  domain  subdivision.  The  family  includes  the  d-generalized  Hellinger- 
Reissner  and  potential  energy  as  special  cases.  The  parametrized  principle  is  discretized  by  in¬ 
dependently  varied  internal  displacements,  stresses,  and  boundary  displacements.  The  resulting 
finite  element  equations  are  studied  following  a  physically  motivated  decomposition  of  the  stress 
and  internal  displacement  fields.  The  free  formulation  of  Bergan  and  Nyglrd  is  shown  to  be  a 
special  case  of  this  element  type,  and  is  obtained  by  assuming  a  constant  internal  stress  field.  The 
parameter  appears  as  a  scale  factor  of  the  higher  order  stiffness. 

INTRODUCTION 

This  paper  continues  a  study,  initiated  in  Part  I1,  of  parametrized  stress-displacement 
variational  principles  in  linear  elastostatics.  The  boundary  value  problem  is  as  follows. 
We  consider  an  elastic  body  of  volume  V  and  surface  S  :  St  U  Sd-  Surface  tractions  t  are 
prescribed  on  St  whereas  displacements  d  are  prescribed  on  Sd-  The  internal  (volume) 
fields  are  displacements  u,  stresses  o,  strains  e  and  given  body  forces  b.  The  internal  field 
equates  are  e  =  Du,  a  =  Ee  and  DV  =  b  in  V,  where  D  =  |(V  +  VT),  D*  =  — div , 
and  i  the  elastic  modulus  operator.  The  boundary  conditions  are  u  =  d  on  Sd  and 
on  —  t  on  S 

The  reader  is  referred  to  Part  I1  for  additional  notational  conventions.  Therein  the  follow¬ 
ing  parametrized  functional  was  introduced: 

n*(u,*,t)  =  £(1  -7)(<rtt,e")v  -  +  7(*,e“)v  -  P\  (1) 

where  7  is  a  scalar,  and  P*  is  the  forcing  potential 

P‘(u,t)  =  (b,u)y  +  (t,u  -  ujs*  +  [t,ujs«.  (2) 

In  this  functional  the  volume  fields  u,  e,  0,  and  the  surface  field  t  are  subject  to  independent 
variations. 

This  functional  “interpolates”  the  (-generalized  Hellinger-Reissner  and  total  potential  en¬ 
ergy  functionals  lip  and  lip,  which  are  obtained  for  7  =  1  and  7  =  0,  respectively.  The 
qualifier  “(-generalized”  means  that  the  surface  traction  field  t  is  varied  independently 


:h  \X7\x. 
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whereas  in  the  conventional  form  of  those  principles,  the  constraint  [t  =  <r„js  is  enforced 
a  priori . 

INTERNAL  INTERFACES 

In  the  following  subsection  an  alternative  version  of  (l)  is  constructed,  in  which  boundary 
displacements  d  can  be  varied  independently  rather  than  boundary  tractions  t.  These  dis¬ 
placement  play  the  role  of  Lagrange  multipliers  that  relax  internal  displacement  continuity. 
Variational  principles  of  this  form  will  be  called  d-generaiized. 

The  choice  of  d  as  independent  held  is  not  variationally  admissible  on  5<*  or  St.  We 
must  therefore  extend  the  definition  of  boundary  to  include  internal  interfaces  collectively 
designated  as  Si.  Thus 

5  :  Sd  U  St  U  Si  (3) 

On  Si  neither  displacements  nor  tractions  are  prescribed.  A  simple  case  is  illustrated  in 
Figure  1,  in  which  the  interface  Si  divides  V  into  two  subvolumes:  V+  and  V~. 


St  U  Sd 


Figure  1.  Internal  interface  example. 

An  interface  such  as  5»  on  Figure  1  has  two  “sides”  called  S+  and  S~ ,  which  identify  Si 
viewed  as  boundary  of  V+  and  V~,  respectively.  At  smooth  points  of  Si  the  unit  normals 
n+  and  n~  point  in  opposite  directions. 

The  integral  abbreviations  of  Part  I  generalize  as  follows,  using  Figure  1  for  definiteness. 
A  volume  integral  is  the  sum  of  integrals  over  the  subvolumes: 

(f)vd=[  fdV+f  fdV.  (4) 

Jv+  Jv- 

An  integral  over  5,-  includes  two  contributions: 

[g]Si  =  [  g+  ds  +  f  g -  dS,  (5) 

Js+  Js- 


m 


where  g+  and  g~  denotes  the  value  of  the  integrand  g  on  S*  and  S~ ,  respectively.  These 
two  values  may  be  different  if  g  is  discontinuous  or  involves  a  projection  on  the  normals. 
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PARAMETRIZED  d-GENERALIZED  MIXED  PRINCIPLE 


Variational  Principle.  The  d-generalized  counterpart  of  II*  is 


n?(u,a,d)  =  i(l  -7)(<r“,e“)v  -  +  7(*,e>  -  Pd.  (6) 

This  agrees  with  (1)  except  for  the  forcing  potential,  which  is 

Pd(u,  o,  d)  =  (b,  u)y  +  [on,  u  -  d)5i  +  [t,  u]5t  +  [on,  u  -  d]Si .  (7) 

Defining  the  ^-weighted  stresses 

<r7  d=  70+  (1  -  7)**  in  V ,  o\  d=  7on  +  (1  -  7 )<  on  S.  (8) 

the  first  variation  can  be  written 

snd  =  7  (e“  -  e", So)v  -  (div  +  b, Sn)v  -[i-07, fiu]  5< 

~  [*»  “  “  [u  ~  d,  ^  (9) 

-  [K  -  *1, 5u]*  -  [u  -  d,  ^  -  [*„,  5d]  ^ 

Since  d  is  unique  on  5<  whereas  u  and  0  are  generally  discontinuous  on  it,  the  interface 
integrals  in  (9)  split  as  follows: 


[on  -  *1,  Sn]s%  =  [*+  -  «£+,  *u+ ]  5+  +  [c~  -  *Z  ,  6u~]  g _ 
[u  -  d.  Si]  3i  =  [u+  -  d,  sr  +  [u-  -  d,  Sil)  K 

[*—  Sa]  Si  =  [*'  ’  “]  Sf  +  [K  ’  <a]  5,-  =  [*» 


(10) 


Setting  the  first  variation  to  zero  and  taking  (10)  into  account,  the  Euler  equations  and 
natural  boundary  conditions  for  7  ^  0  are  found  to  be 


(eu  =  e")y ,  (div<r7  +  b  =  0)y ,  [<  =  t]5t,  [*»  =  »£]s„.  [«  =  d\Si, 

IK+ +  K  =  °\si,  W-t-*n=o]5i,  [u+  =  u"  =d]5.,  [< +  <  =0U. 

If  7  =  0  the  first  equation,  (eu  =  e<T)v,  drops  out. 

Modified  Forcing  Potential.  Substituting  d  in  lieu  of  u  in  the  potential  (7) 


(11) 


Pd(u,*,d)  =  (b,u)y  +  [*n,d  -  d)5i  +  [t,d]s«  4-  [*»,u  -  dj5,.  (12) 

is  not  variationally  admissible  because  incorrect  Euler  equations  result.  This  form  has 
appeared,  however,  in  publications  dealing  with  mixed-hybrid  methods.  A  correct  potential 


that  resembles  (12)  can  be  obtained  in  two  stages.  First,  surface  terms  [<rn,u  -  d]s,  and 
[<rn,u  —  d] Si  are  added  and  subtracted  to  produce 

Pd( u,*,d)  =  (b,u)v  +[<r«,d  -  d]5<  +  \an  -  t,u]st  +  [t,d]s«  +  [*»,u  -  d]s-  (13) 

Second,  t  is  assumed  to  be  in  the  range  of  on  and  the  condition  [<Tn  =  t]st  satisfied  a 
priori,  reducing  (13)  to 

Pa(u,*,d)  =  (b,u)v  +  [*n,d-  d]5l  -f-  [t,d]5t  +[*„,u-  d]5.  (14) 

This  expression  differs  from  (12)  in  that  the  all-important  surface  dislocation  integral  is 
taken  over  S  rather  than  S,.  Further  simplification  results  if  the  displacement  boundary 
conditions  [d  =  djs*  are  exactly  satisfied: 

Pd( u,  or,  d)  =  (b,  u)v  +  [t,  d]5l  +  [K,  u  -  dj5.  (15) 

This  expression  of  Pd  is  used  in  the  sequel,  as  modifications  required  to  account  for  the 
case  [d d]s*  are  of  minor  importance. 

FINITE  ELEMENT  APPROXIMATIONS 

In  this  section  the  finite  element  discretization  of  TI^  is  studied.  Assume  formally 

(u  =  Nq)v,  (p  =  Aa)  v ,  [d  =  Vv]5.  (16) 

Here  matrices  N,  A  and  V  collect  generalized-displacement  shape  functions,  internal  stress 
modes  and  interface  displacement  modes,  respectively,  whereas  column  vectors  q,  a  and  v 
collect  generalized  internal  displacements,  stress  mode  amplitudes,  and  generalized  inter¬ 
face  displacements,  respectively.  The  assumed  volume  fields  need  not  be  continuous  across 
S.  The  derived  fields  are 

(eu  =  DNq  =  Bq)v,  (<ru  =  EBq)v,  (e*7  =  E"1*  =  E-lAa)v.  (17) 

Inserting  these  expressions  into  11^  with  the  forcing  potential  (15),  we  obtain  the  algebraic 
form 

ITj(a,q,s)  =  |(1  -7)qTKuq-  57arCa  +  '7qTQa  -  qrPa  +  vrLa  -  qrf„  -vTf„.  (18) 
where 

K„  =  (BTEB)v  =  K^,  C  =  (ArE-LA)v  =  Ct,  Q  =  (BrA)v, 

L  =  [VtA„]s,  P  =  [NtA,]5,  f,  =  (NrbV,  iv  =  [NTt]st. 

The  matrices  Ku,  C,  Q,  L  and  P  sure  called  intemal-displacement-stiffness,  compliance, 
leverage,  force-lumping,  and  boundary  dislocation  matrices,  respectively.  Making  (18) 
stationary  yields  the  linear  system 

‘  — 7C  7QT  -  PT  Lrl  fa)  (O'! 

7Q-p  (i-7)ku  o  =  (20) 
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The  first  matrix  equation  is  the  discrete  analog  of  the  first,  fifth  and  eight  relations  in  (11), 
and  expresses  internal  and  boundary  compatibility.  The  third  equation  is  the  discrete  ana¬ 
log  of  the  last  relation,  and  expresses  equilibrium  across  Si.  The  second  one  is  the  discrete 
analog  of  the  remaining  relations,  and  expresses  internal  and  boundary  equilibrium. 
Stress  Condensation.  If  C  is  nonsingular,  the  stress  amplitude  vector  a  can  be  statically 
condensed  from  (20) ,  giving 


in  which 


K,  =  (1  -  7)Ktt  +  7QC-1Qt  -  (PC“lQr  +  QC"1Pr)  +  7_1PC“lPr 

K*.  =LCr1(QT-'TlPr),  K0=LC-1Lr.  ^ 

The  coefficient  submatrices  will  be  identified  as  follows:  K,,  is  the  internal  stiffness  matrix, 
Kb  is  the  boundary  stiffness  matrix,  and  K,„  is  a  internal-boundary  coupling  stiffness.  The 
internal  stiffness  is  similar  but  not  identical  to  the  effective  stiffness  matrix  of  {-generalized 
mixed  principles1.  We  now  proceed  to  reinterpret  these  results  in  terms  of  hybrid  elements. 

HYBRID  ELEMENTS 

Approach.  The  preceding  treatment  is  relevant  to  the  construction  of  displacement- 
connected  hybrid  elements.  Hybrid  elements  based  on  more  restricted  assumptions  were 
originally  constructed  by  Pian  and  coworkers2-4.  The  principal  features  of  the  hybrid 
approach  are: 

(I)  The  domain  is  subdivided  into  elements  before  the  variational  principle  is  established. 
(H)  Continuity  requirements  across  element  boundaries  are  relaxed  by  introducing  bound¬ 
ary  tractions  or  boundary  displacements  as  Lagrange  multiplier  fields. 

(Ill)  All  stress  and  internal-displacement  degrees  of  freedom  axe  eliminated  (by  either  static 
condensation  or  kinematic  constraints)  at  the  element  level. 

Feature  (I)  says  that  hybrid  functionals  are  effectively  mesh-dependent ,  since  the  domain 
subdivision  process  introduces  element  boundaries  which  must  be  treated  as  internal  in¬ 
terfaces ,  and  therefore  become  part  of  the  boundary  portion  5,-.  Previous  developments 
remain  valid  if  we  reinterpret  “body”  as  “individual  element,”  “volume”  as  “element  vol¬ 
ume,”  and  “surface”  as  “interelement  boundary.” 

Continuity  and  Connectors.  The  internal  fields  o  and  u  may  be  discontinuous  across 
elements.  The  boundary  displacement  field  d,  however,  must  be  continuous  on  Si,  i.e.  it 
must  have  the  same  value  on  adjacent  elements.  This  conditions  may  be  satisfied  if  d  on  an 
interface  separating  two  elements  is  uniquely  interpolated  by  nodal  values  on  that  interface. 
It  is  natural  to  take  such  nodal  values  as  entries  of  v,  which  automatically  becomes  the 
vector  of  connected  node  displacements  or  connectors. 


FIELD  DECOMPOSITION 

In  this  and  subsequent  sections  we  work  with  an  individual  element  unless  otherwise  noted. 
The  element  volume  is  V  and  the  element  surface  is  S  :  Sd  U  St  U  S,.  The  v  subvector 
contains  the  element-connector  degrees  of  freedom,  whereas  q  and  a  contain  internal  free¬ 
doms.  To  gain  further  insight  into  the  structure  of  the  element  equations  and  to  link  up 
eventually  with  the  free  formulation,  we  proceed  to  decompose  both  internal  element  fields 
as  follows. 

Stress  Decomposition.  The  assumed  stress  field,  <r,  is  decomposed  into  a  mean  value,  a , 
and  a  deviator 

o  =  9  +  ffs.  =  9  +  Ah^h,  (23) 


in  which 

9  =  {o)v /v,  (Aa)v  =  0,  (24) 

where  v  =  (l)v  denotes  the  element  volume.  The  second  relation  in  (24)  is  obtained  by 
integrating  (23)  over  V  and  noting  that  aa  is  arbitrary. 

Internal  Displacement  Decomposition.  Next,  the  u  assumption  is  decomposed  into  rigid 
body,  constant  strain,  and  higher  order  displacements: 

U  =  Nrqr  +  Ncq*  +  NAqA.  (25) 

Applying  the  strain  operator  D  =  |(V  +  VT)  to  u  we  get  the  associated  strain  field: 

eu  =  DNrqr  +  DN0qc  +  DN*q&  =  Brqr  +  +  Bhqh.  (26) 

But  Br  =  DNr  vanishes  because  Nr  contains  only  rigid-body  modes.  We  are  also  free  to 
select  Be  =  DNC  to  be  the  identity  matrix  I  if  the  generalized  coordinates  qc  are  identified 
with  the  mean  (volume-averaged)  strain  values  Su.  Then  (26)  simplifies  to 

e“  =  8“  +  e)t  =  e“  +  BKqh,  (27) 

in  which 

q*  =  eu  =  (eu)v/u,  (Bfc)v  =  0.  (28) 

Equation  Partitioning.  Assume  that  all  elastic  moduli  in  E  are  constant  over  the  element. 
The  degree  of  freedom  partition 
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induces  the  following  partition  of  the  element  equations 
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where 

C/>  =  (A£E-lAfc)v,  Qk  =  ( BlAh)v ,  K,h  =  (B^EBh)v, 

P*  =  ^  *  =  *“>  c»  ^  P  A*  =  A/,nj  ^  ,  x  =  r,c,h  (31) 

L  =  [v£]5,  Lfc  =  [VTAfc„]5,  f9.  =  (Njb)v,  x  =  r,c,h 


Integral  transformations.  Application  of  the  divergence  theorem  to  the  work  of  the  mean 
stress  on  e“  yields 

(»,  ett)  v  =  (9,  ett  +  BfcqJ  v  =vdTau  +  dT(Bh)vqh  =  vdT6u 

=  [»«,  uls  =  (^i»*Nrqr  +  NeS“  +  Nfcqfc]5  =  *r(Prqr  +  Pce“  +  Pfcq*) . 

Hence, 

Pr  =  0,  Pc  =  vl,  Ph  =  0.  (33) 

A  similar  analysis  of  the  stress-deviator  work  (^,eu)y  does  not  yield  simple  forms  for  the 
Pfc*  matrices  unless  oh  is  divergence-free,  in  which  case 


P  hr  —  0,  P  he  —  P  hh  —  Q/,-  (34) 

Assuming  (34)  to  hold,  the  element  equations  (30)  simplify  to 
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The  stress  freedoms  9  and  a h,  may  be  eliminated  by  static  condensation  as  before.  To 
eliminate  qr,  a  kinematic  transformation  that  uniquely  determines  the  rigid  body  motion 
from  the  element  interface  motion  is  constructed: 


J 


(36) 


where  Hr  is  a  rectangular  matrix  derived  in  Appendix  1.  Elimination  of  cr,  a^.  and  qr 
gives 
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where 

Kqvh  =  LhC^qL  K^K.+K^, 
K„  =  v-1LELT)  KvK  =  LiC^Ll 


(37) 


(38) 


Mean  Strain  Elimination.  Subvector  5“  may  be  eliminated  in  two  ways.  Static  condensa¬ 
tion  produces 

■(l-l)K,k  +  iK„k  _  Klh  1/M  =  J 

K„k  K.  +  T'K.kJ  1  v  J  \f„+HrV  +  v-‘LTf,. 

On  the  other  hand,  if  S“  is  eliminated  through  the  kinematic  constraint  e“  =  Hcv  derived 
in  Appendix  1, 

'(l-7)K?fc  +  7  K**  K  U  lfq»l  f  U 

K„k  Ki  +  l~‘K.k  J  1  v  J  \f, +H^f,.  +  Hjf,„ 

where 

K;  =  7'1Kv  +  (vHfEHc  -  HfE LT  -  LEHC)  (41) 

The  two  methods  produce  identical  results  if 

Hc  =  (42) 

As  discussed  in  Appendix  1,  this  relation  may  be  obtained  from  the  first  matrix  equation 
in  (35)  if  either  7  =  0,  or  e“  =  e*7  =  E-1^.  The  last  condition  is  obtained  in  the 
limit  of  a  converged  solution  as  the  patch  test  analysis  of  Appendix  2  shows.  In  practice 
any  difference  between  (39)  and  (40)  for  7  ^  0  is  not  practically  significant,  and  (39)  is 
preferable  on  grounds  of  simplicity. 

THE  FREE  FORMULATION 

The  free  formulation  of  Bergan  and  Nyg&rd5  was  originally  constructed  as  an  incompati¬ 
ble  displacement  model  that  passes  a  cancelling-tractions  version  of  the  patch  test  which 
Bergan  and  Hanssen  called  the  individual  patch  test6.  Here  the  formulation  is  reinterpreted 
in  the  context  of  a  displacement-connected  hybrid  variational  principle. 
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First,  assume  that  the  internal  stress  field  is  constant ,  so  there  are  no  an  parameters.  Then 
(39)  reduces  to 


(1 "  T)K,a 
0 


0  f  <la  \  _  f 

Kj  I  v  /  +Hff,r +  u-1Lf,c 


(43) 


The  equations  for  qh  uncouple.  Consequently  static  condensation  of  will  not  change  the 
solution.  We  have  run  into  a  displacement  limitation  principle.  This  leads  to  the  second 
assumption:  the  higher  order  internal  displacement  modes  are  eliminated  by  kinematic 
constraints  that  link  qh  to  the  boundary  displacements: 


Qfc  =  H  hv  (44) 

Matrix  Ha  is  derived  in  Appendix  1.  Application  of  this  constraint  to  (43)  produces  the 
final  stiffness  equations 

Kv  =  [Kb  +  (l-7)Ka]v  =  f  (45) 

where 


K6  =  K„,  Ka  =  H£K„aHa,  f=f*+  +  v^Lf^  +  Haf,a-  (46) 

In  the  free  formulation,  Ka  and  Ka  receive  the  name  basic  and  higher  order  stiffness 
matrices,  respectively.  A  ^  scaling  derived  from  energy-balancing  studies  of  Ka  was  rec¬ 
ommended  by  Bergan  and  Felippa7  for  a  plane  stress  element  This  corresponds  to  taking 

-V  -  1 

I  1' 

CONCLUDING  REMARKS 

It  has  been  known7  that  the  basic-stiffness  part  of  the  free  formulation  can  be  interpreted 
as  a  constant-stress  hybrid  element.  But  the  interpretation  of  the  higher  order  stiffness 
within  a  variational  framework  has  been  difficult.  A  key  result  of  this  paper  is  that  this 
can  be  accomplished  by  a  parametrized  mixed-hybrid  variational  principle.  Note  that  the 
free  formulation  cannot  be  obtained  within  the  conventional  Hellinger-Reissner  principle 
(7  =  1),  since  then  the  higher-order  stiffness  vanishes  and  K  =  K„  is  generally  rank- 
deficient.  And  taking  7  =  0  does  not  account  for  the  fact  that  the  higher  order  stiffness 
can  be  scaled  by  a  nonzero  coefficient. 

The  variational  framework  is  important  because  it  allows  consistent  extensions  of  the 
free  formulation  that  are  not  obvious  from  a  physical  standpoint.  For  example:  al¬ 
lowing  more  internal  displacement  degrees  of  freedom  than  boundary  freedoms,  i.e. 
m  as  dim(q)  —  dim(v)  >  0.  A  glance  at  (39)  shows  that  m  additional  higher-order 
divergence-free  stress  fields  have  to  be  retained  so  that  the  coupling  stiffness  Kqvh  does  not 
vanish.  The  reduction  of  q^  can  be  then  performed  by  a  combination  of  static  condensation 
and  kinematic  constraints. 
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APPENDIX  1:  KINEMATIC  CONSTRAINTS 

One  of  the  principal  assumptions  invoked  in  the  free  formulation  is  that  the  dimension  of  q  is  the 

same  as  that  of  v  and  that  the  latter  are  physical  node  displacements.  If  so,  evaluation  of  the 

expansion  u  =  Nq  on  the  element  boundary  S  establishes  the  transformation 


v  =  Gq  (47) 

where  matrix  G  is  square.  Furthermore,  suppose  that  G  is  nonsingular  and  can  be  inverted: 

q  =  G_lv  =  Hv,  (48) 

or,  in  partitioned  form 

fM  rH'i 

q  =  )  V.  (49) 

IqJ  LhJ 

The  first  matrix  equation  (the  discrete  compatibility  equation)  in  (20)  can  be  presented  as 

7(«*  -  e",  A)v  =  LTv  -  Qrq  =  (LT  -  QTH)v  =  (LTG  -  QT)q.  (50) 

Setting  7  =  0  forces  the  constraint 


Lt  =  QtH  or  LTG  =  Qt 

n-io 


(51) 


to  be  satisfied.  The  same  constraint  emerges  if  7  0  and  the  finite  element  solution  has  converged 

in  the  sense  that  «*  =  e"  is  constant  over  the  element.  Now  carrying  out  the  freedom  partition 
(29)  and  assuming  divergence-free  higher  order  stresses  so  that  (34)  holds,  the  constraint  (51) 
partitions  as 

'rTi  _  [0  vi  0 

Ur J"l°  0 

from  which  follow  the  relations 

L  Gp  —  0 ,  I<  Go  =  t»I,  L  —  vHc,  I*  G*  —  0,  f53l 

LfG,  =0,  LjGo=0,  Lf  =  t>H„,  L^^I.  V  1 

The  first  four  were  obtained  through  other  means  by  Bergan8  and  Bergan  and  Nygfird5^  who 
called  them  the  force  orthogonality  conditions  on  account  of  the  physical  interpretation  of  t  as  a 
“boundary  nodal  force  lamping”  matrix. 
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APPENDIX  2:  THE  CANCELLING-TRACTIONS  PATCH  TEST 

It  is  not  apparent  whether  this  element  class  passes  the  patch  test  for  an  arbitrary  7.  To  investigate 
this  question  we  use  the  sketch  of  Figure  1  and  view  the  subvolumes  V+  and  V~  as  two  elements 
connected  along  5,-  with  an  external  traction  boundary  5t.  Both  elements  are  in  a  state  of  constant 
stress  <Tq.  The  prescribed  surface  tractions  are  [t  =  <To„]st  and  the  body  forces  b  vanish.  We 
take  (35)  to  be  the  governing  equations  for  the  two-element  assembly.  The  only  nonzero  forces 
are  f.  =  [Vrt]s«.  The  key  observation  is  that 

L  =  [V^ls  =  [VX]s«,  (54) 

because  the  integral  over  St-  vanishes  because  V  is  identical  for  both  elements  on  account  of 
interface  compatibility  conditions,  and  n+  =  — n~.  Similarly  for  L*.  One  may  verify  that  for  any 
7  the  solution  of  (35)  is 

dr  =  er„  =  at',  a*  =  0,  =  v'll?  v,  q*  =  0.  (55) 

The  connector  node  displacement  vector  v  satisfies 

uLELTv  =  f.  (56) 

and  consistency  with  the  third  of  (55)  is  easily  verified  ft  .1  (54).  If  the  rigid  body  modes  are 
eliminated,  v  =  Gc€*.  Since  the  constant  stress  solution  is  .ecovered,  the  patch  test  is  passed  for 
any  value  of  7. 

The  physical  meaning  of  this  form  of  the  patch  test  is  that  the  interface  virtual  work  is  zero  when 
the  element  patch  is  in  a  constant  stress  state9. 


